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Description of solvable Leibniz algebras
with four-dimensional nilradical

A. Kh. Khudoyberdiyev and Z. Kh. Shermatova

ABSTRACT. In this work we describe 5-dimensional solvable Leibniz algebras
with four-dimensional non-Lie nilradical.

1. Introduction.

According to the structural theory of Lie algebras a finite-dimensional Lie al-
gebra is written as a semidirect sum of its semisimple subalgebra and the solvable
radical (Levi’s theorem). The semisimple part is a direct sum of simple Lie alge-
bras which are completely classified in fifties of the last century. At the same period
the essential progress has been made in the solvable part by Mal’cev reducing the
problem of classification of solvable Lie algebras to that of nilpotent Lie algebras.
Since then all the classification results have been related to the nilpotent part.

Leibniz algebras, a “noncommutative version” of Lie algebras, were introduced
in 1993 by Jean-Louis Loday [7]. During the last 20 years the theory of Leibniz
algebras has been actively studied and many results on Lie algebras have been
extended to Leibniz algebras (see, e.g. [1[2]). Particularly, in 2011 the analogue
of Levi’s theorem has been proven by D. Barnes [2]. He showed that any finite-
dimensional complex Leibniz algebra is decomposed into a semidirect sum of the
solvable radical and a semisimple Lie algebra. As above, the semisimple part can
be composed by simple Lie algebras and the main issue in the classification prob-
lem of finite-dimensional complex Leibniz algebras is to study the solvable part.
Therefore the classification of solvable Leibniz algebras is important to construct
finite-dimensional Leibniz algebras.

Owing to a result of [8], a new approach to study of solvable Lie algebras by
using their nilradicals was developed [9,[10], etc. The analogue of Mubarakzjanov’s
[8] results has been applied for Leibniz algebras case in [4] which shows the im-
portance of the consideration of their nilradicals in Leibniz algebras case as well.
The papers [3H6] are also devoted to the study of solvable Leibniz algebras by con-
sidering their nilradicals. In particular, in the work [3] there are complete lists of
isomorphism classes of four dimensional complex solvable Leibniz algebras.

The focus of the present work is on classification of five-dimensional Leibniz
algebras. Note that the dimension of the nilradical of 5-dimensional solvable Leibniz
algebras are equal to three or four. It should be remark that, the description of
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5-dimensional solvable Leibniz algebras with three-dimensional nilradical has been
given in [I1]. Therefore, we deal with the study of 5-dimensional solvable Leibniz
algebras with four-dimensional nilradical.

Throughout the work all the algebras (vector spaces) considered are finite-
dimensional and over the field of complex numbers. Also in tables of multiplications
of algebras we give nontrivial products only.

2. Preliminaries.

This section is devoted to recalling some basic notions and concepts used
through the work.

DEFINITION 2.1. A wvector space with bilinear bracket (L, [-,+]) is called a Leibniz
algebra if for any x,y,z € L the so-called Leibniz identity

[:L [ya Z]] = [[I7 y]a Z} - [[I7 ZL y} )
holds.
The set Ann, (L) ={z € L: [y,z] =0, Yy € L} is called the right annihilator

of L. Tt is observed that for any x,y € L the elements [z, z] and [z,y] + [y, z] are
always in Ann,(L), and that is Ann,(L) is a two-sided ideal of L.

For a given Leibniz algebra (L, [,+]) the sequences of two-sided ideals defined
recursively as follows:
L'=L, LM = [L* L], k>1, LM =1p, Lt =Lkl LBl s> 1.

)

are said to be the lower central and the derived series of L, respectively.

DEFINITION 2.2. A Leibniz algebra L is said to be nilpotent (respectively, solv-
able), if there exists n € N (m € N) such that L™ = 0 (respectively, L™ =0). The
minimal number n (respectively, m) with such property is said to be the index of
nilpotency (respectively, solvability) of the algebra L.

It is easy to see that the sum of any two nilpotent ideals is nilpotent. Therefore
the maximal nilpotent ideal always exists.

DEFINITION 2.3. The mazimal nilpotent ideal of a Leibniz algebra is said to be
a nilradical of the algebra.

DEFINITION 2.4. A linear map d: L — L of a Leibniz algebra (L, [,-]) is said
to be a derivation if for all x,y € L, the following condition holds:

d([z,y]) = [d(x),y] + [z, d(y)].
The set of all derivations of L is denoted by Der(L).

For a given element x of a Leibniz algebra L, the right multiplication operator
R,: L — L, defined by R.(y) = [y,z],y € L is a derivation. In fact, a Leibniz
algebra is characterized by this property of the right multiplication operators. As
in Lie case this kind derivations are said to be inner derivations. Let the set of all
inner derivations of a Leibniz algebra L denote by R(L), i.e. R(L) ={R, | z € L}.
The set R(L) inherits the Lie algebra structure from Der(L) :

[Re, Ry] = Ry 0 Ry — Ry o Ry = Ry 4.

Let L be a 5-dimensional solvable Leibniz algebra. Then it can be written in the
form L = N + @, where N is the nilradical and @ is the complementary subspace.
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Similar to the case of Lie algebras, for the solvable Leibniz algebra L we have the
dim L

inequality dim N > . Therefore, we get dim N > 3. Since the description of
5-dimensional solvable Leibniz algebras with three-dimensional nilradical has been
given in [17], we consider case of dimN = 4.

If index of nilpotency of the nilradical N equals to 5 or 4, then N is null-filiform
or filiform algebra, respectively. Since solvable Leibniz algebras with null-filiform or
filiform nilradicals were classified in the papers [4H6], we consider case of nilindex
of nilradical is equal to 3.

Below we present the list of all the four-dimensional non-Lie nilpotent Leibniz
algebras with the index of nilpotency is equal to 3 from [IJ.

At: [e1, ea] = e3, [e2,e1] = ey, [e2, €2] = —es;

Aa(a) : [e1,e1] =es, [e1,e2] = ey, [e2,e1] = —aes, [e2,ea] = —ey;

A3 [e1,e1] = eq, [e1,e2] = ey, [ea,e1] = —eq, [e3, €3] = e4;

A [e1,e1] = eq, [e1,e2] = es, [e2,e1] = —e3, [e2,e2] = —2e5 + ey;
wi(a): [er,e1] =eq, [e1,e2] = aeq, [ea,e1] = —eq, [e2,e0] =e4, [e3,e3] = ey4;
o : [e1,e2] = eq, [e1,e3] = ey, [ea,e1] = —eq, [e2,e2] = €4, [e3,e1] = ey;
H3 - le1,e2] = e3, [e2,e1] = e4;

pa:  [er,er] =eq, [e1,e2] = e3, [e2, e1] = —e3;

s [e1,e1] = e3, [e1,ea] = ey;

pe(a) : [er,ea] = eq, [ea,e1] = 17%¢q, [en,ea] =€z, a#1

Hr le1,e2] = €4, [e2,e1] = —ey, le3, e3] = e4.

In the following proposition we describe the derivations of the four-dimensional
nilpotent non-Lie Leibniz algebras.

PROPOSITION 2.5. The matriz forms of the derivations of \;,i = 1,4 and
ur, k= 1,7 are represented as follows:

ap 0 az a3 ar 0 as as
_ 0 al aq as 0 al aq as
D=1 0o o 24, 0o | Ple) 0 0 23 0 |°
0 O 0 2a; 0 O 0 2a;
a1 az 0 as ar 0 ax a3
. 0 a1 0 a4 N 0 a1 a4 as
DQs)=| o o ar as |’ D)= ¢ 2, 0 |’
0 0 0 2a 0 0 0 2a1
ap azx 0 ag ai az a3 aq
o —as a1 0 a4 . —as a1 as Qg
D) = | 52 W0 D)= | T2 @]
0 0 0 2a 0 0 0 2aq
a1 —as 0 a3 ap 0 as (7
B 0 a1 as au 0 a2 as ag
D(ps2) = 0 0 a as . D(us) 0 0 aj+as 0 ’
0 0 0 2a 0 O 0 a1 + ao

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



220 A. KH. KHUDOYBERDIYEV AND Z. KH. SHERMATOVA

a; asg ay as a1 asz aq as
o 0 a9 Qg ar _ 0 s QAg ar
D(M4) - 0 0 ay + as 0 ’ D(MS) 0 0 2(11 as )
0 0 0 2a,q 0 O 0 a;+as
a1 as a4 as a1 a3 0 (e
. 0 as ag ar . as a9 0 ae
D(Mﬁ(a)) B 0 0 2a; %a:; ’ D(‘LL7) 0 0 a1+ae ar
0 0 0 a+as 0 0 0 a1tes

In the following proposition we give the information of the five-dimensional
solvable Leibniz algebra with nilradical A1, Aa(@), A3, A4.

PROPOSITION 2.6. There is no a five-dimensional solvable Leibniz algebra with
four-dimensional nilradical A1, Aa(a), Az, Ag.

PROOF. Let us assume the contrary and L be a 5-dimensional Leibniz algebra
with nilradical A;. We choose a basis {e1, es,e3,eq4,2} of L, where {e1,eq,e3,e4}
— a basis of A;. Restriction of the right multiplication operator R, to A; is non-
nilpotent derivation of A;. Then using Proposition we get

[e1, ea] = e3, [e1, ] = are1 + ases + aseq, [e3,x] = 2a;e3,
[e2, e1] = ey, le2, x] = ares + ages + asey, [eq, ] = 2a1e4.
lea, e2] = —es,

Put

4 4 4
[z,e1] = Zaiei, [x,e2] = Zﬂiei, [, 2] = Z5iei~
i=1 i=1 i=1

Applying the Leibniz identity to the triple e, z, es as follow
4
[617 [I7 62]] = [617 Z Bzez] = ﬂ2637
i=1

e, [z, e2]] = [le1, 2], e2] — [[e1, €2], 2] = a1e3 — 2a1e5 = —ayes,
we obtain By = —ay.
Similarly applying the Leibniz identity

0= [z,[e1, e2]] = [[z, e1], 2] — [[7, €2], €1] = (1 — 2)ez — Paea,

we get B2 = 0, therefore a; = 0. However, it contradicts to the non-nilpotent of the
R,. The cases \2(a), A3 and A4 are proved similarly.
|

THEOREM 2.7. Let L be 5-dimensional solvable Leibniz algebra with 4-dimen-
sional non-Lie nilradical N. If nilindex of N is equal to 3, then L is isomorphic to
one of the following pairwise non-isomorphic algebras:

[e1,e1] = eq, [e1, 2] = e1 — e, [z,e1] = —e1 + aeq,
L) [e1, e2] = ey, [e2, ] = aer + €2, [x,e2] = —ae; — eq,

[ea, 1] = —aey, [e3,x] = es, [, e3] = —es,

[e2, ea] = ey, [eq, 2] = 2e4, [es, e3] = eq
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[e1,e1] = ey, ler,z] = e1 —iea, [z,e1] = —eq + iea,
I : [e1, ea] = iey, [e, x] =ie1 + ea, [x,e0] = —ie; —eq + ey,
[ea, e1] = —ieq, [e3,x] = es, [x,e3] = —es,
[e2, ea] = ey, [e4, x] = 2ey4, [es,e3] = eq
[e1, ea] = ey, le1,xz] = e1 —ea, [z,e1] = —e1 + €2,
I, - [e1,e3] = ey, [e2,x] = €2 +e3, [z,e9] = —eg —e3,
[e2,e1] = —eq, [e3,z] = es, [z, e3] = —es,
[e2, ea] = ey, [eq, x] = 2e4, [es,e1] = eq
le1, z] = eq, [x,e1] = —eq,
111 (0) [e1,ea] =e3, [e2,z] = aea, [z, ea] = —aeq,
[ea,e1] = eq, [es,z] = (1+ a)es, [z,e3] = —e3+ ey,
leq,x] = (1 + a)eq, [x,e4] =e3 — ey
le1,e2] = e3, [er,z] =e1+es, [r,e1]=—e1 + ey,
111, le2,e1] = eq, [e3, 7] =e3, [z,e3] = —e3,
[eq, 2] = ey, [x,e4] = e3
[e1,e1] = ey, [e1, ] = e1 + eq, [e2, x] = ea,
IV : < [er,ea] = es, [x,e1] = —e1 —eq, [x,e€9] = —eq,
[e2,e1] = —es3, [es, x| = 2es, [x,e3] = —2e3, [eq,x] = 2e4.

e1,z] = e, [z,e1] = —e, lea, ] = 2e4.

[ [ ]
IVa(a) : ¢ [e1,e2] = es, [e2, 7] = aes, [es, z] = (1 + a)es,
[ [ ]

es,e1] = —e3, [v,e3] = —aes, [z,e3] =—(1+ a)es,
[61,61] = €4, [62,33] = €2, [95761] = —é€1,
I‘/3 [61362] = €3, [63,.’[] = €3, [(E,eg] = —€3
le2, e1] = —es,
[617 61} = €4, [62790] = €2, [30, 61] = ey,
IV4(a) : [61,62} = €3, [63,1’] = €3, [xaeQ] = —é€2,
2, €1] = —e, [z, e3] = —es.
[617 61} = €4, [62790] = €2, [30, 61] = ey,
I‘/Yg,(()é) : [61,62} = €3, [63,1’] = €3, [xaeQ] = —é€2,
[ea,e1] = —e3, [z,x] =eyq, [z,e3]=—es.
le1,e1] = eq, ez, x] =ex+es, [z,e1] = aey,
I‘/ﬁ(aats) : [61762] = €3, [63,$] = €3, [‘/I;7€2] = —€z — €3,
[e2,e1] = —e3, [x,x] = dey, [z, e3] = —es
[61761} = €3, [62737] = €2, [37,62] = —€3
V1 .
[617 62] = €4, [647x] = €4,
[617 61} = €3, [6271'] = €2, [l‘, 62] = —€g,
Vo
[61762} = €4, [64,$] = €4, [f,x} =e€3
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Va(a) : { le1,e1] =es, [ea,z] = e, [z,e1] = —es,
le1,ea] = eq, [es,x] =eq, [x,€2] =—e9, [z,2]= aes.
[e1,e2] = eq, le1,x] =e1, [x,e1] = —eq,
VI [e2,e1] = eq, [ea,z] =e2, [z,eq] = —eo,
[ea,e2] = eq, [es,x] =2e3, [eq,x] = 2e4.
[e1,ea] = ey, le1, z] = e1, [z,e1] = —eq,
VII : [e2,e1] = —eq, [e2,7] = —ea, [7,€2] = ea.
[e3, e3] = ey, e, 2] = eu,
[e1, e2] = ey, le1, 2] = eq, [z,e1] = —eq,
VIIy:{ lea,er] = —es, [e2,x] = —e€2, [z,€3] = e,
[es, e3] = ey, les, 2] = ey, [,e3] = ey
[e1, e2] = ey, [e1, 2] = eq, [x,e1] = —eq,
VIIz(a) : { [e2,e1] = —eq, [e2,2] = —ea, [z,e3] = eq,
[es, e3] = eq, [es, x] = ey, [z,e3] = aeq, [x,z] = eq4.

PRrROOF. Due to Proposition 2.6 we consider case of nilradical N is isomorphic
to one of the algebras pi(«), o, us, pa, ps, pe(), wr.

Let L be 5-dimensional solvable Leibniz algebra, whose nilradical is isomorphic
to 1 (), @ # 0. Then there exists a basis {e1, ea, e3, e4, 2} such that L is represented
by the table of multiplications as follows:

le1, e1] = ey, le1, ] = are1 + azes + aseq,
le1, e2] = aey, lea, ] = —aser + ares + asey,
(1)
le2,e1] = —aeq, [e3,x] = ares + aseq,
[e2, €2] = ey, [ea, 7] = 2a1e4, es, e3] = eq.
We get,
4 4 4 4
[e1] =) over, [vea] =) Bies, [wes] =Y vies, [v,a]= e
i=1 i=1 i=1 i=

1
From the table of multiplications (1), it is easy to see that Ann,(L) = {e4}.
Then we obtain the following relations for the structure constants

0;=0,i=13; a1=—a1, ag=—as, ag=0;
P =az, f2=—a1, B3 =0; 1 =0, 72=0,v3=—ar.
Applying the Leibniz identity to the triple {z,e1,e2} as follow
0= [.I, [61, 62]] = [[I7 61}7 62} - [[.I, 62]7 61] = —2(&&1 + (1,2)64,

we get ap = —aa; and as = —aaq;.
Similarly, applying the Leibniz identity to the triples {x,x,e3}; {z,z,e1} and
{z,x,e2} we obtain the following system for the structure constants

4 =as, (1+a*)as=—2aas —asz(a®—1), (1+a?)Bs =2aa3 —as(a® —1) (2)

Now we are going to consider the possible cases of the parameter a.
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Let 1+ a? # 0, then from the relation (2), we have
20y + az(a® — 1) B, = 20az — as(a® — 1)
1+ a2 ’ B 1+ a2

Thus, we obtain the following table of multiplications:

Qg =

le1,e1] = ey, [e1, ] = are; — aares + ases, [x,e1] = —arer + aares + agey,
le1, e2] = ey, le2, ] = aarer + arez +ageq, [x,e2] = —aaje; — ajex + Baey,
[e2,e1] = —aeq, [es,x] = ares + aseq, [, e3] = —ares + asey,

[e2, €2] = eq, [es, x] = 2a;e4, [, 2] = dseq4.

[e3, €3] = eq,

Taking the change of basis

]. 54
/ /
T = —T— e, e =€1+
ax 2a7

aaq4 — as aas + aq , as
€4, €3 =€3— —€4

a;(a? +1) Ca(a?+1) ay

we can assume that a3 = 1, a3 = a4 = a5 = oy = 4 = 0 and we get I1(«a) for
a # 0 and a # =+i.
In the case of 1+ o2 = 0, by similar argumentation we obtain the algebra I.
Let N is isomorphic p1(0). Similar to the previous cases we take a basis
{e1,e2,e3,eq4,x} of L that the table of multiplication in this basis has the following
form:

/
€4, € = €2

le1,e1] = eq, [e1, 7] = arer + azez + azez + agey,
2, €2] = €4, [e2,2] = —azer + ares + azes + ageq, (3)
le3,e3] = eq, [e3,x] = —azer — asez + aresz + aresq, [eq, x] = 2a164.
It is easy to see that Ann, (L) = {e4}. Then
0;=0,i=1,3; o =—ai, ag =—az, a3 = —as;
p1 = az, B2 = —ai, B3 =—as; Y1 =as, ¥ =as Y3=—ai.

Applying the Leibniz identities to the elements of the form {z, e1,e2}, {2, e1, €3},
{z,ea,e3}, {z,z,e1}, {z,x,e2} and {z,x,e3} we get

ag = Oa asz = 0; a5 = 07 Q4 = Gy, ﬂ4 = ag, 74 =ary.

Thus, we obtain the following table of multiplications:

le1,e1] =eq, [e1,2] =aier +ases, [z,e1] = —ar1e1 + aseq,

le2,e2] = €4, [ea, ] = ares + ages, [r,e2] = —aies + ageq,

les,e3] = e, [es,x] =aies +ares, [r,e3] = —aies + areq,
[e4, 7] [

e4,T] = 2a1e4, x,x] = dsey4.

Since a; # 0, then taking the following change of basis:

x':ix—5—46 e mer— ey, hmeat By, e =e3— e
ay 2a%4’1 Lo ™ S TRe iR S AP
we get 11(0).
The algebras II; — V1I3 are obtained by using similar tools to prove I; in the

cases 2, [13, p4, s, po(a) and pur.
0
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Conclusion. The present work we conclude that there are 8 parametric fami-
lies and 10 concrete non isomorphic solvable Leibniz algebra structures with four-
dimensional non-Lie nilradicals on 5-dimensional complex vector space.
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