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The authors of this work continue the study of the classification of one-dimensional
Leibniz central extensions of naturally graded filiform Lie algebras. Specifically,
they classify the subclass T'Lb,, 1 of complex filiform Leibniz algebras arising from
naturally graded filiform Lie algebras. This subclass appears as Leibniz central
extensions of linear deformations of the (n+ 1)-dimensional filiform Lie algebra p?,
given by the brackets [eg, ¢;] = e;4+1,7=0,1,...,n—1,in a basis {eg, e1,...,€n_1,€n}.
The difficult is that the class T'Lb,, 1 is less suitable to adapted base change. The
authors present an algorithm to give a isomorphism criterion for the subclass the
subclass T'Lb,+1. In the end, in an appendix to the work, they give the results
applied to a particular case.

This work is a generalization of the results given by two of the authors in Bull.
Aust. Math. Soc. 84 (2011), no. 2, 205-224 and Internat. J. Algebra Comput. 21
(2011), no. 5, 715-729.

The structure of the paper is well-developed, the content is mathematically cor-
rect, and the authors use similar techniques to the considered in the earlier afore-
mentioned articles. These techniques are effective for such classification, and more-
over require a hard work to make all the calculations. I consider that the paper
contains mathematically relevant material.

I think, in my opinion, the paper for its mathematical content is of sufficient
quality and therefore I recommend its possible publication in International Journal
of Algebra and Computation.

Some comments and appreciations to the paper that can improve the presenta-
tion appear in the original document pdf of the authors, see below.
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Abstract
In this paper we present an algorithm to give the isomorphism criterion for a subclass of complex
filiform Leibniz algebras arising from naturally graded filiform Lie algebras. This subclass appeared
as a Leibniz central extension of a linear deformation of filiform Lie algebra. We give the table of
multiplication choosing appropriate adapted basis, identify the elementary base changes and describe
_behavior of structure constants under these base changes, then combining them the isomorphism
criterion is given. The final result of calculations for one particular case also is provided.
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1 Introduction

The class of Lie algebras is one of the important classes of algebras in modern algebra. Intensive and
extensive study of Lie algebras led to the appearance of a number of their generalizations like Malcev
algebras, Lie superalgebras, binary Lie algebras, Leibniz algebras etc.

The present paper deals with the problem of classification of Leibniz algebras. We study a subclass
of the Leibniz algebras naturally gradation of that is a filiform Lie algebra. In fact, there are two sources
to get the filiform Leibniz algebras. The first of them is the class of naturally graded filiform Lie algebras
and the other one is naturally graded non Lie filiform Leibniz algebras. As for those Leibniz algebras
whose naturally gradation is a non Lie filiform Leibniz algebra their classification problem have been
studied in [1], [3], [8], [12] and [13]. The classification problem for the class considered in this paper has
been initiated in [7], [9], [10] and [11].

Let us be reminded that there already exists a classification of complex filiform Lie algebras up to
dimension 11 [4]. However, the methods of classification in this case cannot be applied to moeze higher
dimensional cases. ] is observed that in determining of isomorphism classes one of the main problems is
to keep track of the behaviors of gtructure eenstantj under base change. In the present paper we consider
this problem for a subclass of finite-dimensional complex filiform Leibniz algebras. We give an algorithm
for computing the behaviors of the structure constants.

Recall that an algebra L over a field F is called a Leibniz algebra if it satisfies the following Leibniz

identity:

[Z‘, [y,z}] = [[x’y]’z] - [[Z‘?Z]vy}v (1)
where [+, -] denotes the multiplication in L. Leibniz algebras have been introduced by Loday in 1993 (see
[6]). Clearly a skew-symmetric Leibniz algebra is a Lie algebra. In this case (1) is just the Jacobi identity.

Let L be a Leibniz algebra. We put:

LY=L, LM =[LF 1], k>1.
Definition 1.1. A Leibniz algebra L is said to be nilpotent if there exists an integer s € N, such that
L'>L*> .. D> L ={0}.

Definition 1.2. A Leibniz algebra L is said to be filiform if dimL* = n — i, where n = dimL and
2<i<n.

It is obvious that a filiform Leibniz algebra is nilpotent. We denote the set of all filiform Leibniz
algebra structures on an n—dimensional vector space by Lb,.

Let L be a nilpotent Leibniz algebra. Consider L; = L'/L*1 1 < i < n — 1, and
g = L1 & Ly @ ... ®L,_1. Then [L;,L;] C L;;; and we obtain a graded algebra grL.
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2 On isomorphism criterion for a subclass of complex filiform Leibniz algebras

Definition 1.3. A Leibniz algebra L' is said to be naturally graded if L' is isomorphic to grL, for some
nilpotent Leibniz algebra L.

The following theorem from [5] describes the naturally graded filiform Lie algebra structures on
an (n + 1)-dimensional vector space over an infinite field.

Theorem 1.1. If n is odd then any (n + 1)—dimensional naturally graded filiform Lie algebra over a
field with infinitely many elements is isomorphic to one of the following two non-isomorphic algebras:

pt pr(eos ) =€y, 1<i<n-—1,

N 13 (eos €i) = €it1, 1<i<n-—1,
P20\ mB(enen i) = (Den, 1<i<n-—1,
where pl' (-, -)— is the composition law of pu, i € {1,2} and omitted products of the basis vectors are zero.

But if n is even then any (n + 1)—dimensional naturally graded filiform Lie algebra over a field
with infinitely many elements is isomorphic to pf.

Denote by A the set of all pairs (k,r) such that 1 <k <n—1, 2k +1 < r < n (and in the case
when 7 is odd one assumes that A contains the pair (%52, n), as well). For each pair (k,r) € A one
defines 9y, : pf' A pf — pi as follows:

Vrr(ei, ej) = —Urr(ej,e5) = (_l)k_l(];]i;l)ei+j+r72kfla for 1<i<k<j<n,

Vr,r(€ir€5) = =k (ej,€;) =0, eslewherq,
Let G be an (n + 1)—dimensional filiform Lie algebra. Then it is isomorphic to the algebra:
M;L + wa where 1/) = Z akﬂ'wk,h with ¢(¢($7y)a Z) + ¢(1/J(ya Z),f) + ¢(1/J(Za$)a y) =0.
(k,r)eA

The following theorem is a result from [3], [14] on filiform Leibniz algebra structures over (n + 1)-
dimensional complex vector space.

Theorem 1.2. Any (n + 1)—dimensional complex filiform Leibniz algebra admits a basis {eg,e1, ..., en}
called adapted, such that the table of multiplication of the algebra has one of the following forms:

[60760] = €2,

s, e0] = €iq1, 1<i<n—-1,
FLbut1 =4 [eg,e1] = azez + ageq + ... + 1601 + Oey,

lej,e1] = azejio+ asejiz + ...+ Qppi—jen, 1<j<n-2,

Qag, 0y, ..., 0y, 0 € C.

[60,60] = €2,
leis eo] = €it1, 2<1<n—1,
SLbpsy = [0, €1] = Bses + Baes + ... + Bren,
[61,61] = Y€n,
[ejv e1] = Baejra + Baejrz + ... + Brnyi—jen, 2<j<n—2,
ﬁ37ﬁ47 "'aﬁﬂm’y € C.
€i, €0] = €it1, 1<i<n—1,
€0, €| = —€it1, 2<i1<n-—1,
eo, eo] = bo0én,
TLbyt1 =

e1,e1] = by 1eq,

—(i+j+1 . .
Zj (it )€n71 +bijen, 1<i<ji<n-—2,
e, ¢j] = —lej, eil, 1<i<j<n-—1,

nei) = —[en—isei] = (1) n_ien 1<i<n—-1,

_ 4l
ei,ejl =a; eivjr1+-+a

[
[
[
leo, e1] = —ea2 + by 164,
[
[
[
[

o
i
[
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where b; ,—; = b € {0;1}, whenever 1 <7 < n—1, and b = 0 for even n and the structure constants
aﬁ ;»bij are under the condition that the algebra to be a filiform Leibniz algebra.

Note that the classes F'Lb,, and SLb,, have been treated before in [3], [8], [12] and [13]. The present
paper deals with a subclass of T'Lb,,.

The outline of the paper is as follows. Sections 1 and 2 give a brief introduction to a subclass of
Leibniz algebras that we will study in this paper. The main result of the paper is in Section 3. In this
section we first give the table of multiplication of the subclass of T'Lb,, which is supposed to be studied.
Here we prove a few lemmas and propositions on jpehavior of the structure constants under adapted
base change. The final result is given as Theorem 3.1 at the end of the paper. The calculations for one
particular case are given in Appendix section.

2 Adapted base change and Simplifications in 7T'Lb,

The center of a Leibniz algebra L is defined as C(L) ={x € L | [z, L] = [L,z] = 0,Vx € L}.

Note that the center of an algebra L from T'Lb,,; is ene-dimensional and spanned by the ba-
sis element e,,. Moreover, guotient algebra L/C(L) is the n—dimensional filiform Lie algebra with the
composition law

_ ,n—1 _
H= + 'l/}a where 1/1 - Z ak,rwk,w (2)
(k,r)eA

Therefore, the class T'Lb, 11 can be considered as a one-dimensional Leibniz central extension of the
Lie algebra p. This approach has been initiated in [10], [11]. In [10] Leibniz central extension of the
simplest filiform Lie algebra, whereas in [11] the Leibniz central extension of its linear deformation hawe
been considered. This paper is a generalization of the results given in [10], [11], where we choose as a
generating Lie (co)cycle ¢ with non trivial coefficient a; ,.

Definition 2.1. Let {eg,e1,...,e,} be an adapted basis of L. Then a linear transformation f : L — L
is said to be adapted if the basis {f(eo), f(e1),..., f(en)} is adapted.

The set of all adapted transformations of algebras from T'Lb,, is denoted by Gq4.
To simplify notations we denote by

L(a) = L(bO,Ov bO,lv bl,la azl,jv e aﬂ:—(i-"—j-"—l)’ bi,j),

L]
an algebra from T'Lb,, 1, with the structure constants bg o, bo 1, 01,1, al{j, .. ,aZ;(iHH), bi ;-
Let L(a') = L(bj 0, b1, 01 1,0 - - - ,aZ;(HjH) ! b; ;) and f be an adapted transformation sending

L(a) to L(a’).
Since a filiform Leibniz algebra is 2-generated, an adapted transformation can be taken as follows:

f(eo) = Ageg + Arer + @Anen; f(e1) = Boeo + Bieir + @Bnenv

with f(e;+1) = [f(e:), f(eo)], where (AgB1 — A1By) (Ao + A1b) # 0. Here-ig a result from [9] on changing
of by,0,b0,1 and by ; under f.

Lemma 2.1. For by o,by 1 and by one has:

_ ABboo + AgArboy + ATbiy ,  Agboa +2A1b1y Bib1 1

bl — 5 = 5, = —
0.0 Al2B (A + Ayb) O A2 (A + Arh)” YT AT (A + Arh)

and By = 0.

Definition 2.2. The following types of adapted transformations of L € T Lb, 41 are said to be elementary:

7(eg) = aeg + bey,
first type — 7(a,b,c) = T(e1) = cex, ac#0
7(eiy1) = [7(ei),7(e0)], 1<i<n—1,
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4 On isomorphism criterion for a subclass of complex filiform Leibniz algebras

o(eg) = eo + aeg, 2<k<n
second type — o(a, k) =< ole1) =e,
aleir1) = [o(ei), a(eo)], 1<i<n-—1,
¢(eo) = eo,
third type — o(c, k) = { ¢le1) = e1 + cey, 2<k<n
pleir1) = [plei) pleo)],  1<i<n-—1

where a, b, c € C.
The proposition below is handled easily.

Proposition 2.1. Let f be an adapted transformation of L € TLb,11. Then it is represented as the
composition
f=¢(Bn,n)o---0p(By,2)oc(A,,n)o---00(As,2)o7(Ag, A1, B1).

3 Main result

In this section we deal with a subclass of T'Lb,,+1. One considers the Lie cocycle 1 in (2) (see seetion 2)
as ¥ = —a1 Y1, with a1, # 0. We denote this subclass by 17 , and specify it as follows:

r ={L E€TLbyy1 | L/ <en>=pi ™" —ay, 11, }

The classification problem for T'Lb,, in general case seems to be complicated. We hope that the
solution to the classification problem of 77, will give hints toward solving the problem in the general
case. Here we have succeeded to keep track of the behavior of the structure constants under the base
change. We create an isomorphism criterion and according to that in any fixed dimensional case complete
lists of isomorphism classes can be given.

An easy observation shows that under the adapted basis the class T, is written as follows:

[eis e0] = €it1, 1<i<n—1,
o, €] = —eiy1, 2<i<n-—1,
eo, €o] = bo,oen,

eo, 1] = —ez2 + bo,1€n,

[
[
[
[61,61] = by,1€n,
[
[
[
[

Ty, ei,e1] = —le1, €] = a1 r€ipr—2 + bj1€n, 2<i<n-—-r+1, 4<r<n-1,
e, e1] = —le1, €] = b 16n, n—r+2<i<n-—2,
ei,ej] = —[ej, el = b jen, 2<i<n-2, 2<j<n—1i-1,
€isen—i] = —[en—i,ei] = (—=1)b; n_ien, 1<i<n—-1,

where by ,—; = b,1 <i<n—1,
be {0,1} for odd n, and b =10 for even n.

Let us be reminded that the structure constants in the table above are not free. They are under the
condition that the algebras from 77 , to be filiform Leibniz algebras. To find the interrelations between
the structure constants sequentially we apply the Leibniz identity to the adapted basis of the algebra
from T .

Consider the Leibniz identity

[607 [ela ek” = [[eOa 61]7 ek}] - [[60) ek]a el]'
It is observed that

airepqpr—1 — (b1 +bor)en, 2<k<n-—r,
[eo, e1], ex] — [[eo, ex],e1] = ¢ —(b1 k1 + Do )en, n—r+1<k<n-3,
0, n—2<k<n.
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and
a1 r€pqr—1, 2<k<n—r4+1,

[607 [617 ek]] = {

0, n—r+2<k<n.
Comparing the eoefficient; we obtain
bg’k:—b17k+1, 2<k<n-3, k#n—r—&-?,
b2,n—7‘+1 = —ai, — bl,n—r+2-

Similarly considering the Leibniz identity for eg,e; and ey at 2 < j <k <n —j —1 we get

bjt1k = —bj 41

According to the fact that b; ; = 0, one obtains

0="bii=—bi_1i41="bioiya="-=(=1)""bygi o (3)
If n4+1—r is even then putting 2/ —2=n+1—rweget 0 =ba 2,2 =b2 pt1—r = —A1r —b1 ni2—r
and by p42-r = —a1 5. Generally,
0, 1= 280,
b1,n+2_7« = —air and bz‘+t,t = (_]—)SObH»tfso,tJrsm i =250 + 1,
0, i=n—2t+3—7r and t# 1.

Let us consider the case when n+ 1 — 7 is odd. Then n + 1 — r # 2i — 2 for any values of ¢ and
applying (3) we derive

0; Z = 2807
bttt = (=1)%°bitt—so,t+505 i =289+ 1,
(_1)t(b1,n7r+2 +aiy), i=n—2t+3—7r and t#1

The Leibniz identity
le1, [ei, e5]] = [[ex, eil, ej] — [[e1,ej],e] for 2<i<j<n—r+1

gives

0 = [e1, [es, e5]] = [[ex, ei], 5] — [[e1, €j], €] = (—a1r€iyr—2 4 brien)e; + (—a1 €5 4r—2 + by jen)e;

_ | 2a1,b; j4r—2en, ifi4jisodd, ris even,
= a1 (bjitr—2 = bijar—2)en = 0 otherwise
, .

Since aq,,» # 0, we have
bijir—2=0, i+jisodd, riseven, 2<i<j<n—r+1.

Due to the observations above we conclude that the expressions for b; ; in the case of odd r can
be rewritten as follows.

Lemma 3.1. Let r be odd. Then

a) for evenn
bij =0, i+j—even, (i,§) # (L,n+r—2),
bl’n+2*7“ = —a1,r,
bij = (=1)"1by4j-1, i+j— odd,
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On isomorphism criterion for a subclass of complex filiform Leibniz algebras

b) for odd n

bi; =0, 1+ 5 — even
bi; = (—1)i_1b1’i+j,1, i+j—oddandi+j#n+3—r }
bints—r—i = (=111 pnyo—r +ai,), 2<i<n+1-r

The proof of the following lemma is similar to that of Lemma 3.1.

Lemma 3.2. Let r be even. Then

a) for even n we have
bij =0, i+ j— even,
eitjisoddandi+j#n+3—r,

bij = (=11 by 41, i+j<r+1,
bij =0, r+3<i+j<n,

o fori+j=n+3-—r,
— ifrgg, then

bl,n+2fr = —ai,r, bi,n+37r7i =0, 2<i<n+1l-r

—ifr> "T”, then

bints—r—i= (=1 (12— +a1,), 2<i<n+1l-r

b) for odd n
bi; =0, i+j—even, (1,7) # (L,n+r—2),
bl,n+2—r = —ai,r,
bij= (=11 451, i+j—odd i+j<r+1.
bi,; =0, i+j—odd, r+3<i+j<n.

Thus, from Lemmas 3.1 and 3.2 we conclude that all the structure constants b; ; are expressed

via a1, b12i, 1<i< an, 1 # %H, if r is odd and n is even;
via a1y b12i, bin—1, 1<i< ”ng, if both r and n ig odd,;
via a1, b12i, 1<i<3, 4<r<g, if both r and n i even;
via ai gz, bi2i, binyo—r, 1 <0< 3, "72 <r <n—4, if both r and n ig even;
and via a1y, b1,2, 1<i<3, 4<r<n-—4, if r is even and n is odd.

In the rest, where » =n — 3,n — 2,n — 1 the situation is as follows:
If n is even then the structure constants b; ; are expressed via

..o n—2 .  n+2-r
ayr, b, 1<4i< Y ;
) ) 2 2
If n is odd they are written via
n—3
a1,y bro, 1 <0< 5

Thus, we enhance the table of multiplication of 77 ;.
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Let us now study the actions of adapted transformations on 77 ;.. First consider the action of 7 on
Ti .

T(eo) = Aoeg + Asey,
7(Ag, A1, By) = { 7(e1) = Bren, AsBy #0
7(eir1) = [7(e:), T(eo)], 1<i<n-1.

It is easy to see that 7(e2) = AgBies + A1B1b1 1€y, but for the action of the 7 toe;, 3<i<mn
we have to consider a few cases. In the following proposition we present expressions for 7(¢;), 3 <i<n
and track of changes of the structure constants.

Proposition 3.1. Under the first type elementary base change we have

a . = By a
Lr = 7301,
Ay
n+2
a) ford4 <r < B2 5
_ r_ 1
A1 - O7 b1,2 == Pblg.

7(ei) = Aé_lei, 3<i<n.
b) forr =43 (n odd)

AZBiby o — A1Bray, (Aob1r—1 — (r — 3)Agarr + (r — 3)Arar ;b1p—1)

o, = ,
2 Agfl(AO — Aibi 1)

if r is odd,

A%Blbl’g + (7" — 3)AlBlair(Ao — Albl’nfl)
Agfl(Ao — Aibi 1)

biy= if 7 is even,

T(ei) = Aé_lBlei —+ (Z — 2)A6_2A1B1a177«61‘+,«_3 — Aé_3AlBl (AObl,i—l
+(i —3)Ara1,7b1 iqr—a)en, 3<i<r—1,
'r(er) = Ag_lBler 4+ A6_3A1B1 [(7’ — 3)14004177" — AObl,r—l — (T — 3)A1a17rb17n_1]6n,
7'(61') = Af)_lBlei — Aé_2A1B1b1’i_16n, r+1 S ) S n.
c) for"Tﬂgrgnfl

Bi(Apbi2—Ajay vb1r—1)

1o = T , T 1isodd, n is even,
0
’ Bi(Aobi2—Aja; rb1r—1) : :
= —— S r is odd, n is odd
1,2 Al 2(Ao+A1b1 1) ’ ’
by = %bl,% r is even, n is even,
Bi1by 2

/ . .
127 A (Ag— Ay i) T 1S even, N s odd.

7(e;) = Af)_lBlei +(i— 2)A6_2A1B1a17,«ei+,«_3 - A6_3A131 (Aob1 i1
+(t —3)A1a1 7b1 iqr—a)en, 3<i<r—1,
7(e;) = Af)_lBlei — Aé_QAlBlbl,i,len, r<i<n.
Proof. Since
T(e2) = AgBiea + A1 B1b11€n,
by induction we obtain

T(e;) = AéﬁlBlei + (i — 2)A672A131a1mei+r,3 +ooF(x¥)en, 3<i<n—r+2

T(en—rt3) = Ay " Biep_rys + [(n — 1) Ay " A1 Brag , — AT A1 Biby o


Referee
Cross-Out

Referee
Replacement Text
A_0B_1


8 On isomorphism criterion for a subclass of complex filiform Leibniz algebras

. , —(n —r)Ay " AIB1a1 vb1 no1]en,
7(ei) = AE)_lBlei - Af)_QAlBlbl,i—len, n—r+4<i<n.

Let us consider the product
[7(e2), T(e1)] = a ,7(e,) = by o7 (en) = @} ,7(er) — by o(AG ™" By — Af 2 A1 Biby p—1)en.
On the other hand we have
[T(e2),7(e1)] = [AoBiea + A1B1by 1e,, Biei] = A()B%alv,«er — A()belygen.
Therefore, comparing these two we obtain the equation
ay ,7(er) — by 5(Ag T By + A2 A1 Biby—1,1)en = AgBiai e, — AgBiby zey. (4)

Case 1.1. Let r be odd and n be even. Then by ,_; = 0.
Consider the equation (4) with 4 <r <mn —r + 2. Then we have

a'lyr(Ag_lBler —+ (T’ - Q)AS_QAlBlaLTGQT_g —+ -+ (*)en) - b'lyzAg_lBlen = AOBfalmer — AoB%bLQen,

from which we get

! Bl

B

/

a17r = AT_Q ai,r, Al = 07
0

1,2 — ‘An_g b172-
0

Since r is odd and n is even we have r # n — r + 3.
Let us consider the equation (4) with n —r +4 <7 <n — 1. Then

/ r—1 r—2 / n—1 2 2
alm(AO Bler — A[) AlBlbl_’T_len) — bl,QA() Blen = A0B1a177a67« — A()Blblygen.

Comparing the coefficients at the basis element we deduce

By By

i /

a,y =g e =y (Aob12 — Aray ybir—1).
0 0

Case 1.2. Let both r and n be odd.
The equation (4) with 4 <r <n —r + 1 has the form

a'u,(A(T)_lBler -+ (?" — 2)A8_2A1B1a17r627=_3 + 4 (*)en) — b/1’2(A6L_1Bl — Ag_QAlBlblm_l)en

= A()B%(J,Lr@r - AOB%b1,2en~
This implies

ay . = B
Lr ™ 4r—2
AO

Due to the conditions for r and n we have r #n —r + 2.
If r =n —r + 3, then we obtain

By

’
ai,r, A =0, b1,2 = An—2
0

b1)2.

ay (AL " Bie, + [(r — 3)A{ 2 A1Biay,, — Ay 2A1Biby -1 — (r — 3)Ay > AiBiay b1 n—1]en)

—bll72(Ag_1Bl — Ag_QAlBlbLn_l)en = A()BIQCLL,-@T — AoB%bLQen.
Comparing the coefficients at the basis elements we get
, B ;o A3B1b1 2 — A1Biay - (Aobrr—1 — (r — 3)Agarr + (r — 3)Aray, b1,n—1)
Ag_l(Ao — A1by 1)

The equality (4) with n —r +4 <r <n — 1 has the form

a/17T(A8_1B16,« - AS_QAlBlblﬂn_len) - b/172(A6L_1Bl - Ag_ZAlBlbl,n_l)en = AoBfaL,«er - AQB%bLQBn.
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Hence
/ By ,_ AoBibio — A1Brag by

a —_— =
1,r AS_Q 5 1,2 Ag_2(AO - Albl,n—l)

Case 2.1. Let both r and n be even. Then due to Lemma 3.2 we have by ,—1 = b1 ,,—1 = 0.

Similar to the previous cases we get

a/ = 7B1
Lr ™ 4r—2
AO

ary, A1=0, Vo= ——5ba 4<r<n-r+2

The condition for r and n implies r # n — r + 3. Analogously, we obtain

B, B,
ay, =—=ai,, b o=-—5ba, where n—r+4<r<n-—1.
1,r A8_2 1, 1,2 Ag_z 1,2 ST
Case 2.2. Let now 7 be even and n be odd. Then thanks to Lemma 3.2 we have by ,—; = 0.
The equality (4) with 4 <r <n —r+1 gives

ay . = B
Lr ™ 4r—2
AO

By

/
al,Tv Al - Oa bl,Q - An,Q
0

b1)2.

It is observed that r £ n — r + 2.
For the subcase with » =n —r + 3 we get

o = ial ro— A3Bib12 + (r — 3) A1 Biai (Ao — A1bin-1)
1,r A672 R 1,2 Agil(AO — Alblmfl)
Similarly we obtain
By Biby 2
Cl/,:ia ) / = 7 ’ n_’r+4<’r<n_1'
T A T o0/ oy W o

The analysis of Cases 1.1 - 2.2 and the use of induction lead to the following laws for calculation
of 7(e;) :

a) for4§r§"7+2

b) for r = 22 (n odd)
T(e;) = Ag_lBlei +(i— 2)A6_2A1B1a17rei+r_3 — Aé“n’AlB1 (Agby i—1
+(i — 3)Ara1 b1 itr—a)en, 3<i<r-—1,
7(ey) = Ay ' Bie, + Ay 2 A1 By[(r — 3)Aoar,r — Aob1,r—1 — (1 — 3)A1a1,,b1 n—1]en,
7(e;) = Ay 'Bie; — Ay A1 Bibyioven, r+1<i<n.
) for 2 <pr<n-1
T(ei) = Ay ' Bre; + (i — 2) Ay A1 Bra reipr—3 — AY° A1 By (Aoby i
+(i — 3)Ara1 b1 ipr—a)en, 3<i<r-—1,
T(e;) = Aé‘lBlei - A6_2AlB1b1,i_1en, r<i<n.
O

By virtue of Lemmas 3.1 and 3.2 we can express the structure constants b} ; via b} ; and a1,
Therefore, we shall restrict the study to the change of the structure constants by ;.
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Proposition 3.2.

1. If4<r<n-—r+2, then

2. Ifn—r+3<r<n-—1, then
a)
Bi1(Agby i + (i — 3)A1a1,+b1,i4r—3)

— , for3<i<n-—r+1,
AGT"(Ag — Abr 1)

o
bl,i =

Bibi;
AP (Ag — Arbyq)

b'l,i: , form—r+2<i<n-—2.

Proof. Consider the products
[7(e1), 7(ei)] = —a) ,7(erpi2) +b1,;7(en), 3<i<n—r+1,
Also we have

[T(e1),7(e;)] = b/MT(en), n—r+2<i<n-—2.

Then due to Proposition 3.1 we get three possible cases.
Case 1). Let 4 <7 <n—7r+2. Then from part a) of Proposition 3.1 and on substituting the
expression for 7(e;) = Aflelei, 3 < i < n and comparing coefficients we get

ib

/ —_ .
b1,i - An_Z 1,4y
0

2<i<n—-r+1.

Case 2). Let n — r + 3 = r. Then applying Proposition 3.1 again we have
[T(e1),T(e:)] = —ay ,7(erri—2) + b7 ,;7(en)
= —a) Ay T Brepyio — di AT T AL Bbryisaen + Uy (AT By 4+ AL T2 A1 Biby 11 )en.
On the other hand one has
[T(e1),7(e;)] = [Bier, Ay ' Biei + (i — 2) Al 2 Ay Bray peipr—3 + A5 3 A1 By (Agbi—1 1
+(i—3)A1a1 rbiyr—a1)en] = —Aé_leaLreTH_g + Aé_lebMen +(i— 2)A6_2A1Bfa177«b17r+i_3en.

Therefore,

B1(Apby ;i + (i — 3)A1a1,,b1,i4r—3)
Al (Ao — Atbin—1) ’

b/u: 3<i<n-—r+1.

For n —r 4+ 2 < i <n — 2 we consider the products

[T(e1), 7(ei)] = bll,iT(en) = bﬁ,iAg_2Bl(Ao — Aibin—1)en.

and
[’7’(61),7’(61')] = [Blel,Ag_lBlei -+ Af)_QAlBlbi,Llen] = 7Af)_1B%b1’i6n.

Comparing the coefficients of the respective basis vectors we obtain

/ Biby; )
1= — 7= , n—r+2<i<n-2
Ay (Ag = Arby 1)
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Case 3). Let n —r +4 <r <n— 1. Then applying similar arguments as above we obtain

;o By (Aob1,; + (1 — 3)A1a1,001,i4r—3)
b AT (Ao — Arbi 1) 7

3<i<n—r+1,

Bibi;
b,

e Ag_i_l(Ao — Albl,n—l)’

n—r+2<i<n-—2.
Since the results of the cases 2 and 3 coincide we combine them together. O

Since by 2;+1 = 0 and applying Lemmas 3.1 and 3.2 we obtain

%1171,21'

/
b172i A372i—1(A0_A1b11n_1)7

béh?i:A" 21b121) 1§ S[ ] 4<7’§n—7‘—|—2,
- Bl(AObl 2i4+(2i—3)Ara1,r-b1,2i4r—3) + 3 B
bl?i_ AT 21(A0 A1by 1) ’ IS ] n T+3STSTL 17 (5)

n— T+ ]+1<z<["7_2], n—r+3<r<n-1.

Consider now the behavior of the structure constants under the second type elementary transfor-
mations.

Proposition 3.3. The actions of the second type elementary base changes are expressed as follows

/ _ 2.2
b1.2; = b1,2i — Akar r (b1 k+2i4r—a + bk 2i4r—3) + Ajaf b ky2it20—7,

1<i<[3]+3—-k—r
by 2i = br2i — Akar (b1 k4 2itr—a + bk 2i4r—3), (2] +4

Sk << [gher)

)
where by 2i4r—3 and by ky2,42r—7 under the conditions of Lemmas 3.1 and 3.2.

Proof. Indeed,
J(eo):eoJrAkek, 2<k<n

o(Ag, k) = oler) = e,

and by induction it is not difficult to see that

es — Apas pepyr_o + bi16n) i=2,
— Agay peprivr—a + (Agbi—1k — AZay v bprivr—sk)en, 3<i<n+4—2k—r,
ole;) =14 e — Agar reptitr—a + Apbi_1 pen, n+b5—2k—r<i<n+4—Fk—r,
e; + Apbi—1 kén, n+b—k—r<i<n-—k,
€, n—k+1<i<n.

Let us consider the product

_f —dyo(erpice) 0 o(en) 3<i<n—r+1,
[o(e1),0(e;)] = { by o(en), n_rt2<i<n-—L

/ /
b17ien —ay, (6r+i72 - Akal,r€k+2r+z’76)_

—ah . (Akbrsizs e — AFa1rbeyor—i—7k)en 2<i1<n+6—-2k—2r
B b’1 j€n — a} T(erﬂ 2 — Apa1 rert2rti—6 + Akbr“,g,ken) n+7—2k—-2r<i<n-+5-—k—2r
o b’men a’”(erﬂ o+ Arbrii 3ken) n+6—-—k—-2r<i<n+3-k-—r,
b’Lien aY pCrii—2 n+4—k—r<i<n+1-r,
by.ien n+2—-—r<i<n-—1.

On the other hand one has

le1,e; — Akar pepyr—ari] 2<i<n+3-—k-—r,
[e1, e;] n+d—-k—-r<i<n-1,

[o(e1),0(e)] = {
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—a1r€ryi—2 + b1ien — Apay (=01 ki 2ri—6 + b1l pyrrioaen) 2<i<n+5—k—2r

_ —a1 rerti—2 + b1 ien — Apa1 b1 pyryi—aen n+6—k—2r<i<n+3-%k—r,
—Q1 rryi—2 + b1en n+d—k—r<i<n+1-r,
bi,ien n+2—r<i<n—1,

Therefore we derive

i
alﬂ. = a177-7
by = bri — Agar (b1 gyitr—a + brivr—s) + Ajal by ppigor—7, 2<i<n+6—2k—2r
b/u =b1,i — Ara1,r (01 ktivr—a + briyr—3), n+7-2k—-2r<i<n+3-—-k-—r,
by = b1, n+d—k—-r<i<n-1,

Using the conditions of Lemmas 3.1 and 3.2 we obtain b,1,2i+1 =0, 2i+1 # n+ 2 —r, which
completes the proof of the proposition. O

Applying consistently the second elementary transformation o(Ag, k) for 2 < k < n we obtain
recurrent formula

k k—1 k—1 _ k—1 _ k—1
b{,2}i - b{,Qi e Akal,r(bi,k+2}i+r—4 (*1){1C 1}b]£,2i+i—3) + (*1)k 1A%a%,rb]£,k+2}i+2r—7’ (6)

where 2 < k < n and bﬂ;_l} with ¢ > n — 1 are assumed equal to zero and bﬂ.} = by,;. Moreover bl{f;_l}
satisfy the conditions of Lemmas 3.1 and 3.2 as b; ;.

Let us now consider the action of the third type elementary transformations on 77 ;.

Proposition 3.4. The action of the third type elementary base change on the structure constants of
algebras from T} , is expressible as follows

by 9i = b1,2i + Bi(bk,2i + b1k y2i-1) + Bibrgroic1, 1<i< (2] -k
b1.9; = b1,2i + Br(bk2i + b1 ky2i-1), (2] —k+1<i< [252],
Proof. Consider
p(eo) = eo,
@©(By, k) = { ¢le1) = e1 + Bxey, 2<k<n,
pleir1) = [p(ei) pleg)], 1<i<n-—1

Then inductively we find
¢(e;) = e+ Brepyi—1,2<i<n+1-k,
ole;) =€, n+2—k<i<n.
Similar to that of Proposition 3.3 we derive

by i = b+ Bi(bki 4+ b1 gyio1) + Bibrgyio1, 2<i<n—2k+1,

by = bri+ Br(bri+bigrio1), n—2k+2<i<n-—k,
bll)i:bl,i, n—k+1§i§n.
Using the conditions of Lemmas 3.1 and 3.2 we obtain b} 5,,; = 0, 2i +1 # n + 2 — 7, which
completes the proof of the proposition. O
Applying consistently such type of transformations for k£ = 2,3, ..., n we obtain a recurrent formula:
k k—1 k—1 —1,{k—1 - k—1
ol = o5+ Buoliho + (CDM o+ (DR BR (7)

where 2 < k < n, biﬁfl} =0 witht > n—1 and b%}l = by,2;. Here bi’;fl} satisfy the conditions of
Lemmas 3.1 and 3.2 as b; ;.
Therefore from Lemma 2.1 and formulas (5), (6), (7) we obtain the final result as follows.
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Theorem 3.1. The action of the adapted transformation
f = (;0<Bn7 TL) ©---0 SD(B2a 2) © U(An7n) ©---0 U(AQa 2) © T(Ao, AlaBl)a
on structure constants of an algebra from T4 , is expressible as follows

{1} B

ay, = Arl2a1,’l"7

b{l} _ A§b0,0+AoAlbo,1+Afb1,1
0,0 AP T?Bi(Ao+ALb)
b{l} _ Aobo1+2A:1b1.1

0,1 Ap T2 (Ag+Arb)”

plth — _ Bibia

1,1 ApT?(Ao+A1Lb)

bilgi:rf—lwblﬁh 1<i<[22],4<r<n—-r+2,
? 0
{1} _ Bi(Agb1,2:i+(2i—3)A1a1 b1 2i1r—3) . n—rtl B B
bgz}i _ AT A= Aibin) lsis[r5H] n-r+3<r<n-1,
— 1b1,2i n—r41 . n—2
bl’zi_A372i71(A0—A1b1,n71)’ [ 5 ]+1§Z§[—2 ], n—r+3<r<n-—1.

k k—1 k—1 _1.{k—1 _ k—1
bi,z]; = bi,Qi g Akal»r(bik+2}i+r—4 + (_1>k lbi,zi-s-];—:s) + (_1)k IA%U“%,rblE,k+2}i+2r—77 2<k<n,

n—1+k n—2+k n—2+k _ n—2+k _ n—2+k
b = bl L B T+ (C )R ) + (—R B 2<k<n,

where bikt_l} =0 with ¢ > n — 1. Here bl{ylj} satisfy the conditions of Lemmas 3.1 and 3.2 as b; ;.
4 Appendix

Consider dim L = 11 and r = 6 case. Then from Lemma 3.2 we obtain the following table of multiplica-
tions

[
[
[
leo, 1] = —ea + bo1€11,
[
[
[
[

Tie= e1,e1] = by e,
e1,e2s] = —[eas, e1] = —a16€2544 + b1 2se11, 1 <5< 3,
e1,e2s41] = —[€2541,€1] = —a1 6€24+5, 1<s<3,
eisej] = —[ej, €] = (=1)" " biiyj1€n, 2<i<5,  2<5<T—14,
1+ j is odd,
Theorem 3.1 gives
bl A%bo,o + ApAibo1 + A%bl,l bl Apbo,1 +2A1b1 1 1 _ Bibi 1
0,0 A3By(Ag + Ad) 0L AS(Ag + Ard) T BT AY(Ag + Ard)’
7(Ao, A1, B1) 1 ajg= %alﬁa by 5 = %bl,zi, 1<i<3,
o(As,3): b%,Q = b%,z - A3(a/1,6)27 b%,4 = b%,m b%,6 = b%,(sv
©(B2,2) : b‘;’,2 = b%z - ng%,m b‘;’,4 = b%,zx - ng%,esv b%,@' = b%,esv
90(337 3) : b%,Q = b?,z + 2B3b?,4 + ngi& b‘i4 = bi4 + B3b?,67 b%,(i = b?,ev
©(Bs,5) : b?,z = bzll,Q + 2356%,67 b?,4 = 6411,47 bi’,G = bzll,(s'

where the omitted o(A;,¢) and ¢(By,j) do not effect the structure constants.
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