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Abstract We consider Potts model, with competing interactions and countable spin
values @ = {0, 1, ...} on a Cayley tree of order three. We study periodic ground
states for this model.
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1 Introduction

Each Gibbs measure is associated with a single phase of physical system. As is
known, the phase diagram of Gibbs measures for a Hamiltonian is close to the phase
diagram of isolated (stable) ground states of this Hamiltonian. At low temperatures,
a periodic ground state corresponds to a periodic Gibbs measures, see [1-9]. The
problem naturally aries on description of periodic ground states. In [3, 4] for the
Ising model with competing interactions, periodic and weakly periodic ground states
were studied.

In [1] ground states were described and the Peierls condition for the Potts model
is verified. Using a contour argument authors showed the existence of three different
Gibbs measures associated with translation invariant ground states.

In [5], (1), [8] studying periodic and weakly periodic ground states for the Potts
model with competing interactions on a Cayley tree. In the present paper, we consider
Potts model, with competing interactions and a countable set of spin values @ =
{0, 1, ...} on a Cayley tree of order three. We study periodic ground states.

In [10] the 3-state Potts model with competing binary interactions (with couplings
J and J,) on a Bethe lattice of order two is considered. The set of ground states of
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the one-level model is completely described. The critical temperature of a phase
transition is exactly found and the phase diagram is presented.

In [11] an exact phase diagram of the Potts model with next nearest neighbor
interactions on the Cayley tree of order two is found.

The paper is organized as follows. In Sect. 2, we recall the main definitions and
known facts. In Sect. 3, we study periodic ground states.

2 Main Definitions and Known Facts

Cayley tree. The Cayley tree (Bethe lattice) I'* of order k > 1 is an infinite tree, i.e.,
a graph without cycles, such that exactly k 4 1 edges originate from each vertex (see
[12]). Let I'* = (V, L) where V is the set of vertices and L the set of edges. Two
vertices x and y are called nearest neighbors if there exists an edge [ € L connecting
them and we denote [ = (x, y).

On this tree, there is a natural distance to be denoted d(x; y), being the number
of nearest neighbor pairs of the minimal path between the vertices x and y (by path
one means a collection of nearest neighbor pairs, two consecutive pairs sharing at
least a given vertex).

For a fixed x° € V, the root, let

W,={xeV:idx,x")=n}, V,={xeV:dx x°) <n)

be respectively the sphere and the ball of radius n with center at x°.

It is well-known that there exists a one-to-one correspondence between the set V
of vertices of the Cayley tree of order k > 1 and the group Gy of the free products of
k + 1 cyclic groups of second order with generators ay, as, ..., ar+1 (see [2, 13]).

3 Configuration Space and the Model

Foreach x € Gy, let S(x) denote the set of direct successors of x, i.e., if x € W, then
S(x) ={y € Wyq1 :d(x,y) = 1}.

For each x € Gy, let S;(x) denote the set of all neighbors of x, i.e. S;(x) = {y €
Gy : {x,y) € L}. The set S;(x) \ S(x) is a singleton. Let x; denote the (unique)
element of this set.

We consider the models in which the spin takes values in the set @ = {1, 2, ...}.
A configuration o on the set V is defined as a function x € V — o (x) € @; the set
of all configurations coincides with 2 = @V

Let G be a subgroup of index r > 1. Consider the set of right coset G/ G} =
{H,, ..., H}, where Gj is a subgroup.
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Definition 1 A configuration o (x) is said to be G - periodic if o (x) = o; for all
x € H;. A Gy-periodic configuration is said to be translation invariant.

The period of a periodic configuration is the index of the corresponding subgroup.

Definition 2 A configuration o (x) is said to be G - weakly periodic if o (x) = oyj
forallx € H; and x| € H;.

The Hamiltonian of the Potts model with competing interactions has the form

H(O‘) = Jl Z 80(.x)a(y) + -12 Z 80(x)o’(y)v (1)
() X,yev:
x,yevV d(x.y)=2

where J;, J, € R and

4 Ground States

For pair of configurations o and ¢ coinciding almost everywhere, i.e., everywhere
except at a finite number of points, we consider the relative Hamiltonian H (o, ¢) of
the difference between the energies of the configurations o and ¢, i.e.,

H(o,9) =/, Z (B0 )0 (») = Sprp() + 2 Z Boo () = Spp):  (2)

(x.y). x,yev:
x.yeV d(x,y)=2

where J = (J1, J») € R? is an arbitrary fixed parameter.

Let M be the set of all unit balls with vertices in V. By the restricted configuration
o, we mean the restriction of a configuration o to a ball b € M. The energy of a
configuration o, on b is defined by the formula

1
Uloy) = U0y, 1) = 301 Y dotom +2 D Sowiom, 3)
(x.y), x,yeb:
x,yeb d(x,y)=2

where J = (J;, J») € R2.
The following assertion is known (see [2—-8])

Lemma 1 The relative Hamiltonian (2) has the form

H(o,9) =Y (U(oy) — Ulgy)).

beM

Note that, in [5] in the case k = 2 and @ = {1, 2, 3} all periodic (in particular
translation-invariant) ground states for the Potts model (1) are given. In [9] the set
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of weakly periodic ground states corresponding to index-two normal divisors of the
group representation of the Cayley tree is given. In [8] the sets of periodic and weakly
periodic ground states corresponding to normal subgroups of the group representation
of the Cayley tree of index 4 are described.

We consider the case k = 3. It is easy to see that U(op) € {U;, U,, ..., Uy} for
any oy, where

3 1
U =2J14+6Js, U= 511 +3h, Us=J1+2/, Us= 511 +3Ja,
1
Us =6/, U6=§J1, Uy =30, Ug= s,

1
Uy =Ji + o, U10=§Jl+12, Un =24, Upjp=0.

Definition 3 A configuration ¢ is called a ground state of the relative Hamiltonian
H if U(pp) = min{U,, Uy, ..., Uy} forany b € M.

Weset C; = {0, : U(op) =U;}and U;(J) = U(op, J) ifop, € Cii = 1,2, ...,
12.
If a ground state is a periodic (weakly periodic, translation invariant) configuration
then we call it a periodic (weakly periodic, translation invariant) ground state.
Let
AC{L2,....k+1}, Hy={x € Gy: ij(x) is even},
JjEA

G? ={(x € Gy : |x|iseven}, G) = HyN G,

where w;(x) is the number of occurrences of a; in x and |x| is the length of x, i.e.
x| = Z’;;r} w;(x). Notice that G,(:D is a normal subgroup of index 4 of Gy.
Then we have

G,(f) = {x € Gy : |x] is even, ij (x) is even}.
jeA

IfA={1,2,...,k+ 1}thenthe normal subgroup H4 coincides with the group G,(f).
Foranyi =1,2,...,12 we put

A; ={J e R*: U; = min{U,, Us, ..., Upn}}. 4)
Quite cumbersome but not difficult calculations show that

Al={JeR?>: 11 <0,, <0}U{J eR?*: J, <—6J5, ), >0},
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Ay={J eR>: J; >0,—6J, < J, < —4J,},
As=As=Ap={J eR*: ], =0,], =0},

As={J eR*:J; >0,J, <0},
Ag={J eR*>: ), >0,-2J, < J, <0},
A;=As=A,={JeR*:J,>0,J, =0},
Ag={J eR>: ], <0,—4J, < J; < =21},

Ap=1{JeR*:J; <0,/ <0}, and RZZUA"'

Theorem 1 Forany class C;,i = 1,2, ...12, and any bounded configuration o), €
C;, there exists a periodic configuration ¢ (on the Cayley tree) such that ¢ € C; for
any b’ € M and ¢, = op.

Proof For an arbitrary class C;,i =1,2,...,12, and o, € C;, we construct the
configuration ¢ as follows: without loss of generality, we can take the ball centered
ate € G3 (where e is the unitelement of G3) fortheball b,i.e.,b = {e, ai, ar, az, a4}.

We consider several cases.

Case Cy.Inthis case, wehaveo (x) = i,i € @, forany x € b. The configuration ¢
hence coincides with the translation-invariant configuration, i.e. o = {¢® (x) = i},
where i € @.

Case C,. This case is considered in [8]. Let Hj;; be normal subgroup of index
two, and G/ Hy;y = {H(z), Hl(z)} is quotient group, for any i € {1, 2, 3, 4}. For any
[,m e @, # m, considering the following Hj;,—periodic configuration:

I, if x e H,

(Im)
X) =
2 (x) {m if x e Hl(z).

In [8] it was proved, that (wélm) )y € Co forany b’ € M.

Case C3. Let Hy; jy, i, j € {1,2,3,4} and i # j be a normal subgroup of index
two, and G/ Hy; j) = {H(3), Hl(3)} be the quotient group. For any I, m € @,1 # m,
consider the following Hj; j;— periodic configuration:

I, if x € HY,
m, if x € H1(3).

93" (x) = {

So we thus obtain a periodic configuration (pglm) with period p = 2 (equal to the

index of the subgroup); then by construction ((pglm)) » = 0p. Now we shall prove that
all restrictions ((pglm))/,/ for any b’ € M of the configuration <p§lm) belong to Cs.
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Letq;(x) = [S1(x) N H|, j =0, I;where $; (x) = {y € Gy : (x, y)}, the setof
all nearest neighbors of x € G. Denote Q(x) = (go(x), g1(x)). Clearly go(x) (resp.
q1(x)) is the number of points y in Sy (x) such that (pgm) (y) = [ (resp. (pglm) (y) = m).
We note (see Chap. 1 of [2]) that for every x € Gy there is a permutation 7, of the
coordinates of the vector Q(e) (where e as before is the identity of Gy) such that

7 Q(e) = Q(x).

Moreover Q(x) = Q(e)ifx € H(ES) and Q(x) = (qi1(e), qole)) ifx € H](3). Thus
forany b’ € M we have (i) if ¢,y € Hé3) (where ¢y is the center of b’) then ((pélm))br €
Cs, (ii) if cy € HY, then (9™ € Cs.

Case Cy4. Let Hy; j, be a normal subgroup of index two, and Gx/Hy j 3 =
{Hé‘”, H1(4)} is the quotient group, forany i, j, r € {1,2,3,4}andi # j,i #r, j #
r.Forany I, m € @, # m, considering the following Hj; ; ,j— periodic configura-
tion:

e , if x € HY,
(x )_{m 1fer(4)

We thus obtain a periodic configuration (p( m)
((pf‘[m))b € Cyforany b’ € M.

Case Cs. Let Gk/G(z) {Hés), H(S)} is quotient group. Forany /, m € @, # m,
consider the following Gk — periodic configuration:

with period p = 2; it is clear that

am oy = [ 1 i x € HY,
¥s | m,if x e H(S)

It is easy to see (see [8]) that for each b’ € M we have ((p(l ))b, € Cs.
Case Cs. Let G = H; N\ H; N H,, for any i, j,r € (1,2,3,4},i # j.i #r,
Jj # r. We note (see [2]) that Ggé) is a normal index-eight subgroup in G3, and
G 3/ G(G) {H, (6), (6), . (6)} is quotient group, where
H(é) G(ﬁ) {x € G3:w; (x) is even, w; (x) is even, w,(x) is even},
H(ﬁ) {x € G3 : w;(x) is even, w;(x) is even, w, (x) is odd},
H(é) {x € G3 : w;(x) is even, w;(x) is odd, w,(x) is even},
H(G) {x € G3 : w;(x) is even, w; (x) is odd, w, (x) is odd},
Hf) = {x € G : w;(x) is odd, w; (x) is even, w, (x) is even},
H(G) {x € G3 : w;(x) is odd, w; (x) is even, w,(x) is odd},
H“) {x € G3 : w;(x) is odd, w; (x) is odd, w, (x) is even},
H((’) {x € G3 : w;(x) is odd, w; (x) is odd, w, (x) is odd}.
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[ np n [ p npl | mp
/
p n m m n p P n m
\
m n p
[

Fig. 1 Representation of the G,(f’) periodic configuration (pé[m"p ) (x) on the Cayley tree of order
k=3

For given o}, we have

I, if x € H® UH” Nb,
m, if x e H® UH® nb,
n, it x e HY UH® Nb,
p, if x € H3(6) U H:6) Nb.

op(x) =

For any I,m,n,p e ®,l #m,l #n,l # p,m #n,m # p,n # p, continue the
bounded configuration o}, € Cg to the entire lattice I'> (which is denoted by (pélm"p ),
(see Fig. 1)) as

I, if x € H” UH,
m, if x e H” UH®,
n, if x e Y UHY,

: (6) (6)
p, if xe Hy" UH,".

1
g5 (x) =
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Case C7.Let G/ G(4) {H <, (7), H2(7), H3(7)} be quotient group. In [8] it was
proved that for G,(j)— periodic configurations

1, if x e H" nH"”,
(p;[mn)(x) =1i1m,if x € H2(7)’
n, if x € H3(7),

and
I, if x € H",
" () = m, if x e H,
n, it xe H" N H",

one has: ("), € C7, (W) € C; for all [,m,n € @, 1 £m, 1 #£n,m#n
and for any ' € M.
In [9] it was proved that Hj; 5 33— weakly periodic configurations

l, ifxieHo,ero
m,ifx¢€H0,er1
n, ifx¢€H1,er0
l, if X¢EH1, x € Hy,

57(lmn) (X) _

satisfy the following: (£\""), € C; for all [,m,n € ®,1 #m,l #n,m # n and
forany b’ € M.

Case Cg. Let G = Hy jy N\ Hyy O Hyy, @y jokor € {1,2,3,4),0 # j,i #k,

i#r,j#k,j#r k#r. We note (see [2]) that Ggs) is a normal index-eight
subgroup in G3, and G3 /G(S) {H, ® H, ® . H (8)} is quotient group, where
H(8> G(s) {x € Gz : w;j(x) +w;(x) is even, wk(x) is even, w,(x) is even},
H(g) {x € G3 : w;(x) +w;(x) is even, wi(x) is even, w, (x) is odd},
H(S) {x € Gz : w;(x) +w;(x) is even, wi(x) is odd, w, (x) is even},
H(S) {x € G : wi(x) +w;(x) is even, wi (x) is odd, w, (x) is odd},
H(g) {x € Gz : w;(x) +w;(x) is odd, wi (x) is even, w, (x) is even},
H(S) {x € G3 : wi(x) +w;(x) is odd, wi (x) is even, w, (x) is odd},
Hg*” = {x € G3 : w;(x) + w;(x) is odd, wi (x) is odd, w, (x) is even},
H® = {x € G3 : w;(x) + w;(x) is odd, wi(x) is odd, w, (x) is odd}.

In this case, for any [, m,n, p € @, l;/:m,l #n,l#=pm#Enmz#=pn#Ep
(mnﬁ)
we define the configuration ¢y

I, if x € HY UHY,

(lmnp)(x) )y m, if x € H1(8) U Hég),
v T it xe P URY,
: (8) (8)

p, if x € H;” UH,".



Ground States for Potts Model with a Countable Set of Spin Values on a Cayley Tree 67

We thus obtain a periodic configuration """ with the period p = 8 such that

((pélm"p))b = 0y, (<p§lm"p))br € Cgforany b’ € M.

Case Cy. We consider a normal subgroup %) € G3 (see [2]) of infinite index
constructed as follows. Let the mapping g : {ai, a2, as, as} — {e, a;, a»} be defined
by

o(ar) = {a,-, ifi=1,2
! e, if i #1,2.

Consider

fox) = folaiai, .. .a;,) = mola;,)mo(ai,) - .. mo(a,, ).

Then it is easy to see that f is a homomorphism and hence 5% = {x € G3 :
fo(x) = e} is a normal subgroup of infinity index.
Now we consider the factor group

G/ 7 = (. Ho(a), Ho(ar), Hy(ar1aa), Ho(azray), ...},
where 74 (y) = {x € G5 : fo(x) = y}. We introduce the notations
I = oy (aay...), A, = Hp(aay...).
—— ——

In this notation, the factor group can be represented as
G35 = {..., 0y, I 5, 74, I, H5, ...}.

It is known (see [6]), that for x € 77, we have |S;(x) N7, 1| =1, |S;(x) N
ol =k —=1,181(x) N A | = 1.
Consider the following configuration

2nl, if x e ,,n+#0,
" ()= {0, if x e,
@n—1m,if xe A ,,n#0,

wherel,m € @, #m,n=1,2,3...

We thus obtain a periodic configuration (pgm) with the infinity period, such that
(@d"™), = 03 € Co, and (p"™)yy € Co for any b’ € M.

Case Cyy. Let S5 be the group of third-order permutations. We choose g, 1, 75 €

S3 as
(123 (123 (123 )
To=\123)"=\132)™=\321)"

It is easily seen that 7o = 717 = 3.



68 G. I. Botirov and M. M. Rahmatullaev
We consider the map u : {a;, az, as, a4} — {m1, 72}
m,i=1,2
N\ = ] 6
u(al { 3 4 ( )

and assume that the function f : G3 — S3 is defined as

f&x) = flapa, ... .a,) =ula;,) ... u(a,).

(123 (123 (123
T=\312)™=\231) " \213)"

We note (see [14]) that Hjp = {x € G3 : f(x) = 7y} is a normal index-six sub-
group. Let G3/Hjp = {¥No, . .., Rs} be the quotient group, where

Let

Ni={xeGs: fx)=m},i =0,5.
In this case, we define the configuration

[, x €RyUNRNs,
Pl (x) = { m, x € R URy,
n, x € Ry UNj,

where [, m,n € @,1l #m,l #n,m # n.
We thus obtain a periodic configuration (pflo’m’") with the period six, such that
(@i5"™)s = o3 € Cio, (@jg"™")p € Cio forany b’ € M.
Case Cy;. Let S3 be the group of third-order permutations. It is easily seen that
_ 2 _ 2
Ty =T = 73,
We consider the map u : {a;, a», a3, as} — {7y, s}

i =1,2;
um»:{nhi=l4, (7)

and assume that the function f : G3 — S3 is defined as

fx) = flayai,...a;,) =ula;) ... u(a,).

We note (see [14]) that H;; = {x € G5 : f(x) = mp} is a normal index-six sub-
group. Let G3/Hyp = {Ny, ..., Rs} be the quotient group, where

N ={xeGs: f(x) =m},i=0,5.

In this case, we define the configuration
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l, XGR()UNz,
(lmn)( )_ m,x€N4UN5,
n, XEN]UN:;,

where [, m,n € @,1 #m,l #n,m # n.

We thus obtain a periodic configuration ¢ with the period six, such that
@)y = oy € Cuy, (™) € €1y forany b’ € M.

Case Cyy. Let % = {(a1ax)" € Gz : n € Z}. Itis easy to see, that 7 is subgroup
of the group G5. Consider the set of right cosets G3/% ={%, % ay, ..., % a1,
U aiay, ...} of Z in G3. We introduce the notations

(l,m,n)

H() = %, H1 = ?/(11, veey Hk+l = %ak_;,_], Hk+2 = %alaz,
In this notation, the set of right coset can be represented as
G3/% ={Hy, Hi, ... Hiy1, Hiqo, ...}

Consider the following configuration: ¢l,(x) =1+, if x € H; for all i =
0,1,2,...and forany/ € &.
Letx € H,,thengl,(x) = [ +nandif H, = %aj aj,...a;, thenforally € Sj(x) we
have y € % ajaj,...aj,a;, t = 1,2, 3, 4. By construction of configuration we have
P12 # @1, (x) and ¢}, (y1) # @1, () forall y, yi, y2 € S1(x), yi # yo.

We thus obtain a % —periodic configuration ¢!, with the infinity period, such that
(¢l € Cia forany b’ € M.

WesetB AlﬂAz,Bo—AlﬂAs,Bl AQQAQ,BQZAQHA@%:Agﬂ
Ap, A = A\ (BU By), Ay = Ay \ (BoU B1), As = As \ (By U A), Ag = Ag \
(B2 U B3), Ag = A9 \ (Bl U Bz) and A12 = A12 \ (B3 U A7) Let GS(H) be the set
of all ground states, and let GS,,(H) be the set of all periodic ground states.

Remark 1 (1) Note that,

(i) If ¢ > 3 then the ground states o (x), (p(lm), (pglm), (pi’m) , (pgl'") , (pélmp) w(lm") ,

7(1”‘") , gpfg’m), <pfllm") described in Theorem 1 are ground states for the ¢ state Potts

model on the Cayley tree of order three.

(ii) If ¢ > 4 then the ground states (p(lm"p ) (pgm"p ) (described in Theorem 1) are
ground states for the g state Potts model on the Cayley tree of order three.

(iii) The ground states (pgm), ¢!, are ground states only for the Potts model with
countable set of spin values on the Cayley tree of order three.

(2) In this paper we considered the case k = 3. If one considers the case k > 4,
the ground states described in Theorem 1 may not be ground state, and this class of
ground states may be extended. Besides the set A; in (4) will be different.

Theorem 2 A. If J = (0,0), then GS(H) = 2
B. 1.IfJ € Ay, then GS,(H) = {9V : i € ®}.
2.1f J € Ay, then GS,(H) = {@™ :1,m € @,1 # m).
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3.0fJ € As, then GS,(H) = (™ : 1, m € @,1 # m).
4.1f J € Ag, then GS,(H) = {o!"™ :l,m,n,p e ®,1 £m,l #n, 1 # p,m+#
n,m# p,n# p}
5.0f J € Ao, then GS,(H) = {@{"™ :1,m € @,1 # m).
6.1f ] € Apy, then GS,(H) = (¢, : I € B},

C.1.IfJ € B\ {(0,0)}, then GS,(H) = {¢©, o™ :i,1,m € @,1 # m).
2.1f J € By \ {(0,0)}, then GS,(H) = {9p©, '™ :i,l,m € @,1 # m).
3.0f T € B\ {(0,0)}, then GS,(H) = ("™, @™ 2 i,1,m € ®,1 # m}.
4.1f J € B2\ {(0,0)} then GS,(H) = (o™, {"™ :l,m,n,p e ®,1 #£m,1+#
n,l#p,m#n,m#p,n#p}
5.1 J € B3\ {(0,0)} then GS,(H) = {¢""”, ¢!, : l,m,n, p € ®,1 £m,l #n,
lL#p.m#n,m=#p,n#pl
6.1f J € Ag, then periodic configuration ™, £ (x), v\ (x), goélm"p) x), ¢l
are periodic ground states, and weakly periodic configuration ™ (x) is weakly
periodic ground state, where |, m,n, p € @,1 #m,l #n,l # p,m #n,m # p,
n # p.

Proof Case A is trivial. In cases B and C, for a given configuration o}, for which the
energy U (o}) is minimal, we can use Theorem 1 to construct the periodic configu-
rations.

Remark 2 Since the set @ is countable, it follows that the periodic and weakly
periodic ground states described in Theorem 2 are countable.
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