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Magqgolada bitta xosil giluvchiga ega bo’lgan Leibniz algebralari
to’plami ochiq to’plam bo’lishi ko’rsatilgan va uning yopilmasi
keltirilmaydigan komponenta bo’lishi isbotlangan.

B pmammoit pabore mokazaHo, UTO MHOYKECTBO OIHOTTOPOXKIEHHBIX
ayredp JIelbHUIIA STBISIETCS OTKPBITHIM MHOXKECTBOM U €€ 3aMbIKAHIE
SIBJISTETCST HETTPUBOANMOM KOMTIOHEHTOH MHOTO0Opaswst aarebp Jleitou-
a.

The theory of deformations originated with the problem of classifying all
possible pairwise non-isomorphic complex structures on a given differentiable
real manifold. Formal deformations of arbitrary rings and associative
algebras, and the related cohomology questions, were first investigated
by Gerstenhaber [4|. Firstly the notion of deformation was applied to
Lie algebras by Nijenhuis and Richardson [7]. Because various fields in
mathematics and physics exist in which deformations are used. They studied
one-parameter deformations and established connection between Lie algebra
cohomology and infinitesimal deformations.

Recall, that Leibniz algebras are generalization of Lie algebras |5], |6] and
it is natural to apply the theory of deformations for the study of Leibniz
algebras.

Let V' be the underlying vector space of the Leibniz algebra L of dimension
n and let GL(V') be the group of the invertible linear mappings f such that
f € GL,(F). The action of the group GL(V) on the variety of Leibniz
algebras induces an action on the Leibniz algebras variety: two laws @, and
1o are isomorphic, if there exists a linear mapping f, such that

po(z,y) = fH (i (f(x), f(y))) for all x € V,,y € V.

The orbit under this action denoted by Orb(u) and consists of all algebras
isomorphic to the algebra pu. Therefore the description of n-dimensional
algebras with dimensions n (further denoted by Leib,) can be reduced to
a geometric problem of classification of orbits under the action of the group
GL(V).



From algebraic geometry it is known that an algebraic variety is an union
of irreducible components. The algebras with open orbits in the variety
of Leibniz algebras are called rigid. The closures of these open orbits give
irreducible components of the variety. Therefore studying of the rigid algebras
is crucial problem from the geometrical point of view. The problem of finding
such algebras is crucial for the description of the variety Leib,,.

In this paper we calculate the second group of cohomology of the null-
filiform Leibniz algebra and show that the set of single-generated Leibniz
algebras forms an irreducible component of the variety of Leibniz algebras.

Moreover, it established that any single-generated algebra is linear
integrable deformation of null-filiform algebra.

Throughout the paper we consider finite-dimensional vector spaces and
algebras over the field of zero characteristic. Moreover, in the multiplication
table of a Leibniz algebra the omitted products assumed to be zero.

Definition 1. A Leibniz algebra over F' is a vector space L equipped
with a bilinear map, called bracket, [—, —] : L x L — L satisfying the Leibniz
identity:

[33, [ya ZH = H.I', y]a Z] - Hl’, Z]:?/L
for all x,y,z € L.
We call a vector space M a module over L if there are two bilinear maps:

[—,—]:LxM—M and [—,—]:MxL—->M

satisfying the following three axioms

[ma [%yﬂ = [[m’xLy] - [[m,y],x],
[z, [m, y]] = [[z,m], y] = [[z, y],m],
[z, [y, m]] = [[z,y], m] — [z, m],y],

for any m € M, x,y € L.

Given a Leibniz algebra L, let C™(L, M) be the space of all F-linear
homogeneous mapping L*" — M, n > 0 and C°(L, M) = M.

Let d": C"(L, M) — C""(L, M) be an F-homomorphism defined by

n+1

(@ f) (@1, Tagr) = 1, f(@2, o Tne) 4D (D [f (@1, By T, ]
=2

+ Z (—1)j+1f<1’1,...,$2‘_1,[l’i,xj},l’i_‘_l,...,fj,...,l’n_._l),
1<i<j<n+1



where f € C"(L, M) and z; € L. Since the derivative operator d = > d'

i>0
satisfies the property d o d = 0, the n-th cohomology group is well defined
and

HL™(L,M)=ZL"(L,M)/BL"(L, M),
where the elements ZL"(L, M) and BL"(L,M)) are called n-cocycles and
n-coboundaries, respectively.
Usually a 2-cocycle is called infinitesimal deformation.

A deformation of a Leibniz algebra L is a one-parameter family L; of
Leibniz algebras with the bracket

e = pio +tor + g+

where ; are 2-cochains, i.e., elements of Hom(L ® L, L) = C*(L, L).
Note that a linear integrable deformation ¢ satisfies the condition

90(‘1‘1790(:% Z)) —90<QO(.T,y),Z> +Q0(Q0(I,Z),y) =0. (1>
For a Leibniz algebra L consider the following central lower series:
L'=1L, LM =[L*L"Y, k>1

Definition 2. A Leibniz algebra L is said to be nilpotent, if there exists
p € N such that LP = 0.

Now we give the notion of null-filiform Leibniz algebra.

Definition 3. An n-dimensional Leibniz algebra is said to be null-filiform
ifdimLi=n+1—14, 1<i<n+1

Theorem 1 [1]. An arbitrary n-dimensional null-filiform Leibniz algebra
is isomorphic to the algebra:

NFn: [67;,61]267;4_1,137;371—17

where {ej, ea,...,e,} is a basis of the algebra NF,.
Note that any derivation of null-filiform Leibniz algebra NF™ has the
following matrix form [3]:

aq Q9 as c. Qp,

0 2@1 (05} cee Ap—1
0 0 3@1 N ¢ )
0 0 0 ... na



From this we conclude that DimBL*(NF", NF") = n? — n.
In general, 2-cocycle is a bilinear map from NF" @ NF"™ to NF" such
that d?¢ = 0, i.e.

do(z,y,2) =[x, 0(y, 2)]=[p(2,y), 2] +[p(2, 2), y|+o(@, [y, 2]) o[z, y], 2) + o[z, 2], ).
Proposition 1. The following cochains:

pinlwj, o) =ap, 1< j<n, 2<k<n,

‘ V(1) = 21,
. < < — =
w] (1 SJ=n 1) { wj(l’i,qu_l) = —Ti41, 1 < i =n 1’

form the basis of ZL*(NF™, NF™).
Proof. Using the Leibniz 2-cocycle property (d%¢)(z;,x1,21) = 0, we
have

oz, x0) = —[xs, p(x1,21)], 1<i<n—1, @z, x3)=0 (2)

The conditions (d?y)(zi, z1,2;) = 0, (d%*¢)(z;,x;,71) =0 for 1 < i < n,
2 < j <nimply

(i, (21, 25)] + [p(zi, 75), v1] — (74, 21], 75) = 0,

[0, (x5, 21)] — (i, 75), 21] + (T3, [25, 1)) + (75, 21], 25) = 0.

Summarizing above equalities, we derive

o(zi, Tj1) = —[xi, (@1, 25) + p(xj,21)], 1<i<n-—1,
2<jsn-l g

@(@n, Tj41) =0, 2<j<n-1,

[, (21, 20) + (20, 21)] = 0, 1<i<n.

n
Set p(z;,21) = Y a;pxy for 1 <i < mn.
k=1

Using inductively method from equalities (2) and (3) we get a,,1 = 0 and

o(zi,Tj41) = —aj12i41, 1<i<n—-1,1<j<n—-1



Therefore, we obtain that any infinitesimal deformation of NF™ has the
following form:

o(zj, 1) = ajix1 + ajoo + -+ ajpx,, 1<j<n—1

(;D(xn; 171) = Qp 272 + -+ Ap nn,

©(Ti, Tjp1) = =141, I<i<n—-1,1<j<n-1
Therefore, ¢, and 1; form a basis of ZL*(NF", NF™). O

Corollary 1. dim(ZL*(NF*, NF")) = n? — 1.
Below we describe a basis of subspace BL*(NF™, NF™) in terms of ¢,

and ;.
Proposition 3. The cocycles
§i1=Vji—1 — P2, 2<j<n,
Sk : Sik = Pj—1k; 2<j7<k<n,

ik = Qj—1hk — Pikt+1, 2<k<jyj<n

form a basis of BL2(NF"™, NF™).
Proof. Consider endomorphisms f;; defined as follows:

fin(z) =ap, 2<j<n, 1<k<n.

It is easy to see that f;; are complement of derivations to C*(NF", NF™).
Therefore, the elements of the space BL*(NF", NE™) are d'f;} such that

d' fix = fixl[z,9]) = [fix(2), 9] = [z, fi(y)]-
Then we obtain
d' fir(xj-1,21) = 21,
d'fi1 (2<j<n) =S d fri(zj,21) = —2,
d' fia(xs,05) = =21, 2<i<n—1,
: > _ S d fiw(wjo, @) = @,
-1 dlfj,k(xj,flfl) = —Th+1,

dlfk,n (2 n) = {dlfk,n<xkflyxl) = Tn-
It should be noted that
d' fin =1j—1 — @2 2<j<n,
d' fir=0jm1k — Pikt1, 2<j<n, 2<k<n-1,
d fin = @j—1n 2<j5<n



From the condition d'fy s + d* fri1501 + -+ + d' fasksn = Pr_1, fOr
2 <k < s <n, we conclude that the maps &5, 2 <k <n, 1 <s <nform
the basis of BL2(NF™, NF").

Corollary 2. The adjoint classes @,x (2 < k < n) form a basis of
HIL*(NF" , NF"). Consequently, dimHL*(NF", NF") =n — 1.

In the following proposition we describe infinitesimal deformations of
N F™ satisfying the equality (1).

Proposition 4. A 2-cocycle of NF™ satisfy the equality (1) if and only

if it has the form:
Z 5,65 k-
gk
Proof. It is easy to check that 2-cocycles of the form > a; 1, 1 are satisfy
7k
the equality (1).
Let o € ZL*(NF™, NF"), then ¢ =Y a;j ks +
ik

n

—1
bjwk-
=1

J
From condition

ez, o(x1,21)) — p(p(z1, 1), 1) + o(P(T1,21), 01) = 0,
we get b; = 0.
The following chain of equalities
p(xi, o(25, 2541)) — o(@(@i, 25), 2j41) + (02, Tj4a), 25) =
(@i, ¥i(, j41)) — e(j-1(@i, 7)), Tj1) + 0(¥5 (25, Tja), 25) =
(@i, bj541) + 5 (bj1%i1, Tj1) — Y1 (bjzjn, 7)) =
b§$i+1 —bjbj 170 + bjbj 17440 = b?%’ﬂ
imply b; =0, 2<j7<n-1
Consider linear integrable deformations p, = NF" +t ) a;rp;r of NF™.
ik

Since every non-trivial equivalence class of deformations defines uniquely
an element of HL?(L,L), due to Corollary 2 it is sufficient to consider

pi(az, as, ... a,) = NF™ +1t Y agpnr, where (ag, as, ..., a,) # (0,0,...,0).
k=2
Thus, the table of multiplication of p;(as, as, ..., a,) has the form
[z, 21] = @iy1, I1<i<n-—1,

n
[Tp, 1] =1 > agay.
=2



Putting aj, = tag, we can assume t = 1.

Proposition 5. An arbitrary single-generated Leibniz algebra admit a
basis {1, xs,...,2,} such that the table of multiplication has the form of
pi(ag, as, ... ay,).

Proof Let L be a single generated Leibniz algebras and let x be a
generator of L. We put

ry=x, xy=[x,z|, x3=I[,2],2|, ..., TH=[[1,2], .., 2]
Since z is a generator, {xi,2y,...,z,} form a basis of L. Evidently
{z2,...,z,} belong to right annihilator of L. Hence, we have [z;,z;] =0, 2 <

Jj<mn-—1 Let [z, x1] = > arxy.
k=1

From the Leibniz identity [z1, [2n, 21]] = [[z1, 2a], 21] — [[21, 2], 7] =
0, we conclude a; = 0. Therefore, we obtain the existence a basis
{1, x9,...,2,} in any single-generated Leibniz algebra such that the table

of multiplication in this basis has the form:

[IL’i,l'ﬂ :Ii+1, 1 SZSTL—L

n
[T, 1] = D apay.
k=2

Let a; is the first non vanishing parameter in algebra p(as,as,...,an),
then by scaling x} = #x“ 1 <17 < n, we can assume a; = 1, i.e the

first non-vanishing parameter can be taken equal to 1.

Note that the set of single-generated Leibniz algebras is open. Indeed, if
g-generated (¢ > 1) Leibniz algebra with a basis {e, es, ..., e,}, then for any
e; € L the elements e;, 2, ..., el are linear depended. That is determinants of
the matrices A;, 1 <4 < n which consists of the rows ¢;, e?,... el are zero,
hence we get n-times of polynomials with structure constants of the algebra.
Therefore, g-generated (¢ > 1) Leibniz algebras form a closed set. Taking into
account that the set of all single-generated Leibniz algebras is complemented
set to the closed set, we conclude that the set of single-generated Leibniz
algebras is open.

It is easy to see that an algebra p;(as,as,...,a,) is a linear deformation
of an algebra py(ah,a, ..., al).

Since dim(Der(ui(ag,as,...,a,))) = n — 1, (ag,as,...,a,) #
(0,0,...,0), then by arguments used in [2] for non-isomorphic algebras



pi(ag, as, ... a,) and py(ah,al, ... al) we derive pui(ag,as,...,a,) ¢
Orb(ul(a/% aé’n s ?a/n))‘

Summarizing results on single-generated Leibniz algebras, we obtain the
main result of the paper.

Theorem 2. U Orb(ui(ag,as,...,a,)) forms an irreducible

component of the variety of n-dimensional Leibniz algebras.
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