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1. Introduction

Jean-Louis Loday introduced Leibniz algebras because of considerations in algebraic K-theory [1]. We know that the
Lie algebra homology involves the Chevalley-Eilenberg chain complex, which in turns involves exterior powers of the Lie
algebra. Loday found that there is a non-antisymmetric generalization where roughly speaking one has the tensor and not
the exterior powers of the Lie algebra in the complex; this new complex defines the Leibniz homology of Lie algebras. The
Leibniz homology is related to the Hochschild homology in the same way the Lie algebra homology is related to the cyclic
homology.

In many cases where the Leibniz algebra involved may depend on the parameters it is useful to know the structure of the
set of all Leibniz algebras of a given dimension. The aim of this work is to establish some results from a geometrical point of
view in the study of Leibniz algebras. Any Leibniz algebra law is considered as a point of an affine algebraic variety defined by
the polynomial equations coming from the Leibniz identity for a given basis. This way provides a description of the difficulties
in classification problems referring to the classes of nilpotent and solvable Leibniz algebras. The orbits relative to the action
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of the general linear group correspond to the isomorphism classes of Leibniz algebras and so classification problems (up to
isomorphism) can be reduced to the classification of these orbits. An affine algebraic variety is a union of a finite number
of irreducible components and the Zariski open orbits provide interesting classes of Leibniz algebras to be classified. The
Leibniz algebras of this class are called rigid.

The research of varieties of Lie algebras laws over the field C of the complex numbers has been extensively studied,
establishing various important structural results and properties. On the contrary, the problem for varieties of Leibniz algebras
has not been considered in detail. The research of varieties of Lie and Leibniz algebra laws is essentially based on the
cohomological study of Leibniz algebras and on deformation theory. Deformations of arbitrary rings and associative algebras,
results about rigid Lie algebras and related cohomology questions, were first investigated in 1964 by Gerstenhaber [2]. Later,
the notion of deformation was applied to Lie algebras by Nijenhuis and Richardson [3], where they transform the topological
problem related to rigidity into a cohomological problem, proving that a Lie algebra g is rigid if the second group H,(g, g) of
the Chevalley-Eilenberg cohomology vanishes.

In this paper, we are concerned with the structure of the variety Leib, 1, the variety of the (n 4+ 1)-dimensional Leibniz
algebras, in particular, with answers to the following question: What irreducible components do Leib, ;1 fall into? The
answers to this question would allow to describe partially the structures of some Leibniz algebras of dimension (n + 1).
We shall obtain general results on some irreducible components of the variety of finite-dimensional Leibniz algebras and
indicate representatives of solvable Leibniz algebras, whose closures of orbits form irreducible components. We hope to
develop this line of research in forthcoming works.

The paper is organized as follows. In Section 2 we recall some necessary notions about Leibniz algebras, cohomology
and degenerations of Leibniz algebras. In Section 3 we describe derivations of solvable Leibniz algebras whose nilradical
is a filiform algebra of type F! (see below Theorem 2.9), present (1,1)-invariants for various types of solvable algebras and
give representatives of irreducible components of the variety Leib, 1 of the (n + 1)-dimensional Leibniz algebras. Finally, in
the last subsection, we give descriptions of the second cohomology group of solvable Leibniz algebras whose nilradical is a
filiform algebra of type F.

Throughout the paper, we denote by L a finite-dimensional Leibniz algebra over a field F or over the field of the complex
numbers C. Moreover, in the multiplication table of a Leibniz algebra the omitted products and in the expansion of 2-cocycles
the omitted values are assumed to be zero.

2. Preliminaries

In this section we give necessary definitions on Leibniz algebras, cohomology, degenerations and known results.
We present the definition of the main object of our study.

Definition 2.1 ([1]). A Leibniz algebra over a field F is a vector space L equipped with a bilinear map, called bracket,
[, —]:LxL—>1L
satisfying the Leibniz identity:
[x, [y, z11 = [[x, 1, z] — [[x, z], y1,
forallx,y,z € L.
The set Ann,(L) = {x € L | [y, x] = 0, Vy € L} is called the right annihilator of the Leibniz algebra L . Note that Ann,(L) is an
ideal of L and for any x, y € L, the elements [x, x], [x, y] + [y, x] € Ann,(L).

2.1. Solvable Leibniz algebras

For a Leibniz algebra L we consider the following central lower and derived series:
['=1, [ = [k 1, k> 1;
M —=r s+ — [L[S] L[S]] s> 1.

Definition 2.2. A Leibniz algebra L is said to be nilpotent (respectively, solvable), if there exists n € N (m € N) such that
L" = 0 (respectively, L™ = 0). The minimal number n (respectively, m) with such property is said to be the index of
nilpotency (respectively, of solvability) of the algebra L.

Obviously, the index of nilpotency of an n-dimensional nilpotent Leibniz algebra is not greater than n + 1.

Definition 2.3. An n-dimensional Leibniz algebra is said to be null-filiform if dimL' =n+1—i, 1 <i<n+ 1.

Remark that a null-filiform Leibniz algebra has maximal index of nilpotency.
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Theorem 2.4 ([4]). An arbitrary n-dimensional null-filiform Leibniz algebra is isomorphic to the algebra:
NF, : [e;, e1] = ey, 1<i<n-1,
where {eq, e,, ..., ey} is a basis of the algebra NF,.

From Theorem 2.4 it is easy to see that a nilpotent Leibniz algebra is null-filiform if and only if it is a one-generated
algebra, i.e., an algebra generated by a unique element. Note that this notion has no sense in the Lie algebras case, because
they are at least two-generated.

It should be noted that the sum of any two nilpotent (solvable) ideals is nilpotent (solvable).

Definition 2.5. The maximal nilpotent (solvable) ideal of a Leibniz algebra is said to be a nilradical (solvable radical) of the
algebra.

Below, we present the description of solvable Leibniz algebras whose nilradical is isomorphic to the algebra NF,.

Theorem 2.6 ([5]). Let R be a solvable Leibniz algebra whose nilradical is NF,,. Then there exists a basis {eq, e, . .., ey, X} of the
algebra R such that the multiplication table of R with respect to this basis has the following form:

[ei,eq] =€, 1<i<n-—1,
RNF, : {[x,e1] = —eq,
[ei,x] =ie;, 1<i<n.

Definition 2.7. An n-dimensional Leibniz algebra L is said to be filiform if dimL' =n —ifor2 <i < n.

Now let us define a natural graduation for a filiform Leibniz algebra.

Definition 2.8. Given a filiform Leibniz algebra L, put L; = L'/I*', 1 <i<n—1,andgr(l) =L ® L, & --- ® L,_;. Then
[Li, L;] < Li;; and we obtain the graded algebra gr(L). If gr(L) and L are isomorphic, then we say that the algebra L is naturally
graded.

Thanks to [4] and [6] it is well known that there are three types of naturally graded filiform Leibniz algebras. In fact, the
third type encloses the class of naturally graded filiform Lie algebras.

Theorem 2.9. Any complex n-dimensional naturally graded filiform Leibniz algebra is isomorphic to one of the following pairwise
non-isomorphic algebras:

1. :
F, :[e,eil]l =€y, 2<i<n-—1,

2 .
Fi:[er,eq] =es3, [e,e1] =eip1, 3<i<n-—1,

3, . Jlei,el] = —[e, ] = ejq, 2<i<n-—1,
F(a) i+1 :
lei, eny1-i] = —[eny1-i &l =a(—=1)""e,, 2<i<n-—1,

n

where « € {0, 1} for even n and o = O for odd n.

The following theorem decomposes all n-dimensional filiform Leibniz algebras into three families of algebras.

Theorem 2.10 ([4,7]). Any complex n-dimensional filiform Leibniz algebra admits a basis {e1, e,, ..., ey} such that the table of
multiplication of the algebra has one of the following forms:
[ei, e1] = ejt1, 2<i<n-1,
F](O[4, ey, O, 9) = qle1,ex] =0en,
lej. e2] = agejy +asejy3 + - +apip—jen, 2=<j=<n-—2,
ler,eq] =e3,
[ei, e1] = ejt1, 3<i<n-1,

FZ(ﬂ4’ DN ,Bna J/) = { le1.e2] = Baes + Bses + -+ - + Buen,
[e2, e2] = yen, A
lej. e2] = Baejyo + Bsejy3 + -+ Puya—jen, 3 =<j=<n-2,

lei, e1] = eiy1, 2<i<n-1,
[e1, €] = —eit1, 3<i<n-—1,
[e1,e1] = b1en,

F3(91, 6, 93) = { le1.e2] = —e3 + Ozen,
[ez, e2] = O3en,
lei, ] = —lej, ej] € span(eitji1, €itjt2, ... en), 2=i<j=<n-—1,
lei, ent1-i] = —lent1—i xi] = a(—1)Flxp, 2<i<n-1,

where o € {0, 1} for even n and o« = 0 for odd n.

Below, we present the description of solvable Leibniz algebras whose nilradical is isomorphic to the algebra F,.
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Theorem 2.11 ([8,9]). An arbitrary (n + 1)-dimensional solvable Leibniz algebra with nilradical F} is isomorphic to one of the
following pairwise non-isomorphic algebras:

[ei, e1] = eiy1, 2<i<n-—1, [ei, e1] = eiy1, 2<i<n-1,
[x,e1] =—e; —ey, [x,e1] = —ey,
R : Ry(a) :
V' ) ler, x] =eq, A0 Y o1, 2] = e,
e, x] =(—Te, 2=<i=<n, [ei,x] =(—14+a)e, 2<i<n,
[ei, e1] = ejy1, 2<i<n-—1, [ei, e1] = eiy1, 2<i<n-—1,
[x,e1] = —ey, [x,e1] = —ey,
Rs: qle1,x] =eq, Ry: qler,x] =er+ep,
l[ej, x] =(—n)e, 2<i=<n, e, x] =({+1—-n)e, 2<i<n,
[x,x] =en, [x,x] = —en_q,
[e1, e1] = es,
[ei, e1] = ejy1, 2<i<n-—1,
n—1
Rs(cts) = Rs(ctan ... aty) + | 1€1°X] :“;‘““
S
[e, x] =€1+Zaj7i+2€j, 2<i<n.
j=i+2

Moreover, the first non-vanishing parameter {ay, ..., a,} in the algebra Rs(ay, . . ., o) can be scaled to 1.
Remark 2.12. Notice that seven isomorphism classes were presented in [8, Theorem 4.2]. Nevertheless, this classification
can be improved by changing the number of parameters of ay, ..., a;,_1 to @y, . . ., a,. Namely, the algebra Rg(c4, . .., ap_1)
in the list of [8, Theorem 4.2] is isomorphic to the algebra Rs(ay, . .., oz—1, 0) via the isomorphism x’ = x, €] = ey, €, =
er+e, e =e,3<i<n

Moreover, the family R;(a4, . . ., @,_1) in the list of [8, Theorem 4.2] is a partial case of the family Rs(«;) = Rs(a4, . .., ay)
in Theorem 2.11. Thus, the final list of (n + 1)-dimensional solvable Leibniz algebras with nilradical F, should be as in

Theorem 2.11 (see also [9]).

Due to the work [10] we conclude that there is no (n 4+ 1)-dimensional solvable Leibniz algebra whose nilradical is an
algebra from the family Fy(ay, . . ., o, 0) except the algebra Fnl. Moreover, any (n + 1)-dimensional solvable Leibniz algebra
whose nilradical is an algebra from the family F3(6, 65, 63) is a Lie algebra. Concerning the second family, from [ 10] we know
that there exists a unique solvable Leibniz algebra of dimension (n + 1) when the nilradical is one of the following:

Bny3

L, =F(0,0,...,0,1), L,? :le(0,0,...,0,,8#,0,...,0,1), nisodd,

I <j<
I, = F(0,0,...,0, 1 ,0,...,0,0), 4<j<n.
B=1

Bnis
In particular, any (n + 1)-dimensional solvable Leibniz algebra whose nilradical is either Ly, L, *

respectively, to the algebra with the following table of multiplication:

or L is isomorphic,

[e1, e1] =e3, [e2, e2] = ey,
. n—1
[ei, e1] = eir1, 3<i<n-—1, [x,e]=- e,
[x, e1] = —eq
R(L ’ ’
L)Y (er, x] = e,
[e2, x] = e,
lei, x] = ie;, 3<i<n,
[e1, e1] = e3, [e1, e2] =/3n;73€n;s,
[ei, e1] = eit1, 3<i<n-—1, [eye]=ey,
oon+1
) [x,e1] = —ey, lei, e2] = Bnizen-tsai, 3<i= )
11‘573 2 2 2
R(Lz ) n—1
[e1, x] = ey, [x,e] = — 62—,3#%;1,
n—1
[e2, x] = e,
[ej,x] =(i—1)e;, 3=<i=<n,
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[e1, e1] =e3, [e1, e2] =g,
[ei, e1] = eit1, 3<i<n-—1, [e,e]=c¢ejia, 3<i<n4+2-j,
iy, JIx, el =—eq, [x,e2] = —( — 2)e2 — gj_1,
R(L3) - [e1, x] = ey,

[e2,X] = ( — 2)ea,
lei,x] =(i—1)g;, 3<i<n.

For acquaintance with the definition of cohomology group of Leibniz algebras and its applications to the description of
the variety of Leibniz algebras (similar to Lie algebras case) we refer the reader to the papers [1-3,11-13]. Here just recall
that the second cohomology group of a Leibniz algebra L with coefficients in a representation M is the quotient space

HIX(L, M) = ZL*(L, M)/BL(L, M),
where the 2-cocycles ¢ € ZL?(L, M) and the 2-coboundaries f € BL?(L, M) are defined as follows

(9)x,y,2) = [, 9y, 2)] — [9(x, ¥), 2] + [9(x, 2), Y] + @(x, [y, 2]) — ¢([x, ¥], 2) + ([x, 2], y) = O (2.1)
and

f(x,y) =[d(x), y] + [x, d(y)] — d([x, y]) for some linear map d. (2.2)

The following proposition summarizes results regarding derivations and the second cohomology group for the algebras
REN, and R, from the works [14] and [15].

Proposition 2.13.

dim Der(RFN,) = 2, dim Der(R;) = 2,

dim BL?(RFN,, RFN,)) = (n + 1)? — 2, dimBL*(Ry, Ry) = (n + 1)* — 2,
dim ZL*(RFN,, RFN,) = (n + 1)? — 2, dimZI*(Ry, R1) = (n+ 1? — 2,
dim HL>(RFN,,, REN,) = 0, dimHL?(Ry, R;) = 0.

2.2. Degeneration of Leibniz algebras

The bilinear maps V x V — V form a vector space Hom(V ® V, V) of dimension dim(V )3, which can be viewed with its
natural structure of affine algebraic variety over the field IF. An n-dimensional Leibniz algebra L of the variety Leif, may be
considered as an element A(L) via the linear map A : L ® L — L satisfying Leibniz identity.

The group GL,(F) naturally acts on Leib, via change of basis, i.e.,

(8 %10t y) = g(AMe™'0.67'0)). & € GLulF). & € Leiby.

The orbits Orb(—) under this action are the isomorphism classes of algebras.
Note that solvable Leibniz algebras of the same dimension also form an invariant subvariety of the variety of Leibniz
algebras under the mentioned action.

Definition 2.14. It is said that an algebra A degenerates to an algebra ., if Orb(u) lies in the Zariski closure of Orb(1) (denoted
by Orb(1)). We denote this by A — L.

It is remarkable that Orb(NF,) and Orb(RNF,,) are open sets in the subvariety of n-dimensional nilpotent Leibniz algebras
[4] and the variety of (n + 1)-dimensional Leibniz algebras [14], respectively (they are so-called rigid algebras).
In the case when the ground field is the field of the complex numbers C, we give an equivalent definition of degeneration.

Definition 2.15. Let g : (0, 1] — GL,(V)be a continuous mapping. We construct a parameterized family of Leibniz algebras
g = (V,[—, =), t € (0, 1] isomorphic to L. For each t the new Leibniz bracket [—, —]; on V is defined via the old one as
follows: [x, yl; = g:[g (%), & '(¥)], Vx,y € V.If forany x, y € V there exists the limit

lim [x,yl = lim g[g;'(x), g ') = [x, ylo.
t——+0 t—+0

then [—, —]p is a well-defined Leibniz bracket. The Leibniz algebra Ly = (V,[—, —]o) is called a degeneration of the
algebra L.

For given Leibniz algebras A, i € Leib, 1 sometimes it is quite difficult to establish the existence of degeneration > — .
It is helpful to obtain some necessary invariant conditions for the existence of a degeneration. The complete list of the
invariant conditions can be found in the works [ 16-19]. Here we give some of them which we shall use.

We denote by Der(A), A™, Lie(A) the space of derivations, powers and maximal Lie subalgebra of the algebra A,
respectively.



A.Kh. Khudoyberdiyev et al. / Journal of Geometry and Physics 121 (2017 ) 228-246 233
Let A — w be a nontrivial degeneration. Then the following inequalities hold:

dimDer()A) < dimDer(x), dimA™ > dimu™ foranym € N, dimLie(A) < dim Lie(u). (2.3)

Further we shall use (i, j)-invariant. This invariant was given for Lie algebras in [16] and it is also applicable for Leibniz
algebras.

Let . € Leib, 1 with structure constants (yif‘j), and (i, j) be a pair of positive integers such that

tr(ad x)’ - tr(ad yy
tr((adx) o (adyy)

is independent of the elements x, y of the Leibniz algebra A. Then ¢; () = ¢; (1) is a quotient of two polynomials in C[y,-’fj].
If neither of these polynomials is zero, we call ¢;; € (C[yi’fj] an (i, j)-invariant of A. Suppose A € Leib, 1 has an (i, j)-invariant
cij. Then all . € Orb(A) have the same (i, j)-invariant.

Denote by £LR,(N) the set of all n-dimensional solvable Leibniz algebras whose nilradical is N. In the paper [20] it is proved
that a given degeneration between two solvable Leibniz algebras implies some restriction on their nilradicals. In particular,
in the case of equality of dimensions of nilradicals the existence of a degeneration between solvable Leibniz algebras implies
the existence of a degeneration between their nilradicals.

Cij=

Proposition 2.16. Let Ry, R, be n-dimensional solvable Leibniz algebras and Ry € LR,(N1), R, € LRy(N,). If Ry — Ry, then
dim N, > dim N;. Moreover, if dim Ny = dim N, and Ry — R;, then N — Ns.

3. Some irreducible components of the variety Leify 1

In this section we present some irreducible components of the variety Leib, 1 in terms of closures of orbits of some

Leibniz algebras. The following equality dim Orb(1) = (n + 1) — dim Der()) gives us the dimensional relation between
orbits and derivations of an algebra A.

Let L be an (n+ 1)-dimensional solvable Leibniz algebra whose nilradical is the filiform algebra F!. The proposition below
describes derivations of the algebras from R;(«) — Rs(«;) in the list of Theorem 2.11.

Proposition 3.1. The bases of the spaces of the derivations of the algebras Ry(«)- Rs(«;) are the following:

di(er) =ey, di(e))=(—2)e, 3<i=n,

Der(Ry(a)) : dy(e;) = e, 2<i<n, a#2—n1—n,
d3(x) = —eq, ds(e) = ey, 2<i<n-—-1;
di(e1) = ey, di(e))=(i—2)g, 3<i<n,
. Jdale) = e, 2<i<n,
Der(Ry(2 —n)): d3(x) = —eq, ds(e;) = ejt1, 2<i<n-—1,
da(x) = —en—1, da(er) =ey;
di(er) =e1, di(e))=(i—2)e;, 3<i=<n,
. Jdae) = e, 2<izn,
Der(Ry(1 —m)): d3(x) = —eq, ds(e) = ey, 2<i<n-1,
da(x) = en;
di(er) =ey, di(e)=(i—nle, 2<i<n-1,
Der(Rs): {d2(x)=e1, da(e) = —eiy1, 2<i<n-1,
d3(x) = ey;
dier) =e;, di(e)=({+1—-n), 2=<i=<n,
Der(Rg) : {da(x) = —e1, dy(e) = ey, 2<i<n-—1,
ds(er) =eq, d3(x) = —en_1;
di(er) =er, di(e)=(i—1)e;, 2=<i=<n,
Der(Rs(0)): {da(e1) = e, da(ei) =e;, 2<i<n,
di(er) =¢;, djle;) = eiyj2, 3<j<n 2<i<n—j+2
V. Jdiler)=ez,  da(e)) =ex+anen, di(e) = e, 3<is<n,
Der(Rs(a:)) {dj(el) =ej1, dj(e) = eiyj1, 2<j<n-1, 2<i<n—j+1,

where in the case of Rs(«;) one of the parameters «; is nonzero.



234 A.Kh. Khudoyberdiyev et al. / Journal of Geometry and Physics 121 (2017 ) 228-246

Proof. Let d be a derivation of Ry(w).
We put

n n n
dx)=aoox+ Y aoje;,  dle)) =arox+ Y arje,  dlex) = wmox+ Y aaje;.
=1 =1 =1

From the conditions
d([x, x]) = [d(x), x] + [x, d(x)], d(le1, e1]) = [d(e1), e1] + [e1, d(e1)], d([ez, e2]) = [d(e2), e2] + [ea, d(e2)],
we obtain that
apj—14+a)=0, 2<j<n,
a1 =ayo(l1+a)=0, a;j =0, 2<j<n-—1.
By using the property of derivation
d([e1, x]) = [d(eq), x] + [e1, d(x)],  d([x, e1]) = [d(x), e1] + [x, d(eq)], d([ez, x]) = [d(e2), X] + [e2, d(X)],

we obtain that

g0 = d1,0 =0, (n—2+a)a;, =0,
Ggp—1 = —0Qyp, aj=0, 2<j<n-2,
Gg,1 = —y 3, a;j=0, 4<j<n

From the property
d(e;) = d([ei—1, e1]) = [d(ei—1), e1] + [ei—1, d(e1)],
inductively we have
dlei) = ((i — 2)ar1 + az2)ei + a2 3€i11, 3 <i<n.

Moreover, the property 0 = d([es, e2]) = [d(e3), e2] + [e3, d(e2)] = (2 4+ «)ay o, implies (2 + «)a; o = 0. Taking into
account (1 + a)az o = 0, we deduce a; o = 0.
Therefore, we derive that any derivation of the algebra R,(«) has the form

d(er) = ay,1e1 + Ay nén,
d(ex) = az2€; + Gz 363,
d(x) = —a33e1 — a1 .nen—1 + Go nén,
d(e;) = ((i — 2)ay,1 + az2)e; + az.3€i11, 3<i<n,

with the conditions
(n—24+a)a;, =0, (n—14+a)ag, =0.

From these conditions it is not difficult to obtain a basis of the derivations in the cases of « = 2 — n,&¢ = 1 — n and
a#2—-—n1—n.
The proof of the proposition for the algebras R3, R4 and Rs(«;) is carried out by analogous direct computations. O

Due to equality (2.2) defining the space BL?> we have

Corollary 3.2.

nm+1?%—4, a=2-norl—n,
m+1?%-3, a#2—-n1-n
dim BL2(R3, R3) = (n + 1)* — 3;

dim BL2(R4, Rs) = (n + 1) — 3;

n?+n+1, o =0 foralli,
n’+n+2, « #0 forsomei.

dim BL* (Ry(a), Ry(et)) =

dim BL? (Rs(ct), Rs()) =

Proof. From Proposition 3.1 we have that

. 4, a=2-—norl—n,
d1m(Der(R2(a)))={3 a#£2—-n1-n

dim(Der(R3)) = 4,
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dim(Der(R,)) = 3,

n, «o; = 0 forall i,

dim(Der(Rs(a;))) = {n —1, a; #0 forsome i.

We obtain that dimBL*(L, L) = (dimL)?> — dim Der(L), using the fact that BI>(L,L) = {f(x,y) | f(x,y) = [d(x),y] +
[x, d(y)] — d([x, y]) for some linear map d}. Since dim(L) = n + 1, we complete the proof. O

B n+3
2

The following result presents values of (1, 1)-invariants for the algebras RNF,, R1-Rs(«;), R(L1), R(L, * ), R(Lj3).

Proposition 3.3.

(1+243+---+n? 3nn+1)
1+22+32+--+n2 _ 22n+1)

ARy = (14+14+2434+---+n—-1)7 _ 3(n® —n+2)?

’ 1+1+22432+.--+(n—12 2(2n3 —3n2+n+6)
(14+2+3+--+n—1+5172 302 —1)

14224324 +(m—12+ (=2 4n—3

¢1,1(RNF,) =

c1,1(R(Ly)) =

)

2
Bn e — 1421y 2_
A 0 W U i B A S e O M V)
' 142243+ +(n—12+(512 4n-3
14243+ +n—14j—2) 3(n® —n+2j—4)?

cra(R(E)) = = .
1R 1422432+ +(n—12+(G—22 2(2n% —3n2 + n+ 62 — 24j + 24)

(1+(0+e)+R2+a)+-+n—1+a))
P+(14+aP+Q2+al+---+(n—1+a)?

3(2 — 20 — n+ 2an + n?)?
A3 + (120 — 6)n2 + (2 — 120 + 1202)n — 1202 + 12°

c11(Ra(a)) =

(R = (1+@2-n+@—n)+-+(-1)  3n(n—3)

P T R 2+ (B —nP 4+ (=12 22n2 —9n+13)

e A(Re) = (1+@B-m+@—-—n+---+(-1)+0+17 3(n* — 5n 4 2)?
1,14 ) =

24+B-—nP+@—n2+---+(—12+024+12 " 2(2n3 — 1502 +37n — 18)’
cr1(Rs(a;)) =n—1.

[ej, e1] = ejt1, 1<i<n-1,
Proof. Consider ad x for the algebra RNF,; : {[x, e1l = —ey,
[e;, x] = ie;, 1<i<n
It is easy to see that the matrix representation of ad x has the form
10 0 0
0 2 0 0
0 0 n 0
0 0 0 0
Therefore,

¢ A(RNE,) — tr(adx) - tr(adx)  (1+2+34---+n)  3n(n+1)
LR T adxoadx) 1422432+ ---+n2  22n+1)

The proof of the proposition for the rest of the algebras also is carried out by applying similar arguments. O

Remark 3.4. From Proposition 3.3 it is easy to see that

€1,1(R2(1)) = ¢1,1(RNFy), 1,1(R2(0)) = c1,1(R1),
c1,1(R2(1 = n)) = ¢1,1(R3), c1,1(R2(2 — n)) = ¢1,1(Ry).

Below, we give some degenerations.
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Example 3.5. There exist the following degenerations

Fy, — F; via giler)=er—t ey, giler)=t" gile) =ei, 3<i<nm
RNF, — Ry(1)  via g(x)=x, gler) =t~ gile) =t""2e, 2<i<nm
Ri — Ry(0) via g(x) =x, giler) =e; gi(e;) = te, 2<i<nm
R3 — Ry(1—n) via g(x)=x, gler) =e gi(e;) = te;, 2<i<m
Ry — Ry(2—n) via g(x)=x, g(e)) =¢ gi(e) = te;, 2<i<n
Rs(aj) — Rs(0) via g(x) =x, gi(er) = te]a gle)=t"le, 2<i<n.

Now we present representatives of irreducible components of the variety Leib; 1.

Theorem 3.6. Orb(R3), Orb(R4) and U,k Orb(Ry(«)), where K = C\ {0, 1, 1—n, 2 —n}, are irreducible components of Leiby 1.

Proof. Firstly, we will prove the assertion of the theorem for the algebra Rs3, that is, we will prove the non-existence
of degeneration from any algebra X € Leib,,1 to the algebra Rs. Let us assume the contrary, i.e., X — Rj3, then from
Proposition 3.1 and inequalities (2.3) we conclude that dim(Der X) < dim(Der R3) = 3. Actually, the algebra X is a solvable
Leibniz algebra. Indeed, if X is not solvable then by Levi’s Theorem [21] it decomposes into a semidirect sum of a semi-simple
Lie algebra S and a solvable radical Rad(X). Since in a semi-simple Lie algebra (which, clearly, has dimension greater than or
equal to 3) an operator ad(x) for any x € S is a derivation of the algebra X, we obtain dim(Der X) > 3. Therefore, the algebra
X is solvable.

Taking into account that dimR2 = n and solvability of X from inequalities (2.3), we derive that dimX? = n. Since the
square of a solvable algebra belongs to the nilradical, the solvable algebra X has nilradical of dimension n. Therefore, the
nilradical of X degenerates to Fn1 (because nilradical of the algebra Rj3 is Fnl ). Again applying inequality (2.3) we derive that
the nilradical of X is one of the following algebras:

NFn, Fnl(O{4,0{5,...,(Xn,9), Fz(ﬂ4,...,ﬂn,)/), F3(91,92,93).

The non-trivial degeneration F] — F2 from Example 3.5 implies the non-existence of degeneration from the algebra F?
to the algebra F,.
From arguments above we conclude that the possibilities for the solvable algebra X are the following:
Bnis

RNF,, Ry —Rs(@), R(Li), R(L, ” ),  R(}).

By comparing c; ¢ invariants from Proposition 3.3, dimensions of the spaces of derivations from Propositions 2.13, 3.1
and applying inequalities (2.3), we conclude that none of the above algebras degenerates to the algebra R3;. Hence, Orb(R3)
is an irreducible component of the variety Leib, 1.

The assertion of theorem for the algebra R4 and the family of algebras Ry(«), with @ € K, is proved applying the same
arguments as used for the algebra R; and degenerations from Example 3.5. O

Let usassume thatX — Rs(oy, . .., o). Since dim Der(Rs(cy, . - ., @y)) > 3 then from dimensions arguments as they were
used for the algebra R; we cannot assert the solvability of X. Nevertheless applying similar arguments as in Theorem 3.6 we
obtain the following result.

Proposition 3.7. Uyccx Orb(Rs(ay, . . ., a,)) forms an irreducible component in the subvariety of (n + 1)-dimensional solvable
Leibniz algebras of the variety Leib, 1.

3.1. Second cohomology of the algebras R,-Rs

In this subsection we give descriptions of the second cohomology group of the algebras R,-Rs by presenting their bases. In
fact, we find bases of the space BL? and ZL? for these algebras. These descriptions can be applied in the study of infinitesimal
deformations and extensions of mentioned algebras (see works [3,22-26] and references therein).

In the next theorem we present the general form of 2-cocycles for the algebra Rs.

Theorem 3.8. An arbitrary ¢ € ZL*(Rs, R3) has the following form:

91, el Zal i€,

n
o(e;, er) = ajox + E aises, 2<i<n-—1,
s=1
n—1 ,i—1

o(en, 1) = ay_1,0€1 — E (E an+f4,[>ei + ap nen,

i=3 =2
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p(er, e2) = by 1eq,
o(ei, 2)=(l_n)b11ez+b23ez+1v 2<i=<n,
ey, e)) = —aj_10€1, 3 <i<n,
plei, e3) = (n —i)azpe;i — (d2,1 +br1deir, 2=<i<n-—1,
p(ei, e) = (n—l)aj1o€z+(aj720—aj711)€i+1s2<i<”—1 4<j=n,
2 n—1
<p(e1,><)=mzanwmeﬁr;l—n—l)a1,+1e,+clnen,

ez, x) = (n = 2)by1x + (n — 1)by ze1 + Z C2,i€i,
i=2

2 n
p(es, x) = (3 —n)ag,ox + (2 —n)(az1 + b11)er + (az,z R Zar,t>€2 +(c22 +C1,1)e3
t=2

n—1

+ Z(Cz,i—1 + (3 —i)azi)e; + (c2.n—1 + (3 — n)az, — azo0)en,

i=4

plei, x) = (i — n)ai1.0x + (1 — i+ 1)(ai_20 — a_1.1)er + Z(" —5s) Z Giyr s 1065

<Za[t+%2a[t>el 1+ (C22 + (i —2)c11)ei

i—1

+ E (CZs ir2 +({—5s) § ar s 1+t+l)es (Cz.n—i+2 —ai_10+({—n) E at,n—i+t+1>en, 4<i<n,

s=i+1 t=2
2

p(x,e1) = m Zar tX — C1,1€1 + dq,362 + ;Ch i€i,

@(x, €2) = —by 3e1 + by 1€y,

@(x, e3) = (az,1 + by 1)er — az ey,

o(x, ) = (ai11 — Gi_z0)e1 — Ai—106n, 4 =i,
n—2

(X, X) = ay_1,0X + (Gn_1,1 — An—2,0 31+Z<n_l(alz+2_dll+l +Zan is— 1s>€1
i=2 s=2

- (2C1,0 + d],n + C],n + an,n)en—1 + ,Bnen-

Proof. We set

n
plei 1) =aiox+ Y aises, 1<i<n, gle,x)=crox+ Y ciie
s=1 i=1
n
p(e1, e) =byox + Z by e;, @€z, X) = Ca0X + Z C2,i€,
=1 i=1
n n
p(ey, e2) = by ox + Z b, iei, o(x,e1) =dyox + Z dy.iei,
i=1 i=1
n n
o(x, X) = Pox+ ) _ Biei, px, 1) =y ox + Y dajei.

i=1

By applying equality (2.1) for the triple (e;, eq, e1), we obtain [e;, ¢(eq, e1)] = 0. Hence, ¢(eq, 1) = Z:':zal,,»e,-. Similarly,
the equation (d?¢)(e;, ej,e) = 0,for2 < j,k < n,leads to [e;, p(ej, ex)] = 0. Consequently, we have ¢(ej, ex) €
span (e, €3, .. ., ).

Considering (d?¢)(eq, e1, e,) = 0, we derive

¢(e1, e2) = b1 ox + by 181 + by nén.
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Moreover, from (d?¢)(e;, e1, e2) = 0 with 2 < i < n — 1, we deduce

p(eir1, e2) = [ei, p(eq, e2)] + (e, €2), eq],

which inductively gets

i—2)i+1-2n ) - ,
plei, ex) = b1,o()(2—)€i + ((i=2)b1,1 + b2z )ei + Z bys—iyaes, 2<i=<n.

s=i+1
Similarly, we have

(d®¢)(en,e1,€2) =0 = b1o=0,
(d®p)er,e2,x)=0 = by,=0, €20 =(n—2)by 1,
(d®¢)ez,e2,x) =0 = by =(2—n)b11, c1=n—1)b13 by;=04<i<n.

Now we consider (d*¢)(e;, ej, e1) = 0 with 2 < j < n — 1. Then we have
p(ei, ejr1) = [g(ei, &), e1] — [ei, p(ej, e1)] — p([ei, e, €)).
Applying the induction on j for any i and the equality above we obtain the following:

g(e1, &) = —aj-10€1, 3<j=n,
(e, e3) = (n —i)az 0ei — (az,1 + b11)eita, 2<i=n-1, '
o(ei, e)) = (n —i)aj_1,06i + (Gj—20 — Gj—1,1)eir1, 2<i<n—1,4<j<n.

On the other hand, the condition (d?¢)(e;, e, e;) = 0 implies
o =0, ap1=0an-10.
We consider equality (2.1) for the triple (eq, x, e1), then we get
dio=—Cro, a12=0, cri=({—-1-n)ayy1;, 2<i<n-—-1
Thus, we have

n—1

pler, X) = cioX + ciier + Y (i—n—1)ay 1€ + 1 en,
i=2

n
p(ez,X) = (n—2)by1x+ (n— 1)byze; + ZCZ,iei
i=2
and [eq, (e;, X)] = (i — n)a;_10e; for3 <i < n.

From the equality (d?¢)(e;, e1,x) =0, 2 <i<n — 1, we have

pleir1, x) = [p(er, X), e1] + [ei, p(er, X)] — [p(ei, er), X1 + @(e;, [eq, X]) + ¢([ei, X], €1)
n
= [p(e;, x), e1] + (i + 1 — X + 1,06 + €1 16141 + (| — M)a1er + Y (i + 1= 5)ases.
s=2
Hence, we obtain inductively that

p(es, X) = (3 —n)az ox + (2 — n)(az,1 + by1)er + (az2 + (2 — n)cyolez + (c22 + €1,1)e3

n—1
+ Z(C2,1—1 + (3 —iag,i)ei + (c2,n—1 + (3 — n)azn — az0)en,
i—4
i—2 s
p(e;, x) = (i —n)ai_1,0x +(n—i+ 1)ai—20 — ai—1,1)e1 + Z(i —) Z Qigr—s—1,0€s
s=2 t=2
) ) i—1
(i+1—2n)i—2) d ,
+ (fﬁ,o + Zat,t ei—1+ (C22 + (i —2)c1,1)e

t=2
i—-1

n—1 i-1
+ Z <C2,5—i+2 +(i—s) Z at,s—i+t+1>es + (Cz,n—i+2 —ai_10+(—n) Z at,n—i+r+1>€n,
=2

s=i+1 t=2

where4 <i <n.
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Moreover, the condition (d?¢)(e;, e1, x) = 0 implies [¢(ey, X), 1] — [@(ex, e1), X] + ¢(en, [e1, X]) = 0, which derives

(n—l
(n— 1)an262+2 n—s+ 1)(ans+zan+t st)es+( 510+Zatt)en =0.

t=2

Thus, we get

2 n
a2 =0, Clo=——7—— i ¢, Ops = — Uparost, 3<S<n-—1.
n,2 1,0 (I’l — 1)(1‘[ — 2) [Zz: t,t n,s Z n+t—s,t

Considering equality (2.1) for the following triples (e, x, 1), (e1, X, €2), (x, e1, e2), (€2, X, e3) we obtain:
dig=—C1, Gro=0, dps=02<s<n—-1, dy;=—bys.
From (d%¢)(x, e;, ;) = 0with 2 <i < n — 1, we have
@, eir1) = [p(x, &), e1] — [, p(ei, e1)] + p(e1, &),
which inductively implies

o(x, e3) = (az,1 + b1,1)er — az0n,

@(x,e) = (ai-11 — di-20)e1 — Gi—106p, 4 =<i=Zn.
Finally, the equalities (d?¢)(eq, x, x) = (d?@)(x, eq, x) = (d?@)(x, e,, x) = 0 imply

dip = ay3, dyn = b1,

Bo = an_1,0, Bi=an_1,1 — ar20,

4
1=—dipn—Cp—0pp— ————— Q¢
,Bn 1 1,n 1,n n,n (n — 1)()1 — 2) ; t,t

Bi=(n—iarip—dii)+ Y Gnipsr, 2<i<n-—2,

s=2

which complete the proof of the theorem. O
Corollary 3.9. dim ZL*(R3, R3) = (n + 1)*> — 2 and dim HL?(R3, R3) = 1.
Now we present a basis of HL?(R3, R3).

Proposition 3.10. The equivalence class & forms a basis of HL*(R3, R3), where

{%‘(eu ) =eq,
E:q&(e,x)=(—2);, 3<i<n,

S(xv el) = —é1.

Proof. In order to find a basis of HL?(R3, R3) we need to describe linear independent elements which lie in ZL?(R3, R3) and
do not lie in BL?(Rs, R3). For achieving this purpose we will find a basis of 2-cocycles and 2-coboundaries.

Since an arbitrary element of ZL?(R3, R3) has the form of Theorem 3.8 we shall use this description.

Note that there are parameters (a;, b1,1, b2 3, €11, C1,n, Bn, C2.k, d15) in the general form of elements ZL*(R3, R3). One of
the natural basis of the space ZL? is a basis whose basis elements are obtained by the instrumentality of these parameters.
For the fixed pair (i, j) we denote by x(a;;) a cocycle which has a;; = 1 and all other parameters are equal to zero. Define
such type of notation for other parameters.

Set

oij = x(aij), v1=x(b11), V2= x(ba3), V3= x(ci1),
Yq = x(crn)y  ¥s = x(Bn), = x(cak), ps = x(dis),

where1 <i<n0<j<n2<k=<n3<s<nand

(i,j) € {(1,0),(1, 1), (1, 2),(n, 0),(n, 1), ..., (n,n — 1)}.
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In order to find a basis of BL?(R3, R3) we consider the endomorphisms fik : R3 = Rz defined as follows

fij(ei) = e, 1<i,j<n,
finta(e) = x, 1<i<n,
farrjx)=¢, 1=<j=<n,
Jortar1(X) = x,

where in the expansion of the endomorphisms the omitted values are assumed to be zero.
Consider

g%, y) = [fij(x), y1 + [x, fij(0)] = fij([x, y]).

Note that g;; € BL?(R3, R3) and now we separate a basis from these elements. Since the dimension of the space Der(R3) is
equal to 3, to take a basis we should exclude three elements g; ;. The description of Der(Rs) allows us to release the elements

81,1, 82,3 and gny1,n.
By direct computation we obtain

812 = —¢¥1.3,
81i = —Pi — Prit1, 3<i<n-—1,
81n = V4 — Pn,
n—1
81.n+1 = Z(n — k)i — Ya — pn,
k=2
&1 =—V2,
82 = —@2i1 + (2 — Dni, 2<i<n—1,i#3,
&0 = (2 —=n)ny,
L2nr1 = @21 — Y1 — M,

Eik * ) &ik = Vi—1,k — Pik+1s 3<i<n-1,1<k<n-1,
8i.n = Yi—1,n, 3<i<n-—1,
8int1 = @i—1,0 + ¥i1, 3<i<n-—-1,
&n,1 = ¢¥n-1,1,
8n,i = $n—1.i, 2<i<n-2,
8n,n—1 = ¥n—1,n—1 — $n,n»

Enn = Yn—1,n + V¥s,

8n.n+1 = ¥n—-1,0,

8n+1,1 = —1)3,

&nt1,i = —Pit1, 2<i<n-—1,
Snt1nt1 = V3 — 2¥s + (n — 2)na.

From these equalities, it is not difficult to check that v3 and 1, do not belong to BL?(R3, R3), but /34+-(n—2)n, € BL*(Rs3, R3).
Thus, we can take the equivalence class of 3 as a basis of ZL?(R3, R3). O

Theorem 3.11. Let dim(R4) > 5. An arbitrary ¢ € ZL*(R4, R4) has the following form:

p(er, eq) E ay i€,

n

plei,e1) =aiox+ » aise, 2<i<n—1,

s=1
n—1
@len, €1) = tn_10€1 — Z(Z Unio m)el (Z ac + $d1,0>en,
p(e1, e2) = by 1e1 + by 1en,
plei, e2) = (i—n+ by e +byseiy, 2<i=<n,
pler, €)= —ai_10€1 — Qi_106n, 3 <iZM,
plei, e3) = (n—i—1)azoe; — (@21 +br11)ei1, 2<i<n-1,
p(en, €) = —ai_106p, 3=<j=<n,
ple, e) =(n—i—1)ajq10€ +(a20—aG-11)ir1, 2=<i<n-—-1, 4<j<n,
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n—-2 i
p(er,x) = (an—1,0 — d1,0)X + (ay—1,1 — Ap—2,0 — dy,1)e1 + Z(Z Ange—i—1,c — (N — i)al,i+l)ei

i=2 “t=2

n—1
n—2)(n-3
+ (Z are —a1n + ()Z#fhﬂ)en—l + C1,n€n,
t=2

n
p(ez,X) = (n—3)by1x + (n— 2)by3e1 + Z Ca,i€;,

i—2
p(es, x) = (4 — n)az ox + (3 — n)(az,1 + by 1)eq + (az2 + (n — 3)dy0)ez + (c22 — di1)es
n—2
+ Z(CZ,F] + (3 —i)aziei + (ca.n—2 + (4 —n)azn—1 + az0)en—1 + (C2.n—1 + (3 —n)az, — az,1)exn,
i—4

p(e, x) = (i —n+ 1aj_1,0x + (n — i)(ai—2,0 — Gi—1,1)€1
i i—1

- : (2n—i—3)i-2)
+ ;(l - S) ; af+[—5—1,te$ (Z at t + fdl,())ei—l

n—2 i—1
+ (€22 + (2 —i)d11)e; + Z (Cz,s—i+2 +(—s) Z at,s—i+t+1>es
s=i+1 t=2
i—1
+ (o n—it1 + im0+ (I—n+1) Z At n—itt )en—1
=2

io1
+ (Cz.n7i+2 +ai20— 01,1 +(i—n) E at.n7i+t+1>en» 4<i<n-2,

t=2
n—3
@(en—1,%) = (3,0 — an— 21)€1+E (n—1-5s) E Ontt—s—2,t€s
s=2 t=2

n—2
(n—2)(n-23)
+ (Z G + fdl,o en—2 + (C22 + an_20 — (1 — 3)dy,1)en—1
—2

n—2

+ (Cz,a + an-3,0 — n-2,1 — Z ar,t+2>€n,

t=2

3

n—2 s n—1 (1’1 _ 2)(n _ )
¢(en, X) = Gy 10X + Xz:(n —s) ; Unios 1065+ (; S
S=. =, =.

+ (c22 + Ap—2,0 — Ap—1,1 — (N — 2)dy 1)en,

dio+ an—],O) €n—1

n
@(x, e1) = dyox +di 181+ ayzex + Z dy e;,
i=3

@(x, e3) = —by 3e1 — by 1ep_1,
@(x, e3) = (az,1 + by1,1)er + Az 0€n-1,

@(x, €)) = (ai_1,1 — Gi_20)e1 + Ai_10€p-1, 4=<i=n,
3
(X, X) = —An_2,0X + (An_30 — An_2,1)e1 + Z( i—n+1)dyip1 — 01i42) Z an—i+t—2,t> ei
i=2
n—2

dio— Za[,t>en—2 + (1,0 +d1,1 — C1n)en—1 + Buén.
t=2

n®> —5n+10

+ (Gm —dip-1— 3

Proof. The proof of this theorem is carried out by applying similar arguments as in the proof of Theorem 3.8. O
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Remark 3.12. It should be noted that in the case dim(R,) = 4, an arbitrary 2-cocycle for the algebra Ry is different from the
description of Theorem 3.11 and it has the form:

p(eq, e1) = ap 3es,

3
¢lez, €1) = ayox+ Y _ ay s,
s=1

p(es, e1) = az0e1 — (az2 — di0)es,

@(e1, e2) = by 1e1 + b1 163,

@(ez, e2) = by 3e3,

@(es, e2) = by 1€3,

@(er, e3) = —ay g1 — az 063,

@(ez, e3) = —(az,1 + by 1)es,

@(es, e3) = —ay oes3,
@(er,x) = (az,0 — d1,0)% + (a2,1 + b1,1 — di1)er + (@22 — aq,3)e2 — c1.3€3,
p(ez, x) = by 3e1 + 2262 + 3 363,
p(es, X) = az0X + (A2,2 + Gz.0)e2 — (az,1 + 2.2 — d1,1)e3,
@(x, e1) = d1,0x + dy1e1 + (a1,3 — 2dq0)ex + dy 3e3,
@(x, e2) = —ba3e1 — by 162,
@(x, e3) = (az,1 + by,1)er + az 0€2,

)

@(x,X) = b11x + by 3e1 + (az3 — ¢1,3 + dy1)ez + Baes.

Corollary 3.13. dimZL?(R4, R4) = (n + 1)? — 2, dim HL?(R4, Ry) = 1 and the equivalence class p forms a basis of HL?>(R4, R4),
where

ple1, x) = ey,

plei,x)=(i—2)e;, 3<i<n
P p(x, e1) = —eq,

P(X,X) = —eyq

Theorem 3.14. An arbitrary ¢ € ZI? (Rz(oz), Rz(oc)) has the following form:

p(er, er) E ay,i€i,

n

pleier) =Y aises+aox, 2<i<n—1,

s=1
n n—1
(n— 1)2c + )
¢len, e1) = ay_1 061 — Z(Zam u)el <fd1o—zan en.
= t=2

p(e1, e2) = by 1e1 + by e,

plei, e2) = ((i — 2)by,1 + ba2)ej + byser, 2<i=<n,
p(eq, &) = —ai_10€1, 3 <i<n,
plei, e3) = —(a +i— 1)azoe; — (2,1 + by 1)eir, 2=<i=<n,
v(ei, e)) = —(a+i—1ai_10e +(a_20 — G_11)eir1, 2=<i<n, 4<j<n,
n—1
pler, x) = —dy 11 + Z(Ol +i—2)ay 1€ + C1nen — dioX,
i=2

p(ey, X) = —aby ze1 + Zcz,iei — (o + 1)bq 1%,
i=2
p(es, x) = (o + 1)(az,1 + by,1)er + (az2 — (o + 1)dy0)ez + (c22 — di1)es
n

+ Y (Coim1+ (3 —Daz e + (@ + 2)az o,
i—4
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i—2 s
p(e, x) = (a +i—2)ai_11 — Gi_20)e1 + Z(i —s) Z Qitt s 1,¢€s
s=2 t=2
i—1
Qa+i—1)i—2)
(Zau — o e + (@ — (i - 21
t=2
i—1
+ Z <C23 2+ (=9)) s ,+f+1)es+(oz+l— Dai1ox, 4<i<n,
s=i+1 t=2
p(x,e1) = Z dyie; + di0X,
@(x, e3) = —by 3e1 — by pen_r,
@(x, e3) = (ap,1 + by .1)e1,
o(x, e) = (ai_1,1 — ai_z0)e1, 4=<i=<n,
2
Px,x) =Y (a+i—1)d1is1 — aripadei + (@ + 1= 2)d1n = C1n)en 1 + uen
i=2
with restrictions
(¢ —1ay2 =0, (a+1b1,=0, (a+1)(ba—(a+1)b11)=0 (3.1)
(n—=3)b1n=0, aldi—a3)=0. '

Proof. The proof of this proposition is carried out by applying similar arguments as in the proof of Theorem 3.8. O

From the equalities (3.1) itimplies thatif n # 3, then b, , = 0. Thus, we distinguish the casesn = 3 and n > 3. Moreover,
the general form of infinitesimal deformations also depends on the value of «. Therefore, we have

Corollary 3.15.
n+17% -1, a=0;41,
dim ZL* (Ry(e) ={n+1§2 2 z;ﬁo- 4y, Jorn>3
a=0;1,
dim ZL*(Ry(c) =1, for n = 3.
o ;é 0; +1,
Corollary 3.16.
. 2, =0;+1;1—n;2 —n,
dim HL* (Ry(at), Ry(a)) = {] z#o,ﬂ,l_n.z_n forn > 3;
4, o=-1,
dimHL?* (Ry(a), Ry(@)) = {2, «=0;1; -2, forn =3.
1, a#0;+1; -2,

In the following proposition similarly to the proof of Proposition 3.10 we find a basis of HL? (Rz(a), Rz(oz)).

Proposition 3.17. The basis of HL? (Rz(a), Rz(a)) consists of the following equivalence classes

Rz a=0;1;1-n;2—n
V.Y, a=-—1, forn > 3;
0, a#0;£1;1—n;2—n,
P, U1 a=0;—-1;, -2,
Y1, Yo, Y3, Ya, o = —1, forn =3,
0, a #0;+1; -2,
where
pler, x) = ey,
p:yple,x)=(i—2), 3=<i<n,
p(x, e1) = —ey,
Yriynenx)=e, 2<i<n, Yy:yslene)=e, 2<i<n,
1/, . 1/’3(31,?()2611, \/f . 1/[4(61,6’2)26,.“
> Y3(x, x) = —ep_1, 4 Ya(x, e3) = —ep_q.
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Theorem 3.18. An arbitrary 2-cocycle of ZL? (R5(a4, o5, ..., 0n), Rs(og, as, ..., ozn)) has the following form:

ple, e) =

plei, eq) =

p(en, e1) =

ple, ex) =

plei, e3) =

pler, e) =

o(e;, ej) =

p(x, e1)

pler, x) =
+

+

(p(ezs X) =

p(es, x) =

gﬁ(eH»l! X) =

+
+

(X, x) =
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n

a0X + G 181 + (az,2 — apln2)ex + E a,iéj,
i=3

a;0X + E aises, 2<i<n-—1,
s=1

n
E an,i€i,
i=2
n n n—1 n
(—Co-i- E Oéjﬂjw)ez + <_C1 + E O‘jaj—l,1>e3 + E Oli<—Co+ E ajaj—l.())ei,
P Py P

j=4
n n
(-Co+ E Oljaj—1,0>€: ( 1+ E ajd;— 11>€:+1 + E Ol:<—fo+ E Oljaj—l,0>ek’
j=4 k=i+2 j=4
n—1
—Qj_1,0€2 — 4j_1,1€3 — Gj_1,0 E aey, 3=<j=<n,
k=4

—0j_1,0€; — Gj—1,1€i+1 — dj—1,0 E Qg—it2€k, 2<i=<n, 3<j=<n,
k=i+2

n
= —dyer; + Z die;,

Co — Olnan 1,0X + (c1 — dy — apy—1,1)es

(
(2 +a13 — a3+ dz2 + Qnln-1,1 + Anln3)e2 + (C3 +a14 — 0G24+ an(ans — (14(1",2))93
n—1 i

(¢i + a1 — aip1 + op(@ni — @i 1n2) + E aj(ay,i—j+3 — az,i—j+3))€i + Cay1€n,
i=4 j=4

n
CoX + ZCI‘E,‘,
n—1
((12 o+ Za]a] ())X + (a2 1+ Z(Xja] 1 61 + (—(12 1+ Za]a] 2)6‘2

j=4 j=4 j=4
k—2
<C1 +c+ E jd;, 3)33 + E <Ck 1 — 210k — E g—j+202j + E ;a;, k)ek + az 10n€y,
j=4 k= j=2 j=4
n—1 n
(a, o+ E Qj—it2dj, O)X + <a1 1+ E Qj—it2dj, 1)31 + <_ai,1 + E 05j—i+2‘1j,2>€2
] i+2 Jj=i+2 Jj=i+2
k—=1 n
E ( E o_ivk0j1 + E E O yk—i—s+20js + E Q20 k)ek
k=3 Yj=i+1 s=2 j=i+1 j=i+2
n—1 i—1 n n
<§ ajaj,1+2 E ®j—s120js + E Olj—i+2aj,i>ei
j=i+1 s=2 j=i+1 Jj=i+2
i i n n
<C1 +c—(i—2)d — E aj1(a + aj2) + E E Qj_s430j5 + E Olj—i+zaj,i+1)€i+1
=3 s=3 j=it1 j=it2
i
E <Ck+171+ E Og—itjdj1 — E E Opta—j—sAi—st2,j E E ®j_s420j k— 1+s)ek
k=i+2 s=2 j=2 s=2 j=s+2
Qi 1€n,

n—2 n
dze; + dses + Z( i+1 + Z% 1+3—]> e + <dn + Zajdn+2—j> en—1 + Ben.

i=4 j=4 j=4
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Proof. The proof of this proposition is carried out by applying similar arguments as in the proof of Theorem 3.8. O

Corollary 3.19.
dim ZL* (Rs(e;), Rs(a;)) = n® + 3n — 3,

. 2 4 W _ J2n—4, a; =0foralli,
dim HL* (Rs(@), Rs(eu)) = {Zn —5, a; # 0forsomei.
Let us introduce the notations

pler, x) =e; — e,
p:ype,x)=(i—3)e, 4<i=<n,
p(x,e1) = e — ey,

_ . 1pk(el’ X) = €,
Ve =k=n-1): Yilen, X) = exyi—2, 2<i<n—k+2,

Yn {wn(ez»x) = €n,

¢n2(en, e1) = e,

¢n2(e1,X) = —oy Zaj+lejs

2 ‘
o ¢n.2(ei, X E Upgjr1-i€, 3 <i<n-—1,

n—1

§0n,2(en, X) = E Qj4+1€j,
j=3

(ﬂn,k(en, e]) = €,

eniler, x) = —agey,
i+k—3

onilei X) = E Onyjr3—i—k€, 3<i<n+2-k
Jj=k

Oonk(3<k=<n-1):
onk(ei, X) = Zan+j+3—ifkej7 n+3—-k<i<n-1,
j—k

@nk(en, X E oj3-k€j.
Jj=k+1

Proposition 3.20. The equivalence classes o, ¥y (4 < k < n)and g, (2 < k < n — 1) form a basis of HL? (R5(0), RS(O)). The
basis of HL?(Rs(c), Rs(r)) witha = (e, ..., o) # (0, ..., 0), is also the same except one cocycle Y with o, # 0.

Proof. Since there are parameters (a; j, Ck, B8, ds) in the general form of 2-cocycles for the algebra Rs(o4, . . ., a,), we consider
the natural basis of the space ZL?> whose basis elements are obtained by the instrumentality of these parameters.
Similarly as in the proof of Proposition 3.10, we denote by x(a;;) the cocycle which satisfies a;; = 1 and all other
parameters are equal to zero. We define such type of notation for other parameters by notations
vij = x(aj), VYe=x(), ps=x(ds), n=x(B),
where1 <i<n0<j<n0<k<n+12<s<nand

(i.j) € {(1,0). (1, 1), (1, 2)}.

To define the basis of BL? (R5(a,-), Rs(ozi)) we consider the endomorphisms f; x : Rs(c;) = Rs(c;) defined as follows

fifle)=¢, 1=<ij<n,
fint1(e) = x, 1<i<n,
fn—H,j(X) =€, 1<j<n,

Jortnr1(x) = x,

where in the expansion of the endomorphisms the omitted values are assumed to be zero.
Consider

8%, y) = [fij(x), yI + [x, fi (V)] = fij([x, y]).
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Note that g;; € BL? (Rs(ai), Rs(ai)) and by direct computation we express g; j via the elements ¢; j, ¥, ps and 7.

In the case of ¢4 = a5 = --- = a, = 0 we obtain that any linear combination of elements p,, ¥, 4 < k < n and
®nj» 2 <j < n— 1does not belong to BL? (Rs(ai), Rs(ai)). Therefore, the equivalence classes of these elements form a basis
of HL? (Rs(et;), Rs(c;)).

However, in the case of (a4, as, ..., o) # (0,0, ..., 0) we obtain that
2044 + 3asys + - -+ + (0 — 2)an Yy € BL* (Rs(e), Rs(axy)).

Hence, in this case we get that the basis of HL? (Rs(c;), Rs(;)) also consists of 7z, Y (4 <k <n)and @px (2 <k <n—1),
except one cocycle ¥ withay £ 0. O
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