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1. Introduction

The notions of local derivations were first introduced in 1990 by Kadison [1] and Larson
and Sourour [2]. The main problems concerning this notion are to find conditions under
which local derivations become derivations and to present examples of algebras with local
derivations that are not derivations. Kadison proved that each continuous local derivation
of a von Neumann algebra M into a dual Banach M-bimodule is a derivation. In 2001
Johnson culminated the studies on local derivations, showing that every local derivation
from a C*-algebra A into a Banach A-bimodule is a derivation [3].

The study of local derivations on algebras of measurable operators was initiated in
papers [4-6] and others. In particular, the paper [4] is devoted to the study of local deriva-
tions on the algebra S(M, t) of T-measurable operators affiliated with a von Neumann
algebra M and a faithful normal semi-finite trace 7. It is proved that every local derivation
on S(M, ) which is continuous in the measure topology automatically becomes a deriva-
tion. The paper [4] also deals with the problem of existence of local derivations which
are not derivations on algebras of measurable operators. Namely, necessary and sufficient
conditions were obtained for the algebras of measurable and 7-measurable operators affil-
iated with a commutative von Neumann algebra to admit local derivations that are not
derivations.
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Later, several papers have been devoted to similar notions and corresponding problems
for derivations and automorphisms of Lie algebras [7,8]. In [7] Ayupov and Kudaybergenov
have proved that every local derivation on semi-simple Lie algebras is a derivation and
gave examples of finite-dimensional nilpotent Lie algebras with local derivations which
are not derivations. The paper [9] is devoted to the study of so-called 2-local derivations
on finite-dimensional Lie algebras and it is proved that every 2-local derivation on a semi-
simple Lie algebra is a derivation and that each finite-dimensional nilpotent Lie algebra
with dimension larger than two admits 2-local derivation which is not a derivation.

It is well known that any finite-dimensional Lie algebra over a field of characteristic zero
is decomposed into the semidirect sum of semi-simple subalgebra and solvable radical. The
semi-simple part is a direct sum of simple Lie algebras which are completely classified, and
solvable Lie algebras can be classified by means of its nilradical. There are several papers
which deal with the problem of classification of all solvable Lie algebras with a given nil-
radical, for example Abelian, Heisenberg, filiform, quasi-filiform nilradicals, etc. [10-12].
It should be noted that any derivation on a semi-simple Lie algebra is inner and any nilpo-
tent Lie algebra has a derivation which is not inner. In the class of solvable Lie algebras
there exist algebras which any derivation is inner and also algebras which admits not inner
derivation.

In this paper, we investigate local derivations of solvable Lie algebras. We show that
in the class of solvable Lie algebras there exists a solvable algebra admitting local deriva-
tions which are not ordinary derivation and also there exist algebras for which every local
derivation is a derivation.

More precisely, local derivations of solvable Lie algebras with abelian nilradical and
one-dimensional complementary space are investigated. The necessary and sufficient con-
ditions under which every local derivation of such Lie algebras becomes a derivation are
found. We also consider solvable Lie algebra with model nilradical and maximal dimen-
sion of complementary space, i.e. in sense of Mubarakzjanov [13] correspond to maximal
number of nil-independent derivations and prove that any local derivation of such type of
algebras is a derivation.

2. Preliminaries

In this section, we present some known facts about Lie algebras and their derivations.
Let L be a Lie algebra. For a Lie algebra L consider the following central lower and
derived sequences:

'=1, [¥'=[1%51'], k>1,
L=, phstil = [L[S],L[S]], s> 1.

Definition 2.1: A Lie algebra L is called nilpotent (respectively, solvable), if there exists
p € N (g € N) such that L? = 0 (respectively, Ll = o).

Any Lie algebra L contains a unique maximal solvable (resp. nilpotent) ideal, called the
radical (resp. nilradical) of the algebra. A non-trivial Lie algebra is called semi-simple if its
radical is zero.
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A derivation on a Lie algebra L is a linear map d : L — L which satisfies the Leibniz rule:
d([xy]D) = [d(x),y] + [x,d(y)] foranyx,y € L.

The set of all derivations of a Lie algebra L is a Lie algebra with respect to the usual matrix
commutator and it is denoted by Der(L).

For any element x € L the operator of right multiplication ad, : L — L, defined as
ady(z) = [z,x] is a derivation, and derivations of this form are called inner derivation.
The set of all inner derivations of L, denoted ad(L), is an ideal in Der(L).

Definition 2.2: A linear operator A is called a local derivation if for any x € L, there
exists a derivation dy : L — L (depending on x) such that A(x) = dx(x). The set of all
local derivations on L we denote by LocDer(L).

We have the following theorem for the local derivation on semi-simple Lie algebras.

Theorem 2.3 ([7]): Let L be a finite-dimensional semi-simple Lie algebra. Then any local
derivation A on L is a derivation.

Let N be a finite-dimensional nilpotent Lie algebra. For the matrix of linear operator
ady denote by C(x) the descending sequence of its Jordan blocks” dimensions. Consider
the lexicographical order on the set C(N) = {C(x) | x € N}.

Definition 2.4: A sequence

( max C (x))
xeN\N2
is said to be the characteristic sequence of the nilpotent Lie algebra N.

Definition 2.5: A nilpotent Lie algebra with characteristic sequence (n,ns,...,ng, 1) is
said to be model if there exists a basis {ej, e, . . ., e,} such that
leie1]l =eiy1, 2<i=<mn,
(1)

[en1+~-+nj,1+is el] = en1+-~‘+nj,1+i+1, 2 S_] =< k) 2 =< i = nj)

where omitted products are equal to zero.

3. Local derivation of solvable Lie algebras with abelian nilradical

In this section, we investigate solvable Lie algebras with abelian nilradical. First we consider
the following example.

Example 3.1: Consider the following three-dimensional solvable Lie algebras with two-
dimensional abelian nilradical [14].

Li: [exe]l =e, [e3,e1] = e3;
Ly: [epe1] =ex+e3 [es,e1] =es.

Any local derivation of L; is a derivation, but L, admits a local derivation which is not a
derivation.
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Indeed, by the direct calculation we obtain that the matrix form of the derivations of
algebras L; and L, respectively have the following forms:

0 &2 &3 0 &2 &i3
Der(L1) = |0 &, &3, Der(L) =0 &2 &3
0 &, &3 0 0 &

It is not difficult to show that any local derivation on L; is a derivation and linear operator
A defined as A(e1) = 0, A(ez) = 0, A(e3) = e3 on L is a local derivation which is not a
derivation.

Let L be a solvable Lie algebra with abelian nilradical N and let dimN = n, dimL =
n + 1. Take a basis {x, e, e, ..., e,} of L such that {ej, e;, ..., e,} a basis of N. It is known
that operator of right multiplication ad, is a non-nilpotent operator on N [13]. Moreover,
such solvable algebras characterized by the operator ady, i.e. two solvable algebras with
abelian nilradical N and one-dimensional complementary space are isomorphic if and only
if the corresponding operators of right multiplication have the same Jordan forms.

Theorem 3.2: Let L be a solvable Lie algebra with the abelian nilradical N and the dimension
of the complementary space to the nilradical is equal to one. Any local derivation on L is a
derivation if and only if ad, is a diagonalizable operator.

Proof: Let ad, be a diagonalizable operator. Then there exists a basis {e1, e2,...,e,} of N
such that the Jordan form of the operator ad, on this basis has the form:

A0 0 ... 0
0 A 0 ... 0
0 0 A ... 0
0 0 0 An

Consequently,

Let d € Der(L), then

d(x) = prer + Brea + - - + Puen,
d(ej) = ajrer +ajger + -+ digey, 1<i<n.
From the property of derivation we have
d([ei, x]) = [d(e),x] + [e;, d(x)]
= [airer + aiper + - + dinen, x] + [e, Brer + Baez + - - + Buen]

= ajr1e] +ajphrer + -+ dipAney.
On the other hand,

d([ei,x]) = Aid(e) = Ai(ajier + ajper + -+ - + ajnen).
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Comparing the coeflicients at the basis elements we obtain
aij(hi—2j) =0, 1<j<n (2)

Case 1. Let A; # A;, for any i, j(i # j), then we get a;j = O for i # j. Thus, we have that the
matrix of the derivations of L has the form:

0 B B ... Ba

0 1,1 0 e 0
Der(L)y=1| 0 0 ooy ... 0

0 0 0 ... oun

Case 2. Let A; = A; for some i and j. Without loss of generality, we can assume that
M= = Ay Aep1 = = Astpr  oor hneg = =hn

From the equality (2) we obtain that the matrix form of Der(L) is the following:

0 ,31 t ,35 :85+1 s ,3S+p s .Bn—q s lgn

0 1,1 oo O 0 0 0 0
0 a1 ... o 0 0 0 0
0 0 “e 0 541,541 e a5+1,5+p cen 0 Ce 0

0 0 “e 0 Ol5+p,5+1 e 0‘5+p,5+p cen 0 Cen 0

0 0 . 0 0 ... 0 cer Op—gn—q --- On—gn
0 0 0 0 0 Unn—q Unn

Let A be alocal derivation on L and let
Ax) =&x+&re1 +&er+ -+ ey,
Ale)) =Cix+ Citer + Ciper + -+ Cinen, 1 <i <.

Considering the equalities A(x) = dx(x) and A(e;) = d,,;(e;) for 1 < i < n, we conclude
that A is a derivation. Therefore, any local derivation on L is a derivation.
Now let Jordan form of the operator ad, be

i 0 0
ad, = 0 I 0
0 0 Js

and suppose that there exists a Jordan block with order k(k > 2). Without loss of generality
one can assume that J; has order k > 2. Then the table of multiplication of L has the form:

eix=Aei+ey, 1 <i<k—1,
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exx = Aieg,
eix = Ajej + pieir, k+1<i=<n,
where p; = 0; 1.

By the direct verification of the property of derivation we obtain that the general form
of the matrix of Der(L) is

0 B B o B1 P Brr oo P
0 a0 o12 ... o1k o1k 0 ... 0
0 0 1,1 e O k-2 O1k—1 0 Ce 0
0 0 0 Ce 1,1 12 0 Ce 0 5
0 0 0 ... 0 a1 0 ... 0
0 0 0o ... 0 0 H, ... 0
0o 0 0 ... 0 0 0 ... H

where H; are the block matrices with the same dimension of Jordan blocks J;.
Consider the linear operator A : L — L defined by

Ax) =0, Ale)=e, 1=<i=<k-—1,
Aler) =2er, A(e)) =0, k+1<i<n.

It is obvious that A is not a derivation. We show that A is a local derivation.
Indeed, for any element y = yx + nie; + n2e2 + + - - + e, € L we consider

A(y) = A(yx+mer + n2e2 + - -+ npen) = mer + maez + - - + Nk—1€k—1 + 2nkek.
Consider the derivation d), such that
dy(x) =0, dy(e) =0, k+1=<i=<mn,
dy(e;) = ariei+o1zeip1 + -+ ki1, 1 <i=<k
Then
dy(y) = dy(yx+mer + mex + -+ + nnen)
= moyier + (e + mop)es + - -+ (kenn + Nr—101,2 + -+ + nie k) ek

Let us show that for an appropriate choice of the parameters «;; that A(y) = d,(y). This is
satisfied if

n = nioy,1,

n2 = moy1 + nNiar,

Nk—1 = Nk—10¢1,1 + Nk—2012 + -+ - + N1 k—15
2Nk = Ngoy1 + Ng—1012 + -+ Nro k.

Note that this system of equations has a solution with respect to «; ; for any parameters 7;.
Indeed:
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e ifn; # 0, then

Nk
app=Loap==a1}1=0, 01 p = —,
m
o ifny=---=n_1=0e&n#0,2 <s<k—1,then
Nk
a1 =L ap==a =0, 0511 =—,
Ns
e ifn =---=nk_1 = 0¢&nk # 0then we have 1} = 2.
Hence, A is a local derivation. [ |

Now we consider solvable Lie algebras with abelian nilradical and maximal comple-
mentary vector space. It is known that the maximal dimension of complementary space
for solvable Lie algebras with n-dimensional abelian nilradical is equal to #n. Moreover, up
to isomorphism there exists only one such solvable Lie algebra with the following non-zero
multiplications:

Ly:leixi] =€, 1<i=<n.
Theorem 3.3: Any local derivation on L, is a derivation.

Proof: First, we describe the derivations of the algebra L,. Let d € Der(L,) then we have

n n
d(e) = aije, d(x) =) Pije, 1<i=<n

j=1 =1

Using the property of derivation d([e;, x;]) = [d(e:), xj] + [e;, d(x;)] we obtain thata;; = 0
for i # j. From the equality d([x;, x;]) = [d(x), x;] + [x;, d(x;)] we get B;; = 0 for i # j.
Therefore, we have that any derivation of L, has the following form:

d(e)) = ajei, d(x;) = pie;, 1<i<n.

Let A be a local derivation on Ly, then A(e;) = d,,;(e;) = yiei and A(x;) = dy, (x;) = S;e;.
Thus, A is a derivation. [ |

4. Local derivation of solvable Lie algebras with model nilradical

Let L be a solvable Lie algebra and its nilradical is a model algebra N. Let the characteristic
sequence of N be equal to (1, 1y, . . ., nig, 1). Then the multiplication of N has the following
form:

lee1] =eiy1, 2<i=<mn,
[en+-tnj_i+i>€1] = enjotn_+it1, 2=j=<k 2=<i=<mn;

It is known that the maximal dimension of the complementary space of solvable Lie
algebra whose nilradical is a model nilpotent Lie algebra with characteristic sequence
(n1,n2,...,n 1) is equal to k + 1. Let L=Q+N be a solvable Lie algebra with dimQ =
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k + 1. Then L has a basis {x1,x2, ..., Xk+1,€1, €2, . . ., €} such that the table of multiplica-
tion is the following:

[eie1] = eita, 2<i<m,
[en+tnj+ise1] = enpogn i1, 2=5j=<k 2=<i<mn
Lip1(N) =  [e, x1] = ie;, 1<i<n,
lei, x2] = e;, 2<i<m+1,
[€n)+-+njotis Xj] = €nytotnj o +i> 3<j<k+1, 2<i<n_+1

In [15] it is proved that any derivation of L (N) is inner for any characteristic sequence

(n1,n2,...,15, 1).
In this section, we investigate local derivations on L (N). For any local derivation A
on L1 (N) we have

A(x) = dy (%) = [x,0], 1<j<k+1,
Ae) =dg(e) = [ej,bi], 1<i<n.

Put

k+1 n k+1 n

4= dipxp+ ) Bipep bi=) Vipxp+ ) Sipep.
p=1 p=1 p=1 p=l1

Then we obtain

ny+-+nj-1+1

n
A) ==Y pPipep A)=— Y Bipep 2<j<k+1,
p=1 p=nj+--+nj_+2

k+1  mtetni

Aler) = yi,1e1 — Z Z S1,i€p+1>

j=2 p=n1+-+nj2+2
Ale) = (iyin + vijei + 8ineirt, mi+-+na+2<i<n+--+npi,
2<j<k-—-1,
Ae) = (iviy + vijlei, i=m+--+n_1+1,2<j<k—1

Proposition 4.1: There exists y € Lgy1(N), such that A(xj) = [xj,y] for 1 <j <k+1.

Proof: For any j (2 <j<k+1) and for the fixed s (n; +---+nj2+2=<s<m +
...+ nj_1 + 1) we consider

ny+4nj-1+1

A(sxj — x1) = sA(x) — Axy) = ZP,Bl,pep =S Z Bipep-

p=1 p=ni+--+nj_2+2
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On the other hand
k+1
A(ij —Xx1) = [ij - xl;ysxj—xl] = — X1, ZAsx] —x1,pXp T ZBst —x1,p€p
p=1 p=1
n ny+-+nj—1+1
= Zszxj*beeP — S Z Bsxj*xl’Pep'
p=1 p=mi+etnj_ 42

Comparing coefficients at the basis element of e; we have s(81,s — Bjs) = 0 which implies
,Bj,s = ,Bl,s-

Since j2 <j<k+1)ands(n +---+nj_+2=<s=<n +---+ni_1 +1) we have
that 8, = Bi1,, for any j and p.

If we take an element y = ZZZI Bi,pep, then we have

A(x) =[xy, 1<j<k+1

From the previous proposition we conclude that without loss of generality it can be used
Bp instead of B1 . Thus, we have

ny+-+nj—1+1

A ==Y phoep AGD=— D B 25j<k+1 (3

p=1 p=mi+-+nj242
Now we consider the value of local derivations on the generators of N (which algebraically
generate the basis), i.e. e1, €2, €x, 12, - . - €n 4oy +2-

Proposition 4.2: There exists z € Lg11(N), such that

A(x]) = [xj) Z]’ A(el) = [el,Z], A(en1+~~-+nj,z+2) - [en1+~~~+rl]‘,2+27 Z])

2<j<k+1

Proof: By Proposition 4.1 we have that there exists y € L1 1(N) such that A(x;) = [x;, y].
Consider A(x; — 3x, — ;1) Using the equality (3) we have

ny+1 k+1 mtetnia

A(x1 —3x) —e1) = Zpﬂpep +3 Z Bpep — v1,1€1 + Z Z 81,i€p+1-

j=2 p=nittnj_a 42
On the other hand

A(x1 —3x2 —e1) = [x1 — 3x2 — €1, Yx;—3x0—e; )

k+1

=[x —3x; — ZA?CI 3x2— 21,pxP+ZBx1 3xy—e1,p€p
p=1 p=1
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ni+1
= ZPBXI —3xy—e1,p€p + 3 Z By, —3x,— —e1,p€p — Ay —3x,—e1,1X1
p=1 p=2

k+1  miteetniog

+ Z Z Bx1—3x2—el,p€p+1.

j=2 p=n1+-+nj_2+2
Comparing the coeflicients at the basis elements e, and ez, we get
Bx173x2761,2 = :32’ Bx173x2721,2 = 81,2)

which implies 815 = B;.
Considering A(x; — (i + 1)x2 — e1) inductively we obtain 8;; = 8; for 2 <i < nj.
Indeed,
A(xy — (i+ Dxz —ey)

n1+1 k+1 ny4-+njoy

== Zpﬂpep +@G+1 Z Bpep — 1,161 + Z Z S1pept1-

j=2 p=ni+--+nj_+2
On the other hand

Alx1 — (4 1)x2 —e1)

= [xl - (1 + l)xz - el,)’xl—(i-',-l)xz—el]

k+1
X x1 — (i+ Dxy — ey, ZAx17(1+1)x2 e1,pXp + ZBxl (i+1)x,—E1,p€p
p=1 p=1
ni+1
= - Zprl—(l-‘rl)xz el,pep + (l + 1) Z Bx1 (i+1)x— el,pep
p=1 p=2

k+1  mtetnig

- Axl—(i-i-l)xz—el,lxl + Z Z Bxl—(i—i-l)xz—el,pep—i-l-
j=2 p=n1+--+nj_+2

Comparing the coeflicients at the basis elements ey, e3, . . . ei+1, we get

(i — DBy —(i4Dxy—e;.2 = (i — 1) Ba,
(1 = 2)By, —(i+1)x2—e1,3 T By —(i+ Dxy—er,2 = (i — 2) B3 + 812,
(i— 3)Bx1*(i+1)x2*€1,4 + Bx1f(i+1)xzfe1,3 =({—3)Bs+ 51,3, (@)

Bxl—(i—i-l)xz—el,i + Bxl—(i+1)xz—el,i—l = ,31' + 81,1'—1’
Bxl—(i—i-l)xz—el,i = 81,1"

By induction hypothesis we have §12 = B2, 613 = B3, 61,i—1 = Bi—1 and from (4) we
obtain 81, = Bi.
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In a similar way considering A(x; — (n1 +---+nj2+i+1xj—e)for3 <j<k+
1,2 <i < mnj_; we get

Si=p, m+--+n2+2<i<n+---+n-1,2=<j<k+1L
From A(x; — (m + -+ nj—2 + 3)X — €ny4-tn_,+2) for 2 <j < k+ 1, we obtain
Spytmp421 =P, 2=j<k+1

Therefore, we derive that for the element

k+1

z=y+y,x+ Z()/n1+---+nj,z+2,3 + (4 12+ 2) Vay o421 — V11X
j=2

the following equalities hold:

A(x]) = [Xj, Z]) A(el) = [el’ Z]a A(el’l1+--'+nj_2+2) = [en1+---+nj_2+2: Z]>

2<j<k+1
|

From Propositions 4.1 and 4.2, we have that for any local derivation A there exists an
element z € Li41(N) such that A(x) = [z, x] for each generator of x € L1 (N).
Thus, if we put z = Zlgii Ypep + Zzzl Bpep, then we have

n ni+-+nj-1+1
Ay == phpep, A =— Y Bpe 2<j<k+1,
p=1 p=ni+-Fnj_2+2

(5)

k+1  mtetnig

Aer) = yie1 — Z Z Bpep+1

j=2 p=n1+--+nj_+2
A(en1+---+nj_2+2) = ((nl +--+ nj—2 + 2))/1 + V;) en1+---+nj_2+2 + ﬂlen1+---+nj_2+3,

2<j<k+1
Theorem 4.3: Any local derivation on the solvable Lie algebra Ly (N) is a derivation.

Proof: First we prove the Theorem for case k = 1, i.e. the characteristic sequence of the
model nilradical N is (n, 1). Then we have the basis {x;, x2, e1, €3, ..., eyt1} of Ly(N) such

that
leie1] =eir1, 2<i<n,
lei,x1] =ide;, 1<i<mn+1,

e, x2] =e, 2<i<n+1.
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Let A be alocal derivation of L, (N). By Propositions 4.1 and 4.2 we have

n n+1
Aler) = yie1 — Y Brewsrs AGx) =Y kBrex
k=2 k=1
n+1
Ale) = @1 + v2)ex + Pues, Alxy) == Brek,
k=2
A(ei) = (iyi1 + vip)ei + direit1, 3<i<mn,

Alent1) = (n+ DYnt11 + Var12)ent1.

Consider

n
A(xy = (4 Dx2 + ¢)) = —Brer + (¥1 + ¥i2)ej + Sjaeirn + DG+ 1 — k) Brex.
k=2

On the other hand

n+1
A(x1 — G+ Dxx+¢) = |:x1 —(+ Dx2+e¢)Ajix1 + Ajpxa + ZBj)keki|
k=1

= —Bj1e1 + (jAj1 + Aj2 + Bjj-1)ej + Bj1¢€j+1
n+1

+ Y G+ 1 — k)Bjxex.

k=2

Comparing the coefficients at the basis elements e; and ej+1 we have Bj; = §;; and Bj; =
B1, which implies

di1=p, 3=j=<n
Now consider
. 1
A (x1 —(G+Dxa+e—(G—1Dex+ m ]+1>

= —-Ba—G—DC2n+r.—BRe

1
—(G—=DBL+B2— (—2)B3)es — (ﬂj =2 = ((+ D¥j11 + Vz+12)) €j+1

n+1
— Y Bea— G+ 1-kBoex

k=4,kAj+1

On the other hand

1
A <X1 — (] + 1)X2 + e — (] - 1)62 + mejq_l)

n+1
|:x1 —(+Dxat+e —(G— e+ G- 2)|eJ+1’AJ 1%+ Ajaxz + ZB kek:|
k=1
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= (Aj1 — Bjper — (j— D241 + Aj2 — Bjp)ex
— (G — DBj1 +Bjz — (j — 2)Bj3)es

1 .
<Bj,k - m(([ + 1)Aj,1 + Aj,2)> €j+1
n+1

_ Z (Bik—1 — (j+ 1 — k)Bjr)ex.

k=4,kj+1
Comparing the coeflicients at the basis elements of e}, e2, . . . ej+1, we have

Aj1 — Bji =1 — B,

2Aj0 +Ajp — Bjp =21 + 2 — B,

(G—DBj1+Bja—(G—2)Bjs=G— D1+ B2—(—2)Bs,
Bi)-1—(+1=kBjx=Br—1—(+1—kpB 4<k<j

(G+ DA +Aj2) = B — (G + Dyje11 + vir12)-

1
Bip — ———
kTG =)

1
G—2)!
From this system of equations considering (j — 1)[1] + [2] + [3] + 211:;14 % [K] we
have that

G+ Dyji+11 +Vir12 =G+ Dy + e
where [K] is the k-th equation of the previous system.
Therefore, we obtain A(y) = [y, y1x1 + y2x2 + ZZ:II Prex] for any y € L. Hence, A is
a derivation.
Now we are able to prove the Theorem for the general case. Let A be a local derivation
on L1 (N), then by Propositions 4.1 and 4.2 we have

n ny+e+nj-1+1
Ax) ==Y phoep Ax)=— > Bpep, 2=j<k+1,
p=1 p=n1+--+nj_2+2

(6)

k+1  mteetni—g

Aer) = yie1 — Z Z Bpep+1>

=2 p=ni+ s 42
Alenytotnp2) = ((m + -+ + 12+ 2)V1 + ¥)) enytotmg 2 + Bren +otni s 43>
2<j<k+1,
Ae) = (ivin +vijlei + Sineir1, nmi+---+nj
+3<i<m+---+n-1,2<j<k-1,
Ale)) = (iyin +vijle, i=m+--+n1+1,2<j<k-1

To prove the theorem we have to show

Sir=PB» m+--F+no2+3<i<m+---+n-,25j<k-1, (7)
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and
i)/i,1+yi)j=ij/1+)/j, 1’11+"'+7’lj72+3§i§n1+"'+nj71:ijfk- (8)

Similar to the case k = 1, considering A(x; — (n1 + - - - + nj_3 + s + 1)x;
+ €ny+-+nj_,+s) We obtain the equality (7) and analysing

A <X1 —(m+---+ nj—y +s+ l)xj +e —(s— l)en1+<--+nj_2+s
1
+(s_—2)!€n1+---+njfz+s+1

for 2 < s < nj — 1 we get the equality (8). |

4.1. Non-model nilradical case

In this subsection, we give some examples of local derivations of solvable Lie algebras with
maximal dimension of complementary vector space. Solvable algebras exhibiting this prop-
erty shall be called maximal solvable Lie algebras with nilradical N, i.e. a solvable Lie algebra
L with nilradical N is said to be maximal, if there is no algebra M with nilradical N such
that dim(M) > dim(L).

In the first example, we consider solvable Lie algebra with non-model nilradical and
dimension of complementary vector space equal to the number of generators of the
nilradical.

Example 4.4: Let N be 8-dimensional nilpotent algebra with multiplication

[e2, e1] = ey, [es, e1] = e5, [e5,e1] = e,

[e3,e2] = ey, [e7,e1] = eg, [es, €3] = —eg.

It is obvious that this is a non-model nilpotent algebra with the characteristic sequence
(4,3,1) and the number of generators is equal to 3. Moreover, the maximal solvable Lie
algebra with nilradical N is 11-dimensional and has the multiplication:

=ey, [es,e1] =es, [es,er] =es [es,ex] =ey, [er,e1] =es,

= €1, [64) xl] = €4, [65, xl] = 2eS> [66) xl] = 366) [68, xl] = €3,

]
]
]
enx2] = e [es,x2] =es, les,x2] =es, [es,x2] =5 [e7,x2] = e7,
]
]

=e3, [er,x3]=¢7, [eg,x3] =es.
Any local derivation on L is a derivation, moreover it is an inner derivation, i.e.

LocDer(L) = Der(L) = ad(L).

Now we consider an example with the dimension of complementary vector space of
solvable Lie algebra less than number of generators of the nilradical.
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Example 4.5: Let L be a maximal solvable Lie algebra with five-dimensional Heisenberg
nilradical

lez,e1] = €5, [es,e3] = es.

Then dim(L) = 8 and L has the multiplication:

[e,e1] =es, [es, €3] = es,

len,x1] =e1, [ex,x1] =€z e, x1] =e3, [es, x1] = ey, [es, x1] = 2es,
e, 2] = e, [ez, 2] = ez, [e3,x2] = 2e3, [es,x2] = 2es,

( ]

e, x3] =2e;, [es,x3] =e3, [es,x3] =e4, [e5,x3] = 2es.

Any local derivation of L is a derivation (moreover, inner derivation).

Now we formulate the following conjecture

Conjecture 4.6: Let L be a maximal solvable Lie algebra with nilradical N. Then any local
derivation on L is a derivation.
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