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‘We show that any local derivation on the solvable Leibniz algebras with model or abelian
nilradicals, whose dimension of complementary space is maximal is a derivation. We show
that solvable Leibniz algebras with abelian nilradicals, which have 1 dimension comple-
mentary space, admit local derivations which are not derivations. Moreover, similar
problem concerning 2-local derivations of such algebras is investigated and an example
of solvable Leibniz algebra is given such that any 2-local derivation on it is a derivation,
but which admits local derivations which are not derivations.
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1. Introduction

In recent years, non-associative analogues of classical constructions have become
of interest in connection with their applications in many branches of mathematics
and physics. The notions of local and 2-local derivations are also popular for some
non-associative algebras such as the Lie and Leibniz algebras.

The notions of local derivations were introduced in 1990 by Kadison [10]
and Larson and Sourour [I1]. Later in 1997, Semrl introduced the notions of
2-local derivations and 2-local automorphisms on algebras [I4]. The main prob-
lems concerning these notions are to find conditions under which all local (2-local)
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derivations become (global) derivations and to present examples of algebras with
local (2-local) derivations that are not derivations.

Investigation of local derivations on Lie algebras was initiated in papers in [51 [9].
Ayupov and Kudaybergenov have proved that every local derivation on semi-simple
Lie algebras is a derivation and gave examples of nilpotent finite-dimensional Lie
algebras with local derivations which are not derivations. In [2], local derivations of
solvable Lie algebras are investigated and it is shown that in the class of solvable Lie
algebras, there exist algebras which admit local derivations which are not ordinary
derivation and also algebras for which every local derivation is a derivation. More-
over, it is proved that every local derivation on a finite-dimensional solvable Lie
algebra with model nilradical and maximal dimension of complementary space is a
derivation. In [6], local derivations and automorphism of complex finite-dimensional
simple Leibniz algebras are investigated. They proved that in all local derivations on
the finite-dimensional complex, simple Leibniz algebras are automatically deriva-
tions and it is shown that filiform Leibniz algebras admit local derivations which
are not derivations.

Several papers have been devoted to the similar notions and corresponding prob-
lems for 2-local derivations and automorphisms of finite-dimensional Lie and Leibniz
algebras [3| [ [6] [7, 9]. Namely, in [7], it is proved that every 2-local derivation on
the semi-simple Lie algebras is a derivation and that each finite-dimensional nilpo-
tent Lie algebra, with dimension larger than two admits 2-local derivation which is
not a derivation. Concerning 2-local automorphism, Chen and Wang in [9] proved
that if £, is a simple Lie algebra of type A;, D; or Fy, (k = 6,7,8) over an alge-
braically closed field of characteristic zero, then every 2-local automorphism of L,
is an automorphism. Finally, in [3], Ayupov and Kudaybergenov generalized this
result of [9] and proved that every 2-local automorphism of the finite-dimensional
semi-simple Lie algebras over an algebraically closed field of characteristic zero is an
automorphism. Moreover, they also showed that every nilpotent Lie algebra with
finite-dimensional larger than two admits 2-local automorphisms, which are not
automorphisms.

In [8L15] the authors investigated 2-local derivations on infinite-dimensional Lie
algebras over a field of characteristic zero. They proved that all 2-local derivations
on the Witt algebra as well as on the positive Witt algebra are (global) derivations,
and gave an example of infinite-dimensional Lie algebra with a 2-local derivation
which is not a derivation.

In this paper, we study local and 2-local derivations of solvable Leibniz alge-
bras. We show that any local derivation on solvable Leibniz algebras with model or
abelian nilradicals, whose dimension of complementary space is maximal is a deriva-
tion, but solvable Leibniz algebras with abelian nilradical, who have 1 dimension
complementary space, admit local derivations which are not derivations. Moreover,
similar problems concerning 2-local derivations of such algebras are investigated.
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2. Preliminaries
In this section, we give some necessary definitions and preliminary results.

Definition 2.1 ([12]). A vector space with a bilinear bracket (£, [-,]) is called a
Leibniz algebra if for any z,y, 2 € L the so-called Leibniz identity

(2, [y, 2]] = [[z.9], 2] — [[z. 2], 9],
holds.

Here, we adopt the right Leibniz identity; since the bracket is not skew-
symmetric, there exists the version corresponding to the left Leibniz identity,

[[,9], 2] = [z, [y, 2] — [y, [, 2]].

Let £ be a Leibniz algebra. For a Leibniz algebra L, consider the following lower
central and derived sequences:

,Cl _ E, £k+1 _ [£k7£1]7 k Z 1,
=g, =gl gl s>

Definition 2.2. A Leibniz algebra £ is called nilpotent (respectively, solvable), if
there exists p € N (¢ € N) such that £? = 0 (respectively, £4 = 0).The minimal
number p (respectively, ¢) with such property is said to be the index of nilpotency
(respectively, of solvability) of the algebra L.

Note that any Leibniz algebra £ contains a unique maximal solvable (respec-
tively, nilpotent) ideal, called the radical (respectively, nilradical) of the algebra.

A derivation on a Leibniz algebra L is a linear map D : £ — £ which satisfies
the Leibniz rule:

D([z,y]) = [D(z),y] + [z, D(y)] for any =,y € L. (2.1)

The set of all derivations of a Leibniz algebra L is a Lie algebra with respect to
the usual matrix commutator and it is denoted by Der(L).
For any element x € £, the operator of right multiplication ad, : £ — L, defined

as ad;(z) = [z,2] is a derivation, and derivations of this form are called inner
derivation. The set of all inner derivations of £, denoted by ad(L), is an ideal in
Der(L).

For a finite-dimensional nilpotent Leibniz algebra N and for the matrix of the
linear operator ad, denote by C(x) the descending sequence of its Jordan blocks’
dimensions. Consider the lexicographical order on the set C(N) = {C(z)|x € N}.

Definition 2.3. The sequence

(%\N 0@))

is said to be the characteristic sequence of the nilpotent Leibniz algebra N.
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Definition 2.4. A linear operator A is called a local derivation, if for any = € L,
there exists a derivation D, : £ — L (depending on x) such that A(z) = D,(z).
The set of all local derivations on £ we denote by LocDer(L).

Definition 2.5. A map V:L — L (not necessary linear) is called a 2-local deriva-
tion, if for any x,y € L, there exists a derivation D, , € Der(L) such that

2.1. Solvable Leibniz algebras with abelian nilradical

Let a,, be the n-dimensional abelian algebra and let R be a solvable Leibniz alge-
bra with nilradical a,,. Take a basis {f1, f2,..., fn, 21,22, ... 2} of R, such that
{f1, f2,---, fn} is & basis of a,. In [I], such solvable algebras in case of k = n are
classified and it is proved that any 2n-dimensional solvable Leibniz algebra with
nilradical a,, is isomorphic and the direct sum of two-dimensional algebras, i.e.,
isomorphic to the algebra

Lo fj, o] =f5, [z, fil=ajfj, 1<j<n,

where o; € {—1,0} and ¢ is the number of zero parameters «;.
Moreover, in the following theorem, the classification of (n + 1)-dimensional
solvable Leibniz algebras with n-dimensional abelian nilradical is given.

Theorem 2.6 ([1]). Let R be a (n + 1)-dimensional solvable Leibniz algebra with
n-dimensional abelian nilradical. If R has a basis {f1, fo, ..., fn,x} such that the
operator ady|q, has Jordan block form, then it is isomorphic to one of the following
two non-isomorphic algebras:

{[fivx] =fi+ fiy1, 1<i<n—1,
R1:
[fn»x] = fn»

[fux] fz+f1+1» 1<i<n—1,
Ry [fnax] fna

[Ivfl] = f’L+17 1§Z§TL*1,

[:Ev.fn]: n-

In the following propositions, we present the general form of derivations of the
algebras £y, R; and Rs.

Proposition 2.7 ([I]). Any derivation D of the algebra L; has the following form:

D(f;) = a;f;, D(x;)=a;bif;, 1<j<n.
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Proposition 2.8. Any derivation D of the algebras Ry and Ro has the following
form:

Der(Ry): D(f;) = Y oj it1f;+onfi.

j=i+1

D(fi)= > ajinfij+oafi, 1<i<n,

j=it+1

Der(R3) : n
D(x)=>_ B f;

j=1
2.2. Solvable Leibniz algebras with model nilradical

Let N be a nilpotent Leibniz algebra with the characteristic sequence (my, ..., ms),
and with the table of multiplication

Nongyms lebiel] =€l 1<t<s, 1<i<m;—1
The algebra Ny, .. . usually is said to be model Leibniz algebra.

Theorem 2.9 ([13]). An solvable Leibniz algebra R with nilradical Ny, .. m.,, such
that DimR — DimN,,, ... .m, = 8, is tsomorphic to the algebra:

[eﬁ,eﬂzefﬂ, 1<t <s, 1<i<m—1,
le}, x1] = ie}, 1 <1< m,
R(Npny.oim»8) 2 R e,z = (i —1)ef, 2<t<s, 2<i<my,
[el, ;] = e, 2<t<s, 1<i<my,
[v1, 1] = —ei,
where {x1,...,xs} s a basis of the complementary vector space.

Proposition 2.10 ([13]). Any derivation D of the algebra Der(R(Np,,...m.,S))
has the following form:

D(e}) = iare} + asely, 1<i<mg—1,

D(e}nl) = mlale}nl,

D(ej) = ((i — Dou + Br)ej + azefyy, 2<t<s, 1<i<my—1,
D(e},,) = ((my — Do + Br)el,, 2<t<s,

D(z1) = —agel.

Remark 2.11. Any derivation on the solvable Leibniz algebra R(Ny,, .. .m.,$) 1S
an inner derivation.

3. Local Derivation of Solvable Leibniz Algebras
3.1. Local derivation of solvable Leibniz algebra R(Ny,,....m.,S)

Now, we shall give the main result concerning local derivations of solvable Leibniz
algebra R(Np, .. m.:S)-
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Theorem 3.1. Any local derivation on the solvable Leibniz algebra R(thm,ms,s)

is a derivation.

Proof. Let A be a local derivation on R(Ny,, ..

Zal?x7+zzb13 €j>

p=1j=1

Alel) =

Let D be a derivation on R(Ny,, ..

D(e}) = icve} + fBiejy,
D(e,lm) = m104m1€,1m,
D(el) = o€l + ;b
D(ef) = ((i — 1) Xije + pie)el + 0 el q,
D(efm) ((me = D&t +mie)e; €y
D(z1) = _’761
Considering the equalities
Ale )=De< ), 1<t<s
we have
Zcu% + szzlgp f = iai@z1 +ﬁie%+1,
p=1j= 1
1,
Zcml s+ 3 YA =
p= 1] 1
3l 3
p 1] 1
t,
S+ Y Yo
Jj=1 p=1j=1

= ((i = D) Xig + pi)el + direly

S
ZC xJJrZZ Nyt

j=1 p=1j=1
= ((me = 1)yt + Myt )by,

Za173w3+zzbla €=

pljl

Za173w3+zzbla e; =0,

p=1j=1

61,

m.sS), then we have

S
Zcmxﬂ +sztf €.

7j=1 p=1j=1

m.,$), then by Proposition 210l we obtain

1<i<mi—1,

1<i<mi—1,

) 2§l§mt_1,
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From the previous restrictions, we get that
Alel)=ditel +di el 1<i<m—1,
1,1
A eml) = dml,ml ma?
ef) = dl 1ef d1 262»
1=

(

( 2

(e ftt+¢HﬁHD 2<t<s, 2<i<my-—1,
(ef, 2

(

I/\
I/\

’Lll
e ) dtt

M, Mt mt ?

I/\
I/\

1
1) = b1,1€1-

> > B> Db

Consider

1 ty _ gL,11 1,1 1 tt ot tit ot
Ale; +e1) = d1,1€1 +dy’ 2€y + d1,1€1 + d1,2€2-

On the other hand,
A(e% + 63) = De}-&-e‘i (6% + 63) = De}-&-e‘i (6%) + De}-i—e’i (ei)
= +e' 61 + /661+6t 62 + Tel 1+et 61 + 6&1 et 62

Comparing the coefficients at the basis elements el and e}, we get Be% fet = d%é,

t,t S .
ﬂei+et1 = dy 5, which implies

Similarly, considering A(e} + e}) for 3 <i < my — 1, we have

1
€1
1 1y _ 41,11 1,1 1 1,1 1
Aley +¢;) = diqer +dyyey +d;e; + dz 1+1ez+1
=D_1 1(€1+61)*D1 1(61)+D1 1(61)
— Herte; \M1 i) T Hejte; \F1 erte; \7i

=« 1+elel + ,661_,’_6162 + ZCY61+61€ + ﬁel+6161+1,
which implies
1,1 .11
d; =idy’y, dr

hi=dyy, 3<i<m— 1.

From the equalities,
1 1y g1,1 1 Lol gl bl
Aey +e3) = dye) +dyqes +dypes +dyzes
=D 1(€1+€1)*D 1(61)+D1 (61)
- e;+e; \U1 2) — 6}+62 1 61-"—6% 2
=« el + 3 el + 2 el + 3 el
- e}—i—eé 1 e{-&-e% 2 e}-i—eé 2 6{-&-6% 3
and
1 1y _ 41,11 L1 1
A(el +e ) - dl,lel =+ d d’m1 ,my m1

A(e% + 611711) = De}+el (61 + eml) = De}+e}n1 (6%) + De%+e}n1 (einl) =

_ 1 1 1
- ae{-&-e}nl €1 + ﬁe}—i—e}nl €2 + mlae%-&-e}nl €m1’
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we get that
1,1 o411 1,1 _
d2,2 = 2d1,17 dml,ml = mldl,l'
Now for 2 <t <s,2<i<my— 1, we consider
t t 1 tt ¢ 1,1
Ale; + e +ep) =dpe; + dz 7,+161,+1 + d1 L€l d1 282 +dy’ 161 dl 262

On the other hand,
A(ez + €§ + 6%) D et+el+e} (62 + Bi + 6%) = ((Z - l)ae§+e§+e% + ne§+e§+e%,t)€§
+ ﬁeg+eg+e}€f+1 + 776;§+e§+e},t€§ + ﬁe;§+eg+e}€§
+ Qettet +e}€% + ﬁeﬁ-&-e‘i-ﬁ-e% 6%.
Comparing the coefficients at the basis elements ef, e} and e}, we get
O‘e§+etl+e% = d}ﬁv (Z - 1)ae§+e§+e} + ne§+e§+e%,t = dz:fv ne§+e§+e},t = di,,tlv
which implies

Similarly, from

11, 11
+dy’ye; +dyses

= =

A(efm + e’i + e%) d:ntt,m,« me dl 161 d
= Dot tetvet(€m, T el +e%>
= ((mt - 1)aefnt+e§+e} + neﬁnt-i-e’i-‘re},t)e:m +
+ neﬁnt +el +e},t€§ + Befnt-ﬁ-e‘i—i-e% €t2 + aefnt-i-e’i +e}e%

1
+ ﬁemt eﬁ +e§ +e% €2a

we get that

bt ., = (my—1)dy}+dyfy, 2<t<s.

M, Mt

Now, we consider

Iy g1 1, 11, 11
A(z1 + e3) = by 1e1 + dylaes + dy'ze3.

On the other hand,
Az +ed) =D, Loz +ed) = =B, rerel + 20, oaed + By Loies.
1 2 z1+ei\ U1 2 r14e5¢1 z1+e52 r14e5°3
Comparing the coefficients at the basis elements e} and ej, we get 3, 01 = dy’s,

o 1 . . .
fﬂzﬁe% = by 1, which implies
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Thus, we obtain that the local derivation A has the following form:

Alef) = d% 16 + d%éezlqtlv 1<i<m —1,
Aley,) = madyyep,,,
Alef) = ((i — )dH di’tl)et' +dy §€§+1» 2<t<s, 1<i<my—1,
Alef,,) = ((mt—l)di} dyh)eh, 2<t<s,
(

P>

T1 d1 261

Proposition 210 implies that A is a derivation. Hence, every local derivation on
R(Np,,....m., $) is a derivation. 0

3.2. Local derivation of solvable Leibniz algebras with abelian
nilradical

Now, we shall give the main result concerning local derivations on solvable Leibniz
algebras with abelian nilradicals.

Theorem 3.2. Any local derivation on the algebra L; is a derivation.

Proof. For any local derivation A on the algebra L£;, we put the derivation D,
such that:

D(f;) = a;f;, D(zj)=a;bif;, 1<j<n.
Then, we get
A(f;) = Dy, (fj) = ajfj,  Alzj) = Dy, (x5) = a;jbjfj.

Hence, A is a derivation. O

In the following theorem, we show that (n + 1)-dimensional solvable Leibniz
algebras with n-dimensional abelian nilradical have a local derivation, which is not
a derivation.

Theorem 3.3. (n + 1)-dimensional solvable Leibniz algebras Ry and Rz (see
Theorem [2.8), admit a local derivation, which is not a derivation.

Proof. Let us consider the linear operator A on R; and R, such that

A (Z Siei + §n+1f€> =281en—1 + &oen.

i=1

By Proposition 2.8} it is not difficult to see that A is not a derivation. We show
that A is a local derivation on R and Rs.



1194  S. Ayupov, A. Khudoyberdiyev € B. Yusupov

Consider the derivations Dy and D2 on the algebras R, and Rs, defined as

D, (Z §iei + §n+1$> ={1en—1 + &aen,

i=1
D, (Z &ieq + §n+1$€> =&ien.
i=1

Now, for any & = Y, &e; + &412, we shall find a derivation D, such that

A(§) = D(§).
If & =0, then

A(§) = 0= Dy(8).

If & #£ 0, then setting D = 2D + tDs, where t = 22 we obtain that

A(§) = 281en—1 + &aen = 261en—1 + (262 + t&1)en = 2(§1en—1 + &26n) + th1en =
= 2D, (&) + tDy (&) = D(¢).

Hence, A is a local derivation. O

4. 2-Local Derivation of Solvable Leibniz Algebras
4.1. 2-local derivation of solvable Leibniz algebra R(Np,,,....m.,S)

Now, we shall give the main result concerning the 2-local derivations of solvable
Leibniz algebra R(Ny,,

Consider an element ¢ = > ;_, > et of R(Nypyy ... im., S)-

Lemma 4.1. Let V be a 2-local derivation of R(Ny,....m,,$), such that V(q) =
Then V = 0.

Proof. Take an element ag¢ € R(Ny,,,....m.,S), such that

Vig) = la,aqel,  V(§) = [€, aqel
Then

0=VI(qg) = [q,aq,] i Z e;, Z i + i Zd’?ef

t=1i=1 =1 t=1i=1

s s s mi—1
_chzel—i—Zch z—le —I—Zth z—le —I—Z tz dlel_H,
t=2 i=1 t=2 1=1 t=1 i=1

which implies, ¢; = d1 =0foralll <i<n.
Thus,

Qq,¢ :Z Lel + Zdle}—i—iidﬁef.
t=2

t=2 (=2
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Consequently, for any element £ € R(Ny,,,....m,,S), we have

V(f) gvaqﬁ Z)\%WLZZM wzd1€1+zd +szfef

t=1 i=1 t=2 i=2
a

Theorem 4.2. Any 2-local derivation of the solvable Leibniz algebra
m.»S) is a derivation.

.....

Proof. Let V be a 2-local derivation of R(Ny,, .. m.,s). Take a derivation D¢ 4
such that
V(q) = D¢ q(q)-

Set Vi =V — D¢ 4. Then V; is a 2-local derivation, such that V,(g) = 0.
By Lemma [£.1] we get that Vi = 0. Hence, V = D¢ 4, i.e., V is a derivation.
O

4.2. 2-local derivation of solvable Leibniz algebras with abelian

nilradical

Now, we shall give the result concerning of 2-local derivations of solvable Leibniz
algebras with abelian nilradical.

Theorem 4.3. The algebra L admits a 2-local derivation which is not a derivation.

Proof. Let us define a homogeneous non additive function f on C? as follows:
2

L ifay 40,
f(Zl,Zz)Z 22
0, ifz =0,

where (21, 22) € C2.
Define the operator V on L;, such that

V(&) = f(&1,&nr1) f1, (4.1)

for any element £ = Y0 & fi 4+ Yoy Entii

The operator V is not a derivation, since it is not linear.

Let us show that, V is a 2-local derivation. For this purpose, define a derivation
D on L; by

D(&) = (a&1 + b&ns1) f1-

For each pair of elements ¢ and 7, we choose a and b, such that V(§) = D(€)
and V(n) = D(n). Let us rewrite the above equalities as system of linear equations
with respect to unknowns a, b as follows:

{510 + &b = f(&1,6n11),

(4.2)
Ma~+ Nnt1b = f(N1, Mny1)-
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Case 1. 1141 — En+1m1 = 0. In this case, since the right-hand side of the system
([#2)) is homogeneous, it has infinitely many solutions.

Case 2. {1041 — Enr1m # 0. In this case, the system (£2) has a unique solution.
O

Proposition 4.4. Any 2-local derivation of the algebra Ry is a derivation.

Proof. Let V be a 2-local derivation on R, such that V(f1) = 0. Then for any
element £ = Y1 | & fi + Enp12 € Ry, there exists a derivation Dy, ¢(€), such that

v(fl):Dﬁé(fl)’ V(f) :Df1,§<€)'

Hence,
0=V(f1) =Dy e(fr) =D aifi,
i=1

which implies, a; =0 for 1 < i < n.

Consequently, from the description of the derivation R;, we conclude that
Dy, ¢ = 0. Thus, we obtain that if V(f1) =0, then V =0.

Let now V be an arbitrary 2-local derivation of R;. Take a derivation Dy, ¢,
such that

V(f1) =Dy e(fr) and V(§) = Dy, ¢(€).

Set Vi = V — Dy, ¢. Then V; is a 2-local derivation, such that Vi(f1) = 0.
Hence, V1(§) = 0 for all £ € Ry, which implies V = Dy, ¢. Therefore, V is a
derivation. O

Theorem 4.5. Solvable Leibniz algebra Re admits a 2-local derivation which is not
a derivation.

Proof. The proof is similar to the proof of Theorem O
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