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Some remarks on nilpotent Leibniz superalgebras.

Khudoyberdiyev A.Kh.
Abstract

B mannoit pabore uccieayrorcs cynepaarebps Jleitbuura, obraaaorme XapakTepu-
CTUYECKOI MOCJIEIOBATEILHOCTIO PABHOM (N1, . .., ng|my, ... mg) ¢ ycaoBuemn ny < n — 2
nm <m-—1l,tmeni+---+ng=mn, m+---+ms=mun, M pa3MepPHOCTH IETHOI
U HEYETHOW JacTeil, COOTBETCTBEHHO. B 4acTHOCTH, MBI IOKA3bIBAEM UTO TAKUEe CylepaJ-
reOPbl UMEIOT HUJIBWHJIEKC MEHbBIIE YeM 71 + m.

Ushbu maqolada xarakteristik ketma-ketligi (n1, ..., ng|m,...mg) uchunny < n—2
va m; < m—1 shartlar o’rinli bo’ladigan Leibniz superalgebralari o’rganilgan. Bu yerda n,
m mos ravishda superalgebra juft va toq gismlarining o’lchamlari, xamda ny + - - - 4+ny =
n, my+---+ms = m. Xususan, bunday superalgebralarining nilindeksi n +m dan kichik
ekanligi isbotlangan.

It is well known that the Leibniz superalgebras are generalization of Lie superalgebras
and on the other hand they naturally generalize the Leibniz algebras. The notion of Leibniz
superalgebras were firstly introduced in [1]. It is known that the class of filiform algebras,
which have the nilindex equal to the dimension of the algebra, is a very important for to
study of nilpotent Lie and Leibniz algebras. The filiform Leibniz algebras are investigated
in 2] and it is proved that the condition on the characteristic sequence to be equal to
C(L) = (n — 1,1) is necessary and sufficient for the Leibniz algebras to be filiform. In
the work [6] the Lie superalgebras with nilindex equal to n + m were classified, and it
was established that such superalgebra exist only in the cases of n = 2, m is odd and
characteristic sequence C'(L) = (1, 1|m).

In the present paper we investigate the Leibniz superalgebras, with even part having
the nilindex less than n. We proved that such Leibniz superalgebras have the nilindex less
than n 4+ m. Since the superalgebra with characteristic sequence (ny,...,nglmq,...,my)
for ny < n —2 and m; = m have been already investigated in the work [5], we consider
the case where m; < m — 1.

Throughout this work we shall consider spaces and (super)algebras over the field of
complex numbers.

Recall the notion of Leibniz superalgebras.

Definition 1. A Z,-graded vector space L = Lo® L1 is called a Leibniz superalgebra
if it is equipped with a product [—, —] which satisfies the following conditions:

L. [La, Lg] € Lot s(mod 2)5

2. [z, [y, 2]] = [[x, 9], 2] — (=1)*%[[z, 2], y]— Leibniz superidentity,
foralz € L,y € L,, 2 € Lg and «, B € Zs.

The vector spaces Lg and L, are said to be the even and odd parts of the superalgebra
L, respectively. Evidently, the even part of a Leibniz superalgebra is a Leibniz algebra.

The set of all Leibniz superalgebras with the dimensions of the even and odd parts,
respectively equal to n and m, we denote by Leib,, .



For a given Leibniz superalgebra L we define the descending central sequence as
follows:
LY=L, L[F'=[L"1], k>1

Y ?

Definition 2. A Leibniz superalgebra L is called nilpotent, if there exists s € N
such that L®* = 0. The minimal number s with this property is called nilindex of the
superalgebra L.

Let L = Ly @ Ly be a nilpotent Leibniz superalgebra. For an arbitrary element
xr € Ly, the operator of right multiplication R, : L — L (defined as R,(y) = [y,z])
is a nilpotent endomorphism of the space L;, where i € {0,1}. Taking into account the
property of complex endomorphisms we can consider the Jordan form for R,. For operator
R, denote by C;(x) (i € {0,1}) the descending sequence of its Jordan blocks dimensions.
Consider the lexicographical order on the set C;(Ly).

Definition 3. The sequence

C(L) :( max Cy(z)

IGLo\Lg

max O, (55))

TeLo\L}

is said to be the characteristic sequence of the Leibniz superalgebra L.

From the Definition 3 we have that a Leibniz algebra L, has characteristic sequence
(n1,...,n). Let [ € N be the nilindex of the Leibniz algebra Lg. Since [ < n — 1 we have
that the Leibniz algebra L, has at least two generators (the elements which belong to the
set Lo\ L3).

For a given Leibniz algebra A of the nilindex [ we put gr(A); = A//A™ 1<i<
I 1 and gr(A) = gr(A); ®gr(A)2 - ® gr(A)_1. Then [gr(A);, gr(A);] C gr(A);; and
we obtain the graded algebra gr(A).

Definition 4. The gradation constructed in this way is called the natural gradation
and if a Leibniz algebra G is isomorphic to gr(A) we say that the algebra G is naturally
graded Leibniz algebra.

Since the second part of the characteristic sequence of the Leibniz superalgebra L
is equal to (my, ..., ms) then by the definition of the characteristic sequence there exists
a nilpotent endomorphism R, (z € Lo \ L) of the space L; such that its Jordan form
consists of s Jordan blocks. Therefore, we can assume the existence of an adapted basis
{¥1,y2, ..., ym} of the subspace Li, such that

[y],._'lf] :yj+1a J¢ {m17m1+m2a-"7m1+m2+"'+m8}7 (1)
lyj,z] =0, je{mi,m +mo,...,my+mg+ -+ mg}.

for some x € Lo \ L3.

According to the Theorem 7 from [1] we have the description of single-generated
Leibniz superalgebras, which have nilindex n + m + 1. If the number of generators is
greater than two, then the superalgebra has nilindex less than n 4+ m. Therefore, we
should consider the case of two-generated superalgebras.

Since the superalgebra L = Ly @ Ly has two generators, then we have the following
possible cases: both generators lie in Ly; one generator lies in Ly and the another one lies
in Lg; both generators lie in L.

Since m # 0 we omit the case where both generators lie in even part.

Let us consider the second possible case.



Lemma 1. Let one generator lie in Ly and another one lie in L;. Then z; and 3,
can be chosen as generators of L. Moreover, in the equality (1) instead of the element x
we can take x.

Proof. The proof is similar to the proof of Lemma 3.1 in [5]. O

Due to Lemma 1 further we shall suppose that {z1,y;} are generators of the Leibniz
superalgebra L. Therefore,

[? = {2, %3, ., Ty Y2, U3y -+ s Y -

Let us introduce the notations:

(i, 11] = Zai,jyj: 1<i<n, [ywn]= Zﬁi,jx]’a 1<i<m. (2)
j=2 j=2

Firstly we consider the case where dim(L?)y = n — 1, then dim(L?); = m — 2. i.e.

L3 = {x27$37 ey Ty Y3y ooy Ymg, BlyQ + BQym1+l7ym1+27 S 7ym}7
where (By, B2) # (0,0).

We summarize our main result in considered cases in the following

Theorem 1. Let L = Ly ® L; be a Leibniz superalgebra from Leib,, ,, with the
characteristic sequence equal to (ny,...,ng|my,...,ms), where ny <n—2, m; <m—1
and let dim(L3)y = n — 1 with y, ¢ L?. Then L has the nilindex less than n + m.

Proof. Let us assume the contrary, i.e. the nilindex of the superalgebra L is equal
to n+ m. Then from the conditions of the Theorem for the powers of the superalgebra L
we obtain

Lh - {Ig,[ﬁg, s Ty Yhy Yot 1s - - -5 Ymyg s B1y2 + BZ?Jm1+1’ym1+27 s 7ym}7 h Z 37

LMY = {23, Ty Yny Ynts - - - s Ymas BiY2 + BoYimy 11 Yma 125 -« - » Y |
Lh+2

- {1:3’ coy Ty Yhetls - Ymas Bly? + BQym1+17ym1+2a s 7ym}'
Since y;, ¢ L2, it follows that
Qo p 7& O, QG p = 0 for 7> 2.

Consider the product

1 1 -
[yn—1, 3], = 5[%71, [y, 1)) = 5[%71, ;511%]
The element y,_; belongs to L' and the elements x9, 23, ..., x, lie in L?. Hence

tlyn—1, > Brai] € L2 Since y, ¢ L', we obtain that [[y—1, y1],31] = > (*%)y;.
i=2 Jehtl
On the other hand,

[yn—1, 1], 1] = (T2, 91] = Qo nyn + Z @2,5Yj-
j=h+1



Comparing the coefficients at the basic elements we obtain ayj) = 0, which is a
contradiction with the assumption that the superalgebra L has the nilindex equal to
n + m and therefore the assertion of the theorem is proved. 0

If y» € L? then B, = 0 and the following theorem is true.

Theorem 2. Let L = Ly ® Ly be a Leibniz superalgebra from Leib,, ,, with the
characteristic sequence equal to (nq,...,nglmy,...,my), where ny <n—2 m; <m-—1
and let dim(L3)g = n — 1 with y € L3. Then L has the nilindex less than n + m.

Proof. We shall prove the assertion of the theorem by the contrary, i.e. we assume
that nilindex of the superalgebra L equal to n + m. The condition y» € L? implies

3 _
L? = {*%273:37"'7xn7y27'"7ym17ym1+27"'7ym}'

Then oy m,+1 # 0 and @, +1 = 0 for ¢« > 2. The element y, is generated from products

[z5,11], © > 2 which implies y, € L*. Since [ym,1,91] = [[21, 3], 1] = 321, [y1, 1] =
1

511, > (%)x] and x5 is a generator of the Leibniz algebra Ly then x5 can not generated
i>2

from the product [y, 11,v1]. By asterisks (x) we denote the appropriate coefficients at

the basic elements of superalgebra. Thereby x5 also belongs to L.

Consider the equality

[len, yn) ] = [, [y, 2] + [ o], o] = [, 9] = D (0, mil.

i>3

From this it follows that the product [[z1, y1], z1] belongs to L° (and therefore belongs
to L4).
On the other hand,

m
[lo1, 1) 1] = ) a1 gy, 1) = @uags + -+ Qg 1Yy + Olmy 41Ymag2 + -+ QL 1Y
=2
Since ay m, 11 # 0, we obtain that y,,, 12 € L*. Thus, we have L* = {9, x3,. .., 2y,

Yoy -+ s Ymys Ymy 25 - - - s Ym }, that is L = L3. Tt is a contradiction to nilpotency of the
superalgebra L.

Thus, we get a contradiction with the assumption that the superalgebra L has the
nilindex equal to n + m and therefore the assertion of the theorem is proved. 0

From Theorems 1 and 2 we obtain that a Leibniz superalgebra L with condition
dim(L?)y = n — 1 has the nilindex less than n + m.

The investigation of Leibniz superalgebras with property dim(L3)y = n — 2 shows
that the restriction on to nilindex depends on the structure of the Leibniz algebra Lj.
Below we present some necessary remarks on nilpotent Leibniz algebras.

Let A = {21,29,...,2,} be an n-dimensional nilpotent Leibniz algebra with the
nilindex ! (I < n).

Proposition 1. [5] Let gr(A) be a naturally graded non-Lie Leibniz algebra. Then
dimA3 < n — 4.

The results on nilindex of the superalgebra under the condition dim(L?)y = n — 2
are established in the following two propositions.

Proposition 2. Let L = Ly ® L, be a Leibniz superalgebra from Leib, ,, with
the characteristic sequence (nq,...,nglmy,...mg), where ny < n—2, m; < m — 1,
dim(L3)y = n — 2 and dimL} < n — 4. Then L has the nilindex less than n + m.
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Proof. The proof is similar to the proof of Proposition 3.1. in [5]. O

From Proposition 2 we conclude that the Leibniz superalgebra L = Ly ® L with the
characteristic sequence (nq, ..., ng|ms, ..., ms), where ny < n—2, my < m—1 and nilindex
n+m can appear only if dimL} > n— 3. Taking into account the condition n; < n—2 and
properties of naturally graded subspaces gr(Lo)1, gr(Lo)2 we get dimL} = n — 3. Then
from Proposition 1 the naturally graded Leibniz algebra gr(Lg) is a Lie algebra, i.e. the
following multiplication rules hold

T1,T1] = M1,4T4 + Y1,5%5 + - + V1.0Tn,

[

[x27 xl] = I3, (3)
(21, T0] = =3 + Y244 + Vo505 + - + YonTn,

(T2, 2] = Y3424 + Y3525 + -+ + V30 Tn.

Proposition 3. Let L = Ly @& L, be a Leibniz superalgebra from Leib, ,, with

the characteristic sequence (ny,...,nglm,...,ms), where ny < n—2, my < m — 1,
dim(L?)y = n — 2 and dimLj = n — 3. Then L has the nilindex less than n + m.
Proof. The proof is similar to the proof of Proposition 3.2. in [5]. O

Let us consider the case where both generators lie in the odd part. Then the following
Theorem is true.

Theorem 3. Let L = Ly © Ly be a Leibniz superalgebra from Leib,, ,, with the
characteristic sequence equal to (nq,...,nglmy,...,ms), where ny <n—2, m;y <m-—1
and let both generators lie in L;. Then L has the nilindex less than n + m.

Proof. Let us assume the contrary, i.e. the nilindex of the superalgebra L is equal to
n+m. Since both generators of the superalgebra L lie in Ly, they are linear combinations
of the elements {y1, Yy 11, - - - Yyt tme_ +1}- Without loss of generality we may assume
that y; and y,,, +1 are generators.

Applying similar method as in the proof of the Theorem 3.3 [3] we obtain that
n=m-—1orn=m—2 and

L3 = {3327-~~7$my273/37--~aym1,ym1+27--~aym}-

Let Byys + Baym, 42 the element which do not belong to L, then any element of the
form B{ys + Blym,+2 belongs to L*, where B, B) — BB} # 0.
Hence, from the notations

[21,91] = 12(Brya + Baym, +2) + 1y +2(B1Y2 + ByYm12) + Z a1,5Y;-
=3, +2
21, Ymy+1) = 01.2(B1Y2 + Bolm+2) + 01,m1+2(B1Y2 + BoYm, 12) + Z 01,5Y5,
J=3,j#m1+2

we have (2,d12) # (0,0).

Similarly, from the notations
[B1y2 + BoYm,+2,Y1] = Booa + Bosts + -+ - + fonn,

[B1y2 + BolYm,+2, Ymy+1] = V2202 + Y23T3 4+« + Y2.nTn,
we obtain the condition (fa2,722) # (0,0).



Consider the product

(21, [y1, 11]] = 2[[z1, v1), v1] = 2012[B1ya + BoYm, 42, Y1) + 201 m, +2[B1y2 + ByYm, +2, 1|+

m

+2 Z 01, [yja Y1) = 200 232079 + Z(*)x,

j=3,j#m1+2 i>3

On the other hand,

(21, [y, nl] = [21, Bram + Braze + -+ + Bz = Z(*)xl

1>3

Comparing the coefficients at the basic elements in these equations we obtain ay 282 2 =

Similarly, considering the product [z1, [Ym,+1, Ym,+1]], We obtain d; 9722 = 0.
From these equations and the conditions (f822,722) # (0,0), (a1.2,912) # (0,0) we
easily obtain that the solutions are ajov22 # 0,822 = d12 = 0 or f22012 # 0,012 =

V2,2 = 0.
Consider the following product

[z1, 91], Y1) = [0, (Y1, Y]] = (20, Y1), 91] = —01202222 + Z(*)%
i>3
On the other hand,

[[351, yl], ym1+1] = (1,272,272 + Z(*)a:Z
i>3

Comparing the coefficients of the basic elements in these equations we obtain irregular

equation ;9722 = —f22012. It is a contradiction with assumption that the nilindex of
the superalgebra is equal to the n + m. The theorem is proved. 0
Thus, the results of the Theorems 1-3 and Propositions 2, 3 show that the Leibniz
superalgebras with the characteristic sequence (nq,...,nglmy,...,ms) (ny < n —2 and
my1 < m — 1) has the nilindex less than n + m.
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