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TRANSLATION-INVARIANT GIBBS MEASURES OF A MODEL ON CAYLEY
TREE

Botirov G. L1

RESUME

We consider a model where the spin cakes values in the see [0, 1]%, and iz assigned o
the vertexes of the Cayley tree We reduce the problem of describing cthe "splicting
Gibbs measures"of tho model to the description of the solutions of some non-linear
integral equation. For a concrete form of che Kernel of che integral equation we show the
uniquencss of zolution.

Keywords: Cavley ree, model, Hammesstein's inteeral operacor, Gibbs meassures.

INTRODUCTION

It is known that a central problom in che cheory of Gibbs messures & to describe infinite-volume
{or limiting) Gibbs measures corresponding o a given Hamiltonian (see |1, |7])

In [3] cthe Potts model wich & counéahble soc of spin valees on a Cavley troe is considered and
it was showed thac che set of cransletion—imvariant splicting. Gibba measures of the model congains ac
most one point, independently on parameters of che Poces model wich councable set of spin values on
the Cavley troe This is A crucial diference from the models with a finite set of spin valoes; since the
last ones may have more chan one translacion-invariante Gibhs measures.

In |2} was continued the imvestigation from |4] and considered a model with nearese-neighbor
interactions and local state space given by the uncountable st [0, 1] on a Cavley tree T'% of order
k = 2 The translation-imvariane Gibbs measurce are studied via a non-lincar functional equation and
Wi prove non-unmguensss of translacion-mvariane Gibbs meossures in the richt parameter tosime for
all £ = 2 and not only for £ £ {2,3) as in [4]. In |5] models (Hamiltonians) with-neareseneighbor
interactions and with che sot |0, 1] of spin values, on a Cavley tree I'* of order & > 1 were studied.

This paper 5 a continuation and also peneralwation of our investigations [2. 4, 6, 5. We
reduced the considering problem wo the description of the solutions of some nonlinear integral equa-
tion. Then for & = 1 and a given Hamiltonian we show that the integral equation has a unique solution.

DEFINITIONS

The Cayley ee P* of order k& > 1 is an infinite troe, i.e, a graph without cycles, such char
axactly k4 1 edgos originate from cach vereex. Lee T% = (V, L) where V' is che set of vertices and L che
sot of edges. Two vertices T and v are called nearest neighbors if there exists an edpe | € L connecting
them. We will use the notation { =< =,y > A collection of nearest neighbor pairs < ¥.7) >, < 31,2 >
vioo Fygopol = iscalled a paih from ¢ to 3. The distance di . ) on the Cavley gee is the numbor of
edges of the shorwst path from = to 3.

For a fixed z” € V. called the root, we set

Waoi={zeVidlz.a%=n}. V.= U W,
m=0
and denote
S(x) 1= {y € Wsa 1 diz0) =1}, zE W

'Hotirov G.1 - Bukhsra State University, Feculty of Physics and Mathematics,
11.M. Tkbol str., Bukhara, 200100, Uzbekistan, botirovpibumail @
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the set of direct successors of .

For A C V aconfipuration o4 on A i an arbitrary funceion a4 04 — [0, 1,*'*-

Denote €4 := [0, 1]%4 the set of all configurations on A Here |A] denotes the cardinadicy of 4.A
confipuration o on V iz chen dofined as a funcrion © € V — o) € [0, 1]%; the set of all configurations
is [0, 1], The (formal) Hamileonian of the model is:

'H'{J.:I =—J Z E:rlfrjn:riy'::- [”'

<rp=rel

where J € R\ {0} and £ : (u,v) € [0: 1/* — £, € B i a given bounded. measurable function.

Let A be the Lebesgue measure on [0, 112, On the set of all configurations on A cthe priori measure
A4 i incroeduced as the | 4| fold product of the measure A. We consider a scandard sipma-algebra B
of subsets of 11 = [0, 1]%Y generated by the measurable cylinder subsots. A probability measure g on
(€2, ) is called a Gibbs measure (with Hamiltoman H') if it satishies the DLR equation. namely for any
n=12_.. and gn € D :

a{{r eRzal, =aa)) = fj.l.[d;d]y:ﬁ,‘_.n“{{rn},
[y

whero "*":Eii'l-',. 18 che conditional Gibbs densioy

ViR, () = 7l exp [:—ﬁ Hrn|jwiw...))

W)

and 8= & T > 0 is temperature,

Let L, = {< z,y>c L:x vy V,] and £}y is the set of configuracions in ¥, (and ) that in
W,). Furthermore, oy, and wly,  denote the restrictions of configurations o,w € (o V,, and W,
respectively. Nexe, 7, 2 7 € V, = 7,07} 18 8 confipuration in ¥, and H [:'5'"|=~.“*'|H-',u} iz dofined as cho

sum H(on) + [ [an:um“ L) where

H{oy)=—J Z Lan(z)raly)

<EpEEla

U (ﬂ'n-w|:1-;.+1} == E Son(hurly)-

LI T
=EVn, F"Twn{-l.

Finally, &£, [':n.le:w : l} stands for the parcition function in V), with the houndary condicion i.u'|“, 5

Za () = fnﬁ oxp (—BH (Fallwly, ., ) va(dFa).

Write r < v if the path from 2° to y goes through z. Call vertex v a direct successor of r if
i = r and 1,y are nearest neighbors. Observe that any vertex = # 0 has &k diroct successors and

hos & + 1
Leth: e Vs = (Bt € [0,1]%) ¢ RI%* be n mapping of = € V \ {7}, Given
n = 1.2,.... consider the probability distribution u'™ on % defined by

‘u;l.nj{u'“] Hi= fr:l:_axp (—ﬁH{J,..] i z ha{:]::) ] {2}

oEWa
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Here, as before, o, 1> € V,, = olz) and £, is the corresponding partition function:

i :'_'f
£y,

axp (—.dma;,u 37 ham,z) A, 3

=Wy

{m}

The probabilicy distributions p*™ arc called compatible if for any n = | and 71 € (O, -

f Jl"I'L".:Il:"--"'r1—] """"-“'-"n_!'-'j"“"nrudlz"-‘-"n.:'] = J'-'-[n_”l:gn—].:l- (4)
LT

Here o, ¥ wy € ), 15 the concatenation of ¢, ; and w,. In this case, because of the Kolmogorov
extension theorom, there oxists A unigue measure 4 on £}y, such chat, for any n and 7, € .

I ({E’ “ = crn}) = ui™ s I7]-

AN INTEGRAL EQUATION AND TRANSLATIONAL-INVARIANT SOLUTION

Theorem 1. The probahility discribucions pi":'l;'anjﬁ n =12, ... in {2} are comnpatible if for
anv r € VY {27} che following oquation holds:

J' uxpf‘jﬁf{uy--ﬂdJ{HL.-'-LE.---M&?H-{ (B, o U}, )ity .. ity
fo.ap
I[- 1-__1! .I.,T - ! - - " - 5
flftri i ta)) I;[] T exo{JBEm, oy, ({1, oo g ) e g v
yEoE 0.1
whoro _r{I:I]._Eg:...:deI:I = Exp[h,:,,lml__:,d:,; = h.:g:u:___n]_IL {r-]1EE ----- tg) E I_D1I?d- and

duydusg ... dug = Mduydug. .. duy) is che Lebesguo measure.
Proof. Necessity. Suppose that {4) holds; we will prove (5). Substitucing {1} into (4). obtain
that for any configurations o, 11 € Vo = o g{x) € [0, 1]%:

=l | EK'P( Y B UBE, it hw[y:..y-’) Awa (dion) =

fw,, TEWn—1 peS(T) (6]
— Oxp ( E h\cr“_ll:l:-.u.') v
IT'_'H"“__[
wherewr, 11 W, — an(Z)
From (6) we get:

Ho . f e

_En_J ,Ir H n E:l:p[.f,-ifan_ Loy} ™ h‘-—*--lri'ﬁ':' =
Owy, TEWn_1 yesiz) (7)

= Tl E‘xp{hwn_ﬂ,:!-.::'-
TEW,

Consequently, for any (131, ..., ta) € [0, 1]¢ we have

I E"P(I.EE[tll "ll'd.]'::l 5 uﬂj'r'hu:ul:.. 1y :I:y:'dnl"'dlﬁl

1} =
H I expll8E0_ . miu R o T T LT T ==
VESIT) gy (0 By md T e g (8)

= exP(Rey, on o earr — Mg, pych

which implies (5).
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Sufficiency. Suppose that {5) holds. It is equivalent to the representation

[ T expldB8, it + Pyl dUs. g
yEF () p,1 9 [ﬂ}

= af{z) exp( A, 1, 2512
for some function a(r) = 0, £ & V. We have LHS of (1) & equal to che following

o exp{—BH (m 1)), (d{on )%
x M N T epldBt, m+ by, ope)dun..dug.

TEW -1 TES]x) i.|3I 1 |-f

(10

Substituting (9) into (10) and demoting Aa(z) 1= [I alr), we ger RHS of {10} is oqual to

TEW, )
the following
;lznr;’ oxpl —BH (T 1)) M (0 0) xrrg ‘h‘,"_lm;. (11)
Since u'™, n > 1 is a probability, we should have
f Ay, (o 1) f A (dr ™ g, i) = 1. (12}

;!V“ 1 nH n

Hence from (11) we get (4).
We are poing to solve eguation (5) im the clas of translation-invariant functions

Tty by i ta). ) = flty o, ... tg), for all ¥ £ V. For such functional equation {5) can be wricten
A=
_F Kty 00,000 Id_:'III._ﬂg._...Hd.]f{[Hl.Ez ..... Hd}.y':ldﬂ-;...dﬂd
{0.1] .
th=f= : . 13
i J E(0,0, . 0wy, u, . wa) f{(n, 0, ua), yidi .. dug v
[0, 2]

where K(t,u) = exp{J8&) > 0, f(t) >0, t,uc [0, 1]
We shall find pesitive contineous solutions to (13). Le., such that

feCtp1?={f=C0.1]: f(z)>0}.
We define the Linear operator W : €0, 1]* — o, 119 by
(W rHt) = [ Kytygics sty tg)f (uy, oo ugduy o dug
ji 18
and defined the linear functional w : [0, 1]7 — R by
w(f) = (WIHo) = f R0, Oy, ) P, .t )ity L deig,
@1

Then equation (13} can be written as

T E
F(t) = (Aef)(t) = (%) ;. JeCtpal k1.
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Proposition 1. If K{ty, t2. ... bgi g, g, o ) = Gfty, Bagey Bg) + a2y, U, .. ug) where o is &
given positive function, chen

g el [ afup,.. ta)du . dig
o1
IW:EEM+

' (14)
\4/ [ ety ., ug )du...duy
o

A

i5 the unigue solucion of the equation A1 f = .
Proof. Let K {ty, ta, ... fqiuy g, . ttg) = oty o, td) + ol Uz, ., 8q) - From (13) when
k=1 we met

_r oL - ta) + -l:t'::n'.ll].lul-g.....liad_:l] §i] . . Hd}dﬂ] L
jo,1) i}
it) = i
I I (0,0, 000) + ofuy, b, ) Flan,. .o, g iy . odilg (=)
[o.1]4
Henee and denoting
Cl - r ﬂm....,udjldu]...dud,
o1} (16)
= [ alu,..., ug) fy, ... ug)duy .. duy
12
W ot
e {T'{Itl,!g.....ldjr] 4+
0= %000,.0Ci 1 & - e
Substituting (17) into (16) and we got
By = | f Sl SO g g
g (18)
Cr= [ ol w2 Shpegedi - dita
From solution of (18) we get (14).
Let & > 2 in the model (1) and
Hio) = —é.r Y In(eitn ta o ta) +afug e, ). (19)

S, o

Theorem 2. For model (19) on [0, 1}%, ¥J € B and for anv § > 0 on the Cayloy tree I (ie
k = 1) there oxists a unique splitting Gibbs measure.

Proof. It follows from Theorem 1 and Proposition 2.
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