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Abstract. In this work we investigate complex Leibniz superalgebras with characteristic
sequence .n1; : : : ; nkjm/ and nilindex nCm, where n D n1C� � �Cnk , n andm (m ¤ 0)
are dimensions of even and odd parts, respectively. Such superalgebras with the condition
n1 � n � 1 were completely classified. In the present paper, we prove that in the case
n1 � n � 2 the Leibniz superalgebras have nilindex less than nCm. Thus, we obtain the
classification of Leibniz superalgebras with characteristic sequence .n1; : : : ; nkjm/ and
nilindex nCm.

Keywords. Lie superalgebras, Leibniz superalgebras, nilindex, characteristic sequence,
naturally gradation.

2010 Mathematics Subject Classification. 17A32, 17B30, 17B70, 17A70.

1 Introduction

The paper is devoted to the study of the nilpotent Leibniz superalgebras. The con-
cept of Leibniz superalgebra and its cohomology were first introduced by Dzhu-
madil’daev in [6]. Leibniz superalgebras are generalizations of Leibniz algebras
[11] and that means that they are the natural generalization of the well-known
Lie superalgebras. Several authors study Leibniz superalgebras and its properties
[1, 6, 9, 10].

In [8] Lie superalgebras with maximal nilindex were classified. The main prop-
erties of such superalgebras are that they are two-generated and their nilindex is
equal to n C m (where n and m are the dimensions of the even and odd parts,
respectively). In fact, there exists a unique Lie superalgebra of maximal nilindex.
The dimensions of the even part of this superalgebra is n D 2 and its characteristic
sequence is equal to .1; 1jm/. This superalgebra is a filiform Lie superalgebra (its
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characteristic sequence is equal to .n�1; 1jm/), see paper [4], where some crucial
properties of filiform Lie superalgebras are given.

In the case of Leibniz superalgebras the property of maximal nilindex is equiva-
lent to the property of single-generated superalgebras and they are described in [1].
However, the description of Leibniz superalgebras of nilindex n C m is an open
problem and many technical tasks need to be solved. Therefore, they can be stud-
ied by applying restrictions on their characteristic sequences. In the present paper
we consider Leibniz superalgebras with characteristic sequence .n1; : : : ; nkjm/
and nilindex nCm. In the case n1 � n� 1, such superalgebras have already been
classified in [2]–[5]. We need to study the case n1 � n � 2 now.

In fact, in the previous cases (the cases when n1 � n � 1, see [3]) we have
used some information on the structure of the even part of Leibniz superalgebra
and they played a crucial role in that classifications. In the case when n1 � n � 2
the structure of the even part is unknown, but if we use the properties of natural
gradation and the naturally graded basis (so-called adapted basis) of the even part
of the superalgebra, then we obtain the results.

All the vector spaces that appear in this paper (and thus, all the algebras) are
assumed to be C-vector spaces of finite dimension. The correspondent coefficients
with respect to the base of the law of superalgebra products are denoted by .�/.

2 Preliminaries

Recall the notion of Leibniz superalgebras.

Definition 2.1. A Z2-graded vector space L D L0˚L1 is called a Leibniz super-
algebra if it is equipped with a product Œ� ;�� which satisfies the following con-
ditions:

(1) ŒL˛; Lˇ � � L˛Cˇ ,

(2) Œx; Œy; z��D ŒŒx; y�; z��.�1/˛ˇ ŒŒx; z�; y� (Leibniz superidentity) for all x 2 L,
y 2 L˛, z 2 Lˇ and ˛; ˇ 2 Z2.

Evidently, the even part of the Leibniz superalgebra is a Leibniz algebra.
The vector spaces L0 and L1 are said to be the even and odd parts of the super-

algebra L, respectively.
Note that if in a Leibniz superalgebra L the identity

Œx; y� D �.�1/˛ˇ Œy; x�

holds for any x 2 L˛ and y 2 Lˇ , then the Leibniz superidentity can be trans-
formed into the Jacobi superidentity. Thus, Leibniz superalgebras are a general-
ization of Lie superalgebras and Leibniz algebras.
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We denote by Leibn;m the set of all Leibniz superalgebras with the dimensions
of the even and odd parts, respectively equal to n and m.

For a given Leibniz superalgebra L we define the descending central sequence
as follows:

L1 D L; LkC1 D ŒLk; L�; k � 1:

Definition 2.2. A Leibniz superalgebra L is called nilpotent if there exists s 2 N
such that Ls D 0. The smallest number s with this property is called the nilindex
of the superalgebra L.

The following theorem describes nilpotent Leibniz superalgebras with maximal
nilindex.

Theorem 2.3 ([1]). Let L be a Leibniz superalgebra of Leibn;m with nilindex
equal to nCmC 1. Then L is isomorphic to one of the following non-isomorphic
superalgebras:

Œei ; e1� D eiC1; 1 � i � n � 1; m D 0I´
Œei ; e1� D eiC1; 1 � i � nCm � 1;

Œei ; e2� D 2eiC2; 1 � i � nCm � 2;

(where the products equal to zero are omitted).

Remark 2.4. According to Theorem 2.3 we have that there are two possibilities
for n and m, in the case of the non-trivial odd part L1. The first possibility is
m D n if n C m is even, and the second one is m D n C 1 if n C m is odd.
Moreover, it is clear that the Leibniz superalgebra has the maximal nilindex if and
only if it is single-generated.

Let L D L0˚L1 be a nilpotent Leibniz superalgebra. For an arbitrary element
x 2 L0, we define the operator of right multiplication Rx by Rx.y/ D Œy; x�.
This operator is a nilpotent endomorphism of the space Li , where i 2 ¹0; 1º.
Taking into account the property of complex field we can consider the Jordan
form for Rx . Denote by Ci .x/ (i 2 ¹0; 1º) the descending sequence of the Jordan
blocks dimensions of Rx . Consider the lexicographical order on the set Ci .L0/.

Definition 2.5. A sequence

C.L/ D

 
max

x2L0nL
2
0

C0.x/

ˇ̌̌̌
ˇ maxex2L0nL

2
0

C1 .ex/!
is said to be the characteristic sequence of the Leibniz superalgebra L.
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As in [7, Corollary 3.0.1] it can be proved that the characteristic sequence is
invariant under isomorphism.

Since the Leibniz superalgebras from Leibn;m with characteristic sequence
equal to .n1; : : : ; nkjm/ and nilindex n C m have already been classified for
the case n1 � n � 1, henceforth we shall reduce our investigation to the case
n1 � n � 2.

From Definition 2.5 we conclude that a Leibniz algebra L0 has characteristic
sequence .n1; : : : ; nk/. Let s 2 N be a nilindex of the Leibniz algebra L0. Since
n1 � n � 2, we have s � n � 1 and the Leibniz algebra L0 has at least two
generators (the elements which belong to the set L0 n L20).

For the completeness of the statement below we present the classifications of-
fered in [2], [5] and [8].

Leib1;m: °
Œyi ; x1� D yiC1; 1 � i � m � 1:

Leibn;1: ´
Œxi ; x1� D xiC1; 1 � i � n � 1;

Œy1; y1� D ˛xn; ˛ D ¹0; 1º:

Leib2;2: 8̂̂̂̂
ˆ̂̂̂<̂
ˆ̂̂̂̂̂̂
:

Œy1; x1� D y2;

Œx1; y1� D
1
2
y2;

Œx2; y1� D y2;

Œy1; x2� D 2y2;

Œy1; y1� D x2;

8̂̂̂̂
<̂̂
ˆ̂̂̂:

Œy1; x1� D y2;

Œx2; y1� D y2;

Œy1; x2� D 2y2;

Œy1; y1� D x2:

Leib2;m, m is odd:8̂̂̂̂
<̂̂
ˆ̂̂̂:

Œx1; x1� D x2; m � 3;

Œyi ; x1� D yiC1; 1 � i � m � 1;

Œx1; yi � D �yiC1; 1 � i � m � 1;

Œyi ; ymC1�i � D .�1/
jC1x2; 1 � i � mC1

2
;´

Œyi ; x1� D Œx1; yi � D �yiC1; 1 � i � m � 1;

ŒymC1�i ; yi � D .�1/
jC1x2; 1 � i � mC1

2
:
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In order to present the classification of Leibniz superalgebras with characteristic
sequence .n � 1; 1jm/, n � 3, and nilindex n C m, we need to introduce the
following families of superalgebras:

Leibn; n�1.

� L.˛4; ˛5; : : : ; ˛n; �/:8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

Œx1; x1� D x3;

Œxi ; x1� D xiC1; 2 � i � n � 1;

Œyj ; x1� D yjC1; 1 � j � n � 2;

Œx1; y1� D
1
2
y2;

Œxi ; y1� D
1
2
yi ; 2 � i � n � 1;

Œy1; y1� D x1;

Œyj ; y1� D xjC1; 2 � j � n � 1;

Œx1; x2� D ˛4x4 C ˛5x5 C � � � C ˛n�1xn�1 C �xn;

Œxj ; x2� D ˛4xjC2 C ˛5xjC3 C � � � C ˛nC2�jxn; 2 � j � n � 2;

Œy1; x2� D ˛4y3 C ˛5y4 C � � � C ˛n�1yn�2 C �yn�1;

Œyj ; x2� D ˛4yjC2 C ˛5yjC3 C � � � C ˛nC1�jyn�1; 2 � j � n � 3:

� G.ˇ4; ˇ5; : : : ; ˇn; 
/:8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

Œx1; x1� D x3;

Œxi ; x1� D xiC1; 3 � i � n � 1;

Œyj ; x1� D yjC1; 1 � j � n � 2;

Œx1; x2� D ˇ4x4 C ˇ5x5 C � � � C ˇnxn;

Œx2; x2� D 
xn;

Œxj ; x2� D ˇ4xjC2 C ˇ5xjC3 C � � � C ˇnC2�jxn; 3 � j � n � 2;

Œy1; y1� D x1;

Œyj ; y1� D xjC1; 2 � j � n � 1;

Œx1; y1� D
1
2
y2;

Œxi ; y1� D
1
2
yi ; 3 � i � n � 1;

Œyj ; x2� D ˇ4yjC2 C ˇ5yjC3 C � � � C ˇnC1�jyn�1; 1 � j � n � 3:
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Leibn; n.

� M.˛4; ˛5; : : : ; ˛n; �; �/:8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
:̂

Œx1; x1� D x3;

Œxi ; x1� D xiC1; 2 � i � n � 1;

Œyj ; x1� D yjC1; 1 � j � n � 1;

Œx1; y1� D
1
2
y2;

Œxi ; y1� D
1
2
yi ; 2 � i � n;

Œy1; y1� D x1;

Œyj ; y1� D xjC1; 2 � j � n � 1;

Œx1; x2� D ˛4x4 C ˛5x5 C � � � C ˛n�1xn�1 C �xn;

Œx2; x2� D 
4x4;

Œxj ; x2� D ˛4xjC2 C ˛5xjC3 C � � � C ˛nC2�jxn; 3 � j � n � 2;

Œy1; x2� D ˛4y3 C ˛5y4 C � � � C ˛n�1yn�2 C �yn�1 C �yn;

Œy2; x2� D ˛4y4 C ˛5y4 C � � � C ˛n�1yn�1 C �yn;

Œyj ; x2� D ˛4yjC2 C ˛5yjC3 C � � � C ˛nC2�jyn; 3 � j � n � 2:

� H.ˇ4; ˇ5; : : : ; ˇn; ı; 
/:8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂:

Œx1; x1� D x3;

Œxi ; x1� D xiC1; 3 � i � n � 1;

Œyj ; x1� D yjC1; 1 � j � n � 2;

Œx1; x2� D ˇ4x4 C ˇ5x5 C � � � C ˇnxn;

Œx2; x2� D 
xn;

Œxj ; x2� D ˇ4xjC2 C ˇ5xjC3 C � � � C ˇnC2�jxn; 3 � j � n � 2;

Œy1; y1� D x1;

Œyj ; y1� D xjC1; 2 � j � n � 1;

Œx1; y1� D
1
2
y2;

Œxi ; y1� D
1
2
yi ; 3 � i � n � 1;

Œy1; x2� D ˇ4y3 C ˇ5y4 C � � � C ˇnyn�1 C ıyn;

Œyj ; x2� D ˇ4yjC2 C ˇ5yjC3 C � � � C ˇnC2�jyn; 2 � j � n � 2:
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Let us also introduce the following operators which act on k-dimensional vec-
tors:

V mj;k.˛1; ˛2; : : : ; ˛k/

D .0; 0; : : : ;
j�1

0 ; 1; S
jC1
m;j j̨C1; S

jC2
m;j j̨C2; : : : S

k�1
m;j ˛k�1; S

k
m;j˛k/;

V mkC1;k.˛1; ˛2; : : : ; ˛k/ D .0; 0; : : : ; 0/;

W m
s;k.0; 0; : : : ;

j�1

0 ;
j

1; S
jC1
m;j j̨C1; S

jC2
m;j j̨C2; : : : ; S

k
m;j˛k; 
/

D .0; 0; : : : ;
j

1; 0; : : : ;
sCj

1 ; SsC1m;s ˛sCjC1;

SsC2m;s ˛sCjC2; : : : ; S
k�j
m;s ˛k; S

kC6�2j
m;s 
/;

W m
kC1�j;k.0; 0; : : : ;

j�1

0 ;
j

1; S
jC1
m;j j̨C1; S

jC2
m;j j̨C2; : : : ; S

k
m;j˛k; 
/

D .0; 0; : : : ;
j

1; 0; : : : ; 1/;

W m
kC2�j;k.0; 0; : : : ;

j�1

0 ;
j

1; S
jC1
m;j j̨C1; S

jC2
m;j j̨C2; : : : ; S

k
m;j˛k; 
/

D .0; 0; : : : ;
j

1; 0; : : : ; 0/;

where k 2 N , 1 � j � k, 1 � s � k � j , Sm;t D cos 2�m
t
C i sin 2�m

t

(m D 0; 1; : : : ; t � 1).
Below we present the complete list of the pairwise non-isomorphic Leibniz su-

peralgebras with characteristic sequence equal to .n� 1; 1jm/ and nilindex nCm
(see [2]):

L
�
Vj;n�3

�
˛4; ˛5; : : : ; ˛n

�
; Sn�3m;j �

�
; 1 � j � n � 3;

L.0; 0; : : : ; 0; 1/; L.0; 0; : : : ; 0/; G.0; 0; : : : ; 0; 1/; G.0; 0; : : : ; 0/;

G
�
Ws;n�2

�
Vj;n�3

�
ˇ4; ˇ5; : : : ; ˇn

�
; 

��
; 1 � j � n � 3; 1 � s � n � j;

M
�
Vj;n�2

�
˛4; ˛5; : : : ; ˛n

�
; Sn�3m;j �

�
; 1 � j � n � 2;

M.0; 0; : : : ; 0; 1/; M.0; 0; : : : ; 0/; H.0; 0; : : : ; 0; 1/; H.0; 0; : : : ; 0/;

H
�
Ws;n�1

�
Vj;n�2

�
ˇ4; ˇ5; : : : ; ˇn

�
; 

��
; 1 � j � n � 2; 1 � s � nC 1 � j;

where the omitted products are equal to zero.
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Definition 2.6. For a given Leibniz algebra A with nilindex s we put gr.A/i D
Ai=AiC1 for 1 � i � s � 1, and gr.A/ D gr.A/1 ˚ gr.A/2 ˚ � � � ˚ gr.A/s�1.
Then Œgr.A/i ; gr.A/j � � gr.A/iCj and we obtain the graded algebra gr.A/. The
gradation constructed in this way is called a natural gradation and if the Leibniz
algebra A is isomorphic to gr.A/, we say that A is a naturally graded Leibniz
algebra.

Further we shall consider the basis of the even part of L which corresponds
with the natural gradation, that is, ¹x1; : : : ; xt1º D L0 n L

2
0, ¹xt1C1; : : : ; xt2º D

L20 n L
3
0; : : : ; ¹xts�2C1; : : : ; xnº D L

s�1
0 .

Since the second part of the characteristic sequence of a Leibniz superalgebra
L is equal to m, there exists a nilpotent endomorphism Rx (x 2 L0 n L20) of the
space L1 such that its Jordan form consists of one Jordan block. Therefore, we
can assume the existence of an adapted basis ¹x1; x2; : : : ; xn; y1; y2; : : : ; ynº such
that

Œyj ; x1� D yjC1; 1 � j � m � 1: (2.1)

3 The main result

Let L be a Leibniz superalgebra with characteristic sequence .n1; : : : ; nkjm/,
n1 � n � 2, and let ¹x1; x2; : : : ; xn; y1; y2; : : : ; ynº be the adapted basis of L.
In this section we shall prove that the nilindex of such a superalgebra is less than
nCm. According to Theorem 2.3 we have a description of single-generated Leib-
niz superalgebras which have nilindex n C m C 1. If the number of generators
is greater than two, then evidently the superalgebra has nilindex less than nCm.
Therefore, we should consider the case of two generators.

Note that the case where both generators lie in the even part is not possible
(since m ¤ 0). Equality (2.1) implies that the basic elements y2; y3; : : : ; ym
cannot be generators. Therefore, the first generator belongs to L0 and the second
one lies in L1. Moreover, without loss of generality we can suppose that y1 is a
generator. Let us find the generator of Leibniz superalgebra L which lies in L0.

Lemma 3.1. Let L D L0 ˚ L1 be a two generated Leibniz superalgebra from
Leibn;m with characteristic sequence equal to .n1; : : : ; nkjm/. Then x1 and y1
can be chosen as generators of L.

Proof. As we mentioned above, y1 can be chosen as first generator of L. If x1 2
L n L2, then the assertion of the lemma is evident. If x1 2 L2, then there exists
some i0 (2 � i0 � t1) such that xi0 2 L n L

2. Put x01 D Ax1 C xi0 ; then x01
is a generator of the superalgebra L (since x01 2 L n L

2). Moreover, making the



On the description of Leibniz superalgebras of nilindex nCm 817

following transformation of the basis of L1,

y01 D y1; y0j D Œy
0
j�1; x

0
1�; 2 � j � m;

and taking sufficiently big the value of the parameter A we preserve equality (2.1).
Thus, in the basis ¹x01; x2; : : : ; xn; y

0
1; y
0
2; : : : ; y

0
mº of the L the elements x01 and

y01 are generators.

Due to Lemma 3.1 we shall suppose that ¹x1; y1º are generators of the Leibniz
superalgebra L.

Let us introduce the notations

Œxi ; y1� D

mX
jD2

˛i;jyj ; 1 � i � n; Œyi ; y1� D

nX
jD2

ˇi;jxj ; 1 � i � m: (3.1)

Since x1 and y1 are generators of the Leibniz superalgebra L, we have

L D ¹x1; x2; : : : ; xn; y1; y2; : : : ; ymº;

L2 D ¹x2; x3; : : : ; xn; y2; y3; : : : ; ymº:

If we consider the next power of L, then from the multiplication (2.1) we ob-
viously get ¹y3; : : : ; ymº � L3. However, we do not have information about the
position of the element y2.

Theorem 3.2. Let L D L0 ˚ L1 be a Leibniz superalgebra from Leibn;m with
characteristic sequence equal to .n1; : : : ; nkjm/ and let y2 … L3 be. Then L has
nilindex less than nCm.

Proof. Let us assume the opposite, i.e., the nilindex of the superalgebra L is equal
to nCm. Then the condition y2 … L3 deduces ¹x2; x3; : : : ; xnº � L3. Therefore,

L3 D ¹x2; x3; : : : ; xn; y3; : : : ; ymº:

Let s 2 N be a number such that x2 2 Ls n LsC1, that is,

Ls D ¹x2; x3; : : : ; xn; ys; : : : ; ymº; s � 3;

LsC1 D ¹x3; x4; : : : ; xn; ys; : : : ; ymº:

It means that x2 can only be obtained from the product Œys�1; y1� and thereby
ˇs�1;2 ¤ 0.
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Similarly, we assume that k is a number by which x3 2 LsCk nLsCkC1. Then
for the powers of the superalgebra L we have the following:

LsCk D ¹x3; x4; : : : ; xn; ysCk�1; : : : ; ymº; k � 1;

LsCkC1 D ¹x4; : : : ; xn; ysCk�1; : : : ; ymº:

Let us suppose k D 1. Then

LsC2 D ¹x4; : : : ; xn; ys; : : : ; ymº:

Since x3 … LsC2 and the vector space LsC1 is generated by multiplying the
space Ls to the elements x1 and y1 on the right side (because of the Leibniz
superidentity), it follows that x3 is obtained by the product Œx2; x1�, i.e. Œx2; x1� D
ax3 C

P
i�4.�/xi with a ¤ 0. Making the change of the basic element x3 as

x03 D ax3 C
P
i�4.�/xi we can conclude that Œx2; x1� D x3.

Let us define the products Œys�j ; yj � for 1 � j � s � 1.
Applying the Leibniz superidentity and j induction we prove

Œys�j ; yj � D .�1/
jC1ˇs�1;2x2 C

X
i�3

.�/xi : (3.2)

The equality (3.2) is true by notation (3.1) for j D 1. Let us suppose that
equality (3.2) holds for j D t . Then we have for j D t C 1

Œys�t�1; ytC1� D Œys�t�1; Œyt ; x1��

D ŒŒys�t�1; yt �; x1� � ŒŒys�t�1; x1�; yt �

D �Œys�t ; yt �C

�X
i�2

.�/xi ; x1

�

D �.�1/tC1ˇs�1;2x2 C
X
i�3

.�/xi C

�X
i�2

.�/xi ; x1

�
D .�1/tC2ˇs�1;2x2 C

X
i�3

.�/xi :

It should be noted that the coefficients of the basic elements x2 and x3 are equal
to zero in the decomposition of Œys; y1� and Œy1; ys�.

Let us define the products ŒysC1�j ; yj � for 2 � j � s. In fact, if j D 2, then

Œys�1; y2� D Œys�1; Œy1; x1�� D ŒŒys�1; y1�; x1� � Œys; y1�

D

� nX
iD2

ˇs�1;ixi ; x1

�
�

nX
iD4

ˇs;ixi D ˇs�1;2x3 C
X
i�4

.�/xi :
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Inductively, applying the above arguments for j � 3 and using equality (3.2)
we obtain

ŒysC1�j ; yj � D .�1/
j .j � 1/ˇs�1;2x3 C

X
i�4

.�/xi ; 2 � j � s:

In particular, Œy1; ys� D .�1/s.s�1/ˇs�1;2x3C
P
i�4.�/xi . On the other hand

(as we have mentioned above), the coefficient of the basic element x3 is equal to
zero in the decomposition of Œy1; ys�. Therefore, ˇs�1;2 D 0, which contradicts
the condition ˇs�1;2 ¤ 0. Thus, our assumption k D 1 is not possible. Hence,
k � 2 and we have

LsC2 D ¹x3; : : : ; xn; ysC1; : : : ; ymº:

Since ys … LsC2, it follows that

˛2;s ¤ 0; ˛2;j D 0 for j < s;

˛i;j D 0 for any i � 3; j < s C 1:

Consider the product

ŒŒys�1; y1�; y1� D
1

2
Œys�1; Œy1; y1�� D

1

2

�
ys�1;

nX
iD2

ˇ1;ixi

�
:

The element ys�1 belongs to Ls�1 and the elements x2; x3; : : : ; xn lie in L3.
Hence, 1

2
Œys�1;

Pn
iD2 ˇ1;ixi � 2 L

sC2. We get ŒŒys�1; y1�; y1� D
P
j�sC1.�/yj ,

so LsC2 D ¹x3; : : : ; xn; ysC1; : : : ; ymº. On the other hand,

ŒŒys�1; y1�; y1� D

� nX
iD2

ˇs�1;ixi ; y1

�
D

nX
iD2

ˇs�1;i Œxi ; y1�

D

nX
iD2

ˇs�1;i
X
j�s

˛i;jyj

D ˇs�1;2˛2;sys C
X

j�sC1

.�/yj :

Comparing the coefficients of the basic elements we obtain ˇs�1;2˛2;s D 0, which
contradicts the conditions ˇs�1;2 ¤ 0 and ˛2;s ¤ 0.

Thus, we get a contradiction by assuming that the superalgebra L has nilindex
equal to nCm and therefore the assertion of the theorem holds.
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The investigation of the case y2 2 L3 depends on the structure of the Leibniz
algebra L0. So, we present some remarks on naturally graded nilpotent Leibniz
algebras.

Let A D C¹z1; z2; : : : ; znº be an n-dimensional nilpotent Leibniz algebra of
nilindex p (p < n). Note that the algebra A is not single-generated.

Let us consider the case when gr.A/ is a non-Lie Leibniz algebra.

Lemma 3.3. Let gr.A/ be a naturally graded non-Lie Leibniz algebra. Then
dim..gr.A/1/C dim.gr.A/2/ � 4.

Proof. The construction of gr.A/ implies that every subspace gr.A/i for 1 � i �
p � 1 is not empty. Obviously, dim.gr.A/1/ � 2 (otherwise p D n C 1). If the
dimension of the subspace gr.A/1 is greater than two, then the statement of the
lemma is true. If dim.gr.A/1/ D 2 and dim.gr.A/2/ D 2, then the assertion of the
lemma is evident.

Let us suppose that dim.gr.A/1/ D 2 and dim.gr.A/2/ D 1. Then taking into
account the condition p < n we conclude that there exists some t (t > 2) such
that dim.gr.A/t / � 2 (otherwise the nilindex is equal to n).

Let t0 (t0 > 2) be the smallest number with the condition dim.gr.A/t0/ � 2.
Then

gr.A/1 D ¹z1; z2º;

gr.A/2 D ¹z3º;
:::

gr.A/t0�1 D ¹z t0º;

gr.A/t0 D ¹zt0C1; zt0C2º:

As in [12] we obtain that8̂̂̂̂
ˆ̂̂<̂
ˆ̂̂̂̂̂:

Œz1; z1� D ˛1z3;

Œz2; z1� D ˛2z3;

Œz1; z2� D ˛3z3;

Œz2; z2� D ˛4z3;

Œzi ; z1� D ziC1; 3 � i � t0:

Since gr.A/ is a non-Lie Leibniz algebra, there exists an element of gr.A/1 such
that its square is not zero. It is not difficult to see that z3; : : : ; zt0C1 belong to the
right annihilator <.gr.A//, which is defined as

<.gr.A// D ¹z 2 gr.A/ j Œy; z� D 0 for any y 2 gr.A/º:
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Moreover, one can assume Œz t0 ; z2� D zt0C2. On the other hand,

Œz t0 ; z2� D ŒŒzt0�1; z1�; z2� D Œzt0�1; Œz1; z2��C ŒŒzt0�1; z2�; z1�

D Œzt0�1; ˛3z3�C Œˇz t0 ; z1� D ˇzt0C1:

The obtained equality zt0C2 D ˇt0�1;2zt0C1 derives a contradiction, which leads
to the assertion of the lemma.

From Lemma 3.3 the next corollary follows.

Corollary 3.4. Let A be a Leibniz algebra satisfying the condition of Lemma 3.3.
Then dim.A3/ � n � 4.

The following proposition shows a restriction on the nilindex of the superalge-
bra with the condition dim.L30/ � n � 4.

Proposition 3.5. Let L D L0 ˚ L1 be a Leibniz superalgebra from Leibn;m with
characteristic sequence .n1; : : : ; nkjm/ and dim.L30/ � n�4. ThenL has nilindex
less than nCm.

Proof. Let us assume the opposite, i.e., the nilindex of the superalgebra L is equal
to nCm. According to Theorem 3.2 we need to consider the case when y2 belongs
to L3, which leads to x2 … L3. Thus, we have

L3 D ¹x3; x4; : : : ; xn; y2; y3; : : : ; ymº:

From the condition dim.L30/ � n�4 it follows that there exist at least two basic
elements that do not belong to L30. Without loss of generality, one can assume
x3; x4 … L

3
0.

Let s be a natural number such that x3 2 LsC1 n LsC2. Then we have

LsC1 D ¹x3; x4; : : : ; xn; ys; ysC1; : : : ; ymº; s � 2 and ˇs�1;3 ¤ 0; (3.3)

LsC2 D ¹x4; : : : ; xn; ys; ysC1; : : : ; ymº:

Let us suppose x3 … L20. Then we have that x3 cannot be obtained by the
products Œxi ; x1� with 2 � i � n. Therefore, it is generated by the products
Œyj ; y1� for 2 � j � m, which implies s � 3 and ˛2;2 ¤ 0.

If s D 3, then ˇ2;3 ¤ 0.
Consider the chain of equalities

ŒŒx2; y1�; y1� D

� mX
jD2

˛2;jyj ; y1

�
D

mX
jD2

˛2;j Œyj ; y1� D ˛2;2ˇ2;3x3 C
X
i�4

.�/xi :
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On the other hand,

ŒŒx2; y1�; y1� D
1

2
Œx2; Œy1; y1�� D

1

2

�
x2;

nX
iD2

ˇ1;ixi

�
D
1

2

nX
iD2

ˇ1;i Œx2; xi �

D

X
i�4

.�/xi :

Comparing the coefficients with the corresponding basic elements we get a con-
tradiction with ˇ2;3 D 0, see (3.3). Thus, s � 4.

Since y2 2 L3 and s � 4, we have ys�2 2 Ls�1, which implies Œys�2; y2� 2
LsC2 D ¹x4; : : : ; xn; ys; ysC1; : : : ; ymº. The coefficient of the basic element x3
is equal to zero in the decomposition of Œys�2; y2�. On the other hand,

Œys�2; y2� D Œys�2; Œy1; x1�� D ŒŒys�2; y1�; x1� � ŒŒys�2; x1�; y1�

D

� nX
iD2

ˇs�2;ixi ; x1

�
� Œys�1; y1�

D �ˇs�1;3x3 C
X
i�4

.�/xi :

Hence, ˇs�1;3 D 0, which is a contradiction. Therefore, we have x3 2 L20 n L
3
0.

The condition x4 … L30 deduces that x4 cannot be obtained by the products
Œxi ; x1� with 3 � i � n. Therefore, it is generated by the products Œyj ; y1� for
s � j � m. Hence, LsC3 D ¹x4; : : : ; xn; ysC1; : : : ; ymº and ys 2 LsC2 n LsC3,
which implies ˛3;s ¤ 0.

We repeat the above argumentations for the product ŒŒx3; y1�; y1� and we get
˛3;sˇs;4 D 0. It implies ˇs;4 D 0. Thus, we conclude that x4 2 LsC4 and

LsC4 D ¹x4; : : : ; xn; ysC2; : : : ; ymº:

Let k (4 � k � m� sC2) be a natural number such that x4 2 LsCk nLsCkC1.
Then by properties of the descending central sequences we have

LsCk�2 D ¹x4; : : : ; xn; ysCk�4; : : : ; ymº;

LsCk�1 D ¹x4; : : : ; xn; ysCk�3; : : : ; ymº;

LsCk D ¹x4; : : : ; xn; ysCk�2; : : : ; ymº;

LsCkC1 D ¹x5; : : : ; xn; ysCk�2; : : : ; ymº:

It is easy to see that ˇsCk�3;4 ¤ 0 in the decomposition ŒysCk�3; y1� DPn
iD4 ˇsCk�3;ixi .
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Consider the equalities

ŒysCk�4; y2� D ŒysCk�4; Œy1; x1�� D ŒŒysCk�4; y1�; x1� � ŒŒysCk�4; x1�; y1�

D

� nX
iD3

ˇsCk�3;ixi ; x1

�
� ŒysCk�3; y1�

D �ˇsCk�3;4x4 C
X
i�5

.�/xi :

Since ysCk�4 2 LsCk�2; y2 2 L3 and ˇsCk�3;4 ¤ 0, the element x4 should lie
in LsCkC1, but it contradicts LsCkC1 D ¹x5; : : : ; xn; ysCk�2; : : : ; ymº. Thus,
the superalgebra L has nilindex less than nCm.

From Proposition 3.5 we conclude that the Leibniz superalgebra L D L0˚L1
with characteristic sequence .n1; : : : ; nkjm/ and nilindex nCm can appear only if
dim.L30/ � n�3. Taking into account the condition n1 � n�2 and the properties
of the naturally graded subspaces gr.L0/1 and gr.L0/2 we get dim.L30/ D n � 3.
Then

gr.L0/1 D ¹x1; x2º; gr.L0/2 D ¹x3º:

Therefore, by Corollary 3.4, the naturally graded Leibniz algebra gr.L0/ is a Lie
algebra, i.e., the following multiplication rules are true:8̂̂̂̂

<̂
ˆ̂̂:
Œx1; x1� D 0;

Œx2; x1� D x3;

Œx1; x2� D �x3;

Œx2; x2� D 0:

We have the following products of the Leibniz algebras L0, with the basis
¹x1; x2; x3; : : : ; xnº:8̂̂̂̂

<̂
ˆ̂̂:
Œx1; x1� D 
1;4x4 C 
1;5x5 C � � � C 
1;nxn;

Œx2; x1� D x3;

Œx1; x2� D �x3 C 
2;4x4 C 
2;5x5 C � � � C 
2;nxn;

Œx2; x2� D 
3;4x4 C 
3;5x5 C � � � C 
3;nxn;

which have been obtained by the extension of the products of gr.L0/.

Proposition 3.6. Let L D L0 ˚ L1 be a Leibniz superalgebra from Leibn;m with
characteristic sequence .n1; : : : ; nkjm/ and dim.L30/ D n � 3. Then L has nilin-
dex less than nCm.
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Proof. Let us suppose the opposite, i.e., the nilindex of the superalgebraL is equal
to nCm. Then by Theorem 3.2 we can assume x2 … L3. Hence,

L2 D ¹x2; x3; : : : ; xn; y2; y3; : : : ; ymº;

L3 D ¹x3; x4; : : : ; xn; y2; y3; : : : ; ymº:

If y2 2 L4, then it should be generated from the products Œxi ; y1� for 3 � i � n,
but the elements xi (3 � i � n) are in L20. Therefore, they are generated by linear
combinations of the products of the elements from L0. The equalities

ŒŒxi ; xj �; y1� D Œxi ; Œxj ; y1��C ŒŒxi ; y1�; xj �

D

�
xi ;

mX
tD2

j̨;tyt

�
C

� mX
tD2

˛i;tyt ; xi

�
D

X
t�3

.�/yt

show that the element y2 cannot be obtained by the products Œxi ; y1� for 3 � i � n,
i.e. y2 … L4. Thus, we have

L4 D ¹x3; x4; : : : ; xn; y3; : : : ; ymº:

A simple analysis of the descending central sequencesL3 andL4 derives ˛2;2 ¤ 0.
Let s be a natural number such that x3 2 LsC1 n LsC2, i.e.

Ls D ¹x3; x4; : : : ; xn; ys�1; ys; : : : ; ymº; s � 3;

LsC1 D ¹x3; x4; : : : ; xn; ys; ysC1; : : : ; ymº;

LsC2 D ¹x4; : : : ; xn; ys; ysC1; : : : ; ymº and ˇs�1;3 ¤ 0:

If s D 3, then ˇ2;3 ¤ 0 and we can write the product

ŒŒx2; y1�; y1� D

� mX
jD2

˛2;jyj ; y1

�
D

mX
jD2

˛2;j Œyj ; y1�

D ˛2;2ˇ2;3x3 C
X
i�4

.�/x4:

On the other hand,

ŒŒx2; y1�; y1� D
1

2
Œx2; Œy1; y1�� D

1

2

�
x2;

nX
iD2

ˇ1;ixi

�
D

X
i�4

.�/xi :
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Comparing the coefficients with the corresponding basic elements we get the
equality ˛2;2ˇ2;3 D 0, which contradicts the supposition s D 3.

If s � 4, then we consider the chain of equalities

Œys�2; y2� D Œys�2; Œy1; x1�� D ŒŒys�2; y1�; x1� � ŒŒys�2; x1�; y1�

D

� nX
iD3

ˇs�2;ixi ; x1

�
� Œys�1; y1�

D �ˇs�1;3x3 C
X
i�4

.�/xi :

Since ys�2 2Ls�1 and y2 2L3, we get x3 2 LsC2 D ¹x4; : : : ; xn;ys�1; : : : ;ymº.
This is a contradiction with the assumption that the nilindex of L is equal to
nCm.

To conclude, taking into account Theorem 3.2 and Propositions 3.5 and 3.6, we
have the following result.

Theorem 3.7. Let L D L0 ˚ L1 be a Leibniz superalgebra from Leibn;m with
characteristic sequence equal to .n1; : : : ; nkjm/. Then the nilindex of L is less
than nCm.
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