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In this paper we investigate of an infinite system of functional equations for the Ising model with com-
peting interactions and countable spin values 0,1,... and non zero filed on a Cayley tree of order two.
We derived an infinite system of functional equations for the Ising model that is we describe conditions

on hy guaranteeing compatibility of distributions p,(">(an).
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Introduction

It is well known the Ising model is the simplest and most famous example of lattice model,
moreover its behavior is wonderfully rich. In [1] some physical motivations why the Ising model
on a Cayley tree is interesting are given. In [2] and in [3] the existence of a phase transition for
the Ising modle on the Cayley tree for k > 2 is established.

In [4] the Potts model with countable set ® of spin values on Z¢ was considered and it was
proved that with respect to Poisson distribution on ® the set of limiting Gibbs measure is not
empty. In [5] the Potts model with a nearest neighbor interaction and countable set of spin
values on a Cayley tree.

If the interactions of an atom with its nearest neighbors is independent of direction, the
model is called isotropic; otherwise, when the interaction energy depends on the direction of the
neighbor, such as its horizontal versus vertical neighbors, the model is called anisotropic.

In [6,7] considered models with nearest-neighbor interactions and with the set [0, 1] of spin
values, on a Cayley tree of order k > 1.

In this paper we investigate countable spin Ising model on a Cayley tree. These countable
spin models, which we rigorously define shortly, generalize the classical Ising models in that the
spin variables o are not restricted to the two +1 values but instead may assume any natural

number values.
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1. Definition

The Cayley tree (Bethe lattice) I'* of order & > 1 is an infinite tree, i.e., a graph without
cycles, such that exactly k + 1 edges originate from each vertex. Let I'* = (V, L) where V is
the set of vertices and L the set of edges. Two vertices x and y are called nearest neighbors if
there exists an edge [ € L connecting them and we denote | =< x,y >. A collection of nearest
neighbor pairs < x,x7 >, < 1,22 >,...,< Tq_1,Yy > is called a path from x to y. The distance
d(x,y) on the Cayley tree is the number of edges of the shortest path from z and y.

For a fixed 2° € V, called the root, we set

W, ={z € Vld(z,2°) =n}, Vo= ] Wn

m=1

and denote
S(I) = {y S Wn+1 : d(ll?,y) = 1}7 T e Wna

the set of direct successors of z.

2. Hamiltonian and measure

The Ising model was invented by the physicist Wilhelm Lenz (1920), who gave it as a problem
to his student Ernst Ising. The one-dimensional Ising model has no phase transition and was
solved by Ising (1925) himself.

We consider the Ising model with competing interactions and countable set of spin values on
the Cayley tree of order two.

The vertices z and y are called second neighbor which is denoted by )z, y(, if there exists
a vertex z € V such that z,z and y, z are nearest-neighbors. We will consider only second
neighbors )z, y(, for which there exist n such that z,y € W,.

In this paper we consider model where the spin takes values in the set of all non negative
integer numbers ® := 0,1, ..., and is assigned to the of the tree. A configuration o on V is then
defined as a function x € V +— o(z) € ®; the set of all configurations is ®.

We consider the Ising model with competing interactions on the Cayley tree which is defined

by the following Hamiltonian

H(o)=—J Y o(z)oly) =1 Y o(w)al(y) (2.1)
swev aev

where J, J; € R are constants.

Write z < y if the path from z° to y goes through z. Call vertex y a direct successor of z if
y > x and x,y are nearest neighbors. Denote by S(z) the set of direct successors of x. Observe
that any vertex x # 2° has k direct successors and z° has k + 1.

Let h: 2 € V s hy = (hio,t € [0,1]) € RI%U be a mapping of x € V' \ {2°}. Given
n=1,2,..., consider the probability distribution p(™ on Qy,, defined by

M(n)(gn) = Z;l exp <—5H(O'n) + Z hg(z)’m> . (2.2)

zeW,
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Here, as before, 0, : © € V,, — o(x) and Z, is the corresponding partition function:

Zn = /Q Vnexp( BHGn) + > haw) m) Av, (d&y). (2.3)

zeW,

The probability distributions p(™) are called compatible if for any n > 1 and ¢,,_; € Qv _

/Q ‘u(n) (Un—l \ CL)n))\Wn (d(wn)) = :u(nil) (Un—l)' (24)

Here 0p—1 V w, € Qy, is the concatenation of o,_; and w,. In this case, because of the

Kolmogorov extension theorem, there exists a unique measure p on Qy such that, for any n and

On € QVn,a Hw ({U v

= O'n}) = ™ (0,). Such a measure is called a splitting Gibbs measure
corresponding to Hamiltonian (2.1) and function z + h,, x # 2°.

3. An infinite system of functional equations

The following theorem describes conditions on h, guaranteeing compatibility of distributions
(n)
p™ (o).

Theorem 3.1. Probability distributions 1™ (a,), n=1,2,..., in (2.2), on Cayley tree of order
two, are compatible iff for any x € V '\ {z°} the following equation holds:

h; _F(hZ’h;BvJ)’ 1=1,2,..., (3.1)

where S(z) = {y, 2}, bt = (h1,o — hoz, 2z — hog,...) and

1+ > exp{iBJ(p+q)+ Jifpg+ by, + by . +1In 28 4 1n 4033
P,q=0
Fi(hy b2 5. 0) = In —H22 e
1+ p;o exp{Jlﬁpq + h;’y + h;;’z +1In Z(g) +In Z(g)}
p+g#0

Proof. Necessity. Suppose that (2.4) holds; we will prove (3.1). Substituting (2.2) in (2.4), obtain
that for any configurations o,—1 : ¢ € V,_1 — op_1(z) € ®:

Zi Z exp{—BH, (o) Z Pz} ¥ H v(o(y)) =

" () cdWn zeW, yeWw,,

1
= 7 eXp{ BHp 1(0n—1) Z h,_ 1(@) 9”}

n—l €W, 1

z;: > exp{-BHn 1(on-1)+JB Y o@)(o(y)+o(2)+ N8 >

() edWn TEW, _1 zEW, _1
y,z€S(x) y,2€8(x)
+ Z ho(;c),a:} X H V(U(y)) = exp{ ﬂHn 1 Un 1 Z hon 1(x), ac}
zeW, yeEW, zeW,, _
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After some abbreviations we get

2E€Wn-1 5" =15(y),0(2)}

+lnv(o(y) +mv(e)) = [ explho, i@l

ceEW, 1

Consequently, for any i € ®,

0o
eho)y+hgyz+21nv(0)+ Z eJBi(p+q)+J1qu+hp,y+hqyz+1nl/(p)+lnu(q)

p,q=0

so that

where

=1 S exp{JB0(0) (o(y) +0(2) + TBeW)o(2) + oty + hoieyot

p+a#0 _ ehi,z*ho,z
ehoyt+hoz+2Inv(0) § eJ18Pq+hp,y+hg, -+ nv(p)+nv(q)
Fiaz0
1+ Z e/ Bilp+a)+J1Bpathy, +hy .
P,q=0
h* _ ln p+q#0 ,
’ 14 S olBpathy thi .
* p;() ¢ ’
p+q#0
v(i)
hf,=hiz—hos+In—=+.
()
Sufficiency. Let (3.1) is satisfied we will prove (2.4). We have
o)
Z exp{JBi(p+ q) + J18pq + hpy + hq. +Inv(p) +Inv(g)} = a(x) exp{hi s}, (3.2)
P,q=0
here i =0,1,... .
Then
1
LHS of(2.4) = - exp{—BHa1(0n1) II v(ex)x
X (3.3)
x Y exp{JBo(z)(0(y) +0(2)) + J1Bo(Y)o(2) + hoy)y + ho(s),2} -
5
Substituting (3.2) into (3.3) and denoting A, = [] a(x), we get
zeW, 1
A111
RHS of(3.3) = —* exp(—AHn1(0n-1) ) JI he i (3.4)
" Xx€EWn_1

Since p(™), n > 1 is a probability, we should have
(n)

Z Zu(n) (Op_1,0™ V) =1,

On—-1 O

Hence from (3.4) we get Z,_1A,_1 = Z,, and (2.4) holds.
Remark. From Theorem 3.1. it follows that for any h = {h,,z € V} satisfying the functional

solutions to (3.1) is not easy.
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AnanzorponHas MoJieab M3uHra cO CYeTHBIM MHOXKECTBOM
3HAaUeHnil crimHa Ha gepeBe Kaiam

Tl'osnmmn6xou U. Botupos
I/IHCTI/ITyT MaTEMATUKN
Hopmon Wosm, 29, Tamkent, 100125

Vabeknucran

B dannoti pabome mot uccaedyem 6eCkoHewHYIO cucmemy GYHKUUOHAALHBLT YPasHeHUT dan modeayu M3um-
2a C KOHKYPUPYIOWUMUY 83AUMOIETCNEUAMUY, CHEMHbLMU 3Havenuamy cnuna 0,1, ... u nenyaesvimu dar-
Howmu Ha depese Koau emopozo nopadka. M, nawau Geckoneunyto cucmemy PYHKUUOHAANOHOIT YPasHe-
Hul 0an modeau H3unea, 6 KOMoPwl Mbl ONUCHIBAEM YCAOBUA HA Ry, 20PAHMUPYIOULUE COBMECTRUMOCTIL

pacnpedeneruti p™ (on).

Karoueswie caosa: depeso Kanu, modeav HUsunea, eubbcoscrkue mepovl, GyHKUUOHAADHBIE YPABHEHUA, COB-

MECTNUMOCTL pacnpedesenuti mep.
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