O‘ZBEKISTON RESPUBLIKASI FANLAR AKADEMIYASI
MIRZO ULUG'‘BEK NOMIDAGI O‘ZBEKISTON MILLIY
UNIVERSITETI QOSHIDAGI MATEMATIKA INSTITUTI

O'ZBEKISTON

MATEMATIKA
JURNALI

Jurnalga 1957 yilda asos solingan (1991 yilgacha "O‘zbekiston
fanlar akademiyasining axboroti. Fizika-matematika fanlari
seriyasi"deb nomlangan). Yilda 4 marta chiqadi

2. 2014

V3BEEKCKINI

MATEMATWNYECKINW
MMYPHAJ

V3MX

Ocuoran B 1957 1. (o 1991 . o HaszBanuem "V3BecTust
Axkanemun Hayk Y3soekucrana. Cepus pU3HKO-MaTeMATHICCKIX
Hayk"). Borxogur 4 pasa B roj

TAIIKEHT - 2014



06 onucanuy, NAMUMEPHHLT PA3PEWUMDBLE . .. 149

Uzbek Mathematical
Journal, 2014,Ne2, pp 157

VIIK 512.554

OO0 omnucaHM NATUMEPHBIX Pa3pPEHINMbIX ajJreop
JleiibHuiia ¢ yerbipexmepHbIM He JIueBbIM
HUJIbPA/IUKAIJIOM
XynoiibepaueB A.X., IllepmaToBa 3.X.

Magqolada nilradikali 4-o‘lchovli Li bo‘lmagan algebradan iborat
bo‘lgan 5-o‘lchovli yechimli Leibniz algebralari tasnif gilingan.

In this paper 5-dimensional solvable Leibniz algebras with 4-
dimensional non Lie nilradical are classified.

B knaccuveckoit Teopun anredp JIu m3BecTeH pe3ysIbTaT O TOM, UTO JIIO-
Gast KoHeUIHOMEepHast ajrebpa JIu mpeicTaBIsieTcss B BUJIE TOTYTIPSIMOR CyM-
MBI HOJIYIIPOCTOM OIAIredphl U ee MaKCHUMAJIbHOIO Pa3peniuMoro ujeasa.
Amnajiornunstit pesysibrar gy aarebp JleiiGaura 66wt monygen JI.Baprcom
[2]. Takum o6pazom, Ipu U3y YeHnr KOHEYHOMEPHBIX asreOp Jleitbnura Baxk-
HYIO POJIb UT'PAET KJIACC Pa3peIInMbIX ajiredp.

B paBore [4] mokazaHo, UTO /17151 ONMCAHUST PA3PENTUMBIX ajre0p JleiGHn-
118 MOYKHO HCITOJIb30BATH METOJI, CBSI3aHHBIN C HIJIHPAMKAJIOM ajIrebphl 1 ee
HE HUJIBIIOTEHTHBIM T DEPEHIITPOBAHIEM, KOTOPBIH BIIEPBbIE ObLIT TPEJIJIO-
ket My6Gapak3saHoBbiM 11 asre6p Ju [8]. Ucnonb3yst Janublii MeToj, Kiiac-
cudupoBaHbl paspenumble ajaredpsl Jleitdnuma ¢ xyab-puindopMHEBIM 1
dbmmdopmubiM HUIBbpauKagamu [3,5,6]. Bosee Toro, B pabote [4] momyue-
HO OIKCaHNe YeThIPEXMEPHBIX KOMILJIEKCHBIX pa3pertuMbix ajarebp Jleiiouu-
na.

Omnpepnenenne 1. Anredpa L vaj nosem F' HazbiBaercst anredpoit Jleit6-
HUIIA, €CJIN JIJTsl JIIOOBIX T, Y, 2 € L BBIIOTHAETCS TOXKIECTBA:

[Ir [yvz]] = [[x’y]vz] - [[ZE,Z],y],

rue [—, —| ymHoxeHue B L.

st mponsBoIbHOM aarebpbl JIeHOHMIIA OTPeIeIuM PsIIbL:

L =, Lkt = [L[k],L[k]], k>1;

L'=1L, LF1=[LF LY k>1.

Onpenenenne 2. Aurebpa Jleitbnuna [ Ha3bIBaeTCsi pa3periu-
Moit(HUITLTIOTERTHOIT), ecin cymectsyer s € N Takoe, uto LI¥l = 0 (L* = 0).
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MuHnMaIBLHOE 9UC/I0, 00J/IaIa0Iee TaKUM CBORCTBOM, HA3bIBACTCS MHIIECK-
COM Pa3pemmuMOCTH ( HUJIbIIOTEHTHOCTH) aareopbl L.

MakcuMaJsbHBIN pasperMelil (HUIBIOTEHTHBIH) neas anreGpsr Jlei6-
uuna L HasblBaeTcs pagukajioM (HUIbPAIAKAIOM ).

Muoxecrso R(L) = {x € L : [y,z] = 0,Vy € L} Gynem Ha3bIBATH
NpaBbIM aHHYJIATOPOM ajredpbl L. OrMernM, 9ro s aiobbix x,y € L
9JIeMeHTHI [z, ] u [z, y] + [y, x] npunagrexar B R(L).

Onpenenenue 3. Jluneitnoe orobpakenne d u3 L B cebsi Ha3bIBAETCS
nuddepeHImpoBaHIEM, €CIIU JJId JIOObIX &,y € L BBINOIHAETCA TOXIECTBO
Jleiibuuma

([, y]) = [d(x), 9] + [z, d(y)]

st Ipon3BOJIBHOTO 3JjieMeHTa © € L paccMOTpPHM OIepaTop IIpaBoro
ymHO)KeHust R,: L — L, R, (z) = [z,2],z € L. OnepaTtop npasoro ymHo-
JKEHUSI siBJIeTCst T epEeHIInPOBAHIEM.

IIycts L paspemmumasi anrebpa Jleitoruna, ciemosarenbno, L MOKHO
3almMcaTh KaK CyMMY BeKTOpPHBIX mpocrpancTte L = N + @, rue N - HUIb-
pamukan B L. Kak u B ciyuae anrebp Jlu, crpaBeimBo COOTHOIIEHVE
dim@Q < dimN.

IIycts L - martumepHas paspemumas ajreopa Jleibuuma, N - HUIbpa-
gukajg B L, torma dimN > 3. OrMeruM, 9TO NATUMEPHBIE PA3PEITuMbIe
anre6psl Jleibuuna ¢ yeaosuem dimN = 3 6buin Kiaccudunuposassl B [7].

Paccvorpum caygait dim N = 4. Eciu wHIeKC HUJIBIIOTEHTHOCTH S HAJTb-
pamukana N paBHo 5 wim 4, Torma N sBisiercs HyIb-(puindOpPMHBIM U
dbunudopmubiM coorsercrBenno. U3 pesynbraros pabor [3,5,6] Mbl umeem
OIHMCaHNE MSITUMEPHBIX pa3pemmuMbix aiaredp Jleifibnuma ¢ maHHBIMEU yCIIO-
BHUSIMH, U JOCTATOYHO PACCMOTPETH ciyd4ail, korma s < 3. B mammoit pabore
paccmaTrpuBaeTcsd ciaydail s = 3. Bosiee Toro, nHasaraercs yciosue, uto N
SIBJISIETCsI He JIMeBBhIM U He pa3JI0KUMBIM.

[Ipusenem crmcok 4-mepubix He JIMEBBIX He PA3IOKUMBIX HUJIBIIOTEHT-
HBIX aaredp Jleitbuuia ¢ HUIBUHIEKCOM, PABHBIM 3.

A1 [er,ea] = es, [ea,e1] = ey, [ea,e2] = —es;

Aa(@) : [e1,e1] = es, [e1,e2] = ey, [e2,e1] = —aves, [ea, e3] = —ey;

A3t [er,e1] = eq, [e1,e2] = ey, [ea,e1] = —ey, [e3, €3] = ey;

Mgt [e1,e1] = ey, [e1,e2] = es, [e2,e1] = —e3, [ea, 2] = —2e3 + ey;

pa(a) = [er,er] = ey fer,ea] = aey lea,er] = —aeq, ez, ea] =
e, [e3, e3] = eq;

M2 [61,62] = €4, [61,63] = €4, [62761] = —€4, [62,62] = €4, [63,61] = €43

ps : [e1, ea] = es, [ea, e1] = eq;
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pa: [e1,e1] = eq, [e1, €] = e3, [e2, 1] = —es;

M5t [61761] = €3, [61762] = €43

pe(a) : [e1,e2] = ey, [e2,e1] = %64, [ea,e2] = e3; a0 # 1
pr : [er, ea] = eq, [e2,e1] = —eq, [e3,e3] = e4.

IIpennoxkxenune 1. Besikoe nuddepenimpoBanue ajaredp A; U fi; UMEET
CAeAyIOIUA BU:
ay 0 as as

0 a a a
PO ={ o O o T | Plala) =

0 O 0 2a; 0 0 2a;
a; az 0 as a1 0 a9 as
. 0 a1 0 ay . 0 aq ay as
DRa)=1 ¢ a1 as DA)=14 2a; 0 |’
0 0 0 2a 0 0 0 2
aq a9 0 as aq ag as a4
. —as a1 0 a4 o —az a1 a5 G
D(pi(a)) = 0 0 a as » D(p1(0) = —asz —as a1 ar
0 0 0 24 0 0 0 2a
ap —az O as ap O as Gy
0 a1 ax ay 0 az as ag
D = 2) =
(112) 0 0 a a5 |'PWs) 0 0 aitas 0
0 0 0 2a; 0 0 0 a1 + az
a; as aq as a; as aq as
. 0 a9 ae ar . 0 a9 ag ar
D =109 0 a+a 0 [P = 0 0 20, ay
0 0 0 2aq 0 0 0 a1 +a
a1 as a4 as al as 0 a4
_ 0 a2 Qae ar _ as az 0 Qae
D(,tl,@(a)) - 0 O 2a1 ﬁag ’D(/J7) - 0 O al + a2 ar
0 0 0 ai+ta 0 0 0 atar

HokaszaTrenbcTBo. /JoKka3aTebCTBO Cle/lyeT N3 HeITOCPE/[CTBEHHOM IPOBEPKH
cBoiicTBa quddepeHInPOBAHNS.

IIpennoxkenue 2. He cymectByer paspemumMoit anredbpsl Jleitbuuia ¢ HAIb-
paauKaIOM, H30MOPMHBIM OTHON u3 aaredp A1, A2, Az, A4.

HoxkazareabctBo. [Ipeanosoxum obparHoe. IlycTh cymecrByer nsiTumep-
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nas anrebpa Jleitbuuma L ¢ mwibpamukagom Ai. Torma cymecrByer 6Gasmc
{e1,e2,e3,eq,2} B L Taxoit, uro {e1, ez, €3, €4} ABnserca 6asucom B A1, a omepa-
TOp R ABJISIETCS HE HUJIBIOTEHTHBIM JU(@dEPEHIINPOBAHNEM HUJIbPAIAKAIA 1.
Takum obpazom, ucnosb3yst pesyabrar [Ipemmoxenus 1, moayInM yMHOXKEHHE B
asnrebpe L :

le1,e2] = es,  [e1,2] = arer + azes + ases, [es, x] = 2a1es,
le2,e1] = es,  [e2,x] = a1e2 + ases + ases, [es,x] = 2aiea4.
[62762] = —e€s,

TTonoxxkum

4 4 4
[z,e1] = Zaiem [z,e2] = Zﬁiei, [z,2] = Zdiei~
=1

i=1 i=1

Tak kax [z, z], [z, y]+ [y, z] € R(L), To HETPYIHO LOJIYIUTD, 9TO €3, €4 € R(L).

4
Paccmorpum Toxkzmectso Jleitbuuna [eq, [z, e2]] = [e1, Y. Bies] = B2e3. C mpy-
i=1
roii cropoHsl, [e1, [z, e2]] = [[e1,z], e2] — [[e1, 2], ] = a1e3 — 2a1e3 = —aqes.
CpaBHUB KO3 PUIUEHTHI, UMeeM (32 = —aq.

AHajioruaHo, paccMaTpuBast TOXK1eCcTBO Jleiibuuna
0 = [z, [e1, e2]] = [[w, e1], e2] — [[x, e2], e1] = (a1 — az)es — Paea,

nomyguM (B2 = 0, ciemoBaTeabHo a1 = 0. DTO TPOTUBOPEYUT YCIOBUIO, IYTO R, HE
SIBJISIETCS HMJIBIIOTEHTHBIM. He cylmecTBOBaHUE MATUMEPHBIX aarebp ¢ HUJIbPaIu-
KajJaM# A2, A3 U A4 JIOKA3bIBAETCS AHAJOIUIHO.

Teopema 1. Ilycts L—ustumepras pa3permnmas aaredopa Jleitbuua ¢ HuIb-
pamukasiom N u dimN = 4. Ilycrs N ne JlueBblit U HEpa3IOXKUMBIH Hjeag U
WMeeT MHIAEKC HUJIbIOTeHTHOCTH, paBHbiilt 3. Torma anarebpa L nsomopdHa OgHOM
U3 CIEIYIONUX TTONAPHO HEM30MOPMHBIX aIredp:

[e1,e1] = ea, [e1, 2] = e1 — aea, [z,e1] = —e1 + aeq,
1 () [e1, e2] = aeq, [e2,x] = aer + e2, [z,e2] = —aer — ea,
1
[e2,e1] = —aea, [es,x] = e, [z, e3] = —es,
[e2, €2] = e, [ea, x] = 2e4, [es, e3] = ea.
[e1, e1] = eq, [e1, 2] = e1 —ie2, [x,e1] = —e1 + iea,
J [e1, e2] = iea, [e2, 2] = ie1 +ea, [z,e2] = —ie1 —e2 + eu,
2 .
[62761} = —1€é4, [6371:} = €3, [IE,Eg} = —é€s,
[e2, e2] = eu, [ea, z] = 2e4, [es, e3] = ea.
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[e1,ea] = es, [e1,7] =e1 —e2, [z,e1] = —e1 + e,
I, [e1,e3] = e, [e2,x] = €2 + €3, [z,e2] = —e2 — €3,
[e2,e1] = —eq, [e3,z] = es, [z, e3] = —es,
[e2,€2] = ea, [e4, x] = 2e4, [es,e1] = ea
le1,z] = e1, [z,e1] = —e,
[e1,e2] = es, [e2,x] = aea, [, e2] = —aea,
I [e2,e1] = es, [es,z] = (14 a)es, [z,e3] = —e3+ aea,
[ea, 2] = (1 + a)eq, [z,e4] =e3 — e
lel,e2] = es3, [e1,z] =e1+e3, [z,e1] =—e1+eq,
IITy:{ le2,en] =es, [es,x] =es, [r,e3] = —es,
[es, x] = e, [z, ed] = e3.
le1,e1] = ea, le1,z] = e1 + ez, [e2,z] = e2,
IV; . le1, e2] = es, [x,e1] = —e1 —e2, [z,e2] = —e2,
[e2,e1] = —es, [e3,x] = 2es, [x,e3] = —2e3, [es,z] = 2e4.
le1, e1] = e, le1,x] = eq, [x,e1] = —e1, [ea, x] = 2e4.
IV : le1, e2] = es, [e2, ] = aea, [es, z] = (1 + a)es,
le2,e1] = —es, [z,e2] = —aea, [z,e3] = —(1+ a)es,
le1, e1] = e, le2, z] = e2, [z,e1] = —eu,
IVs le1, e2] = es, les,z] = es, [z,e3] = —es.
[e2,e1] = —es,
le1,e1] = ea, le2, ] = €2, [z,e1] = aea,
IVy:{ [e1,e2] =es, [es,x] =e3, [z,e2] = —e2,
le2, e1] = —es, [z,e3] = —e3.
le1,e1] = ea, le2, z] = e2, [z,e1] = e,
Vs : le1, e2] = es, les,x] = e3, [z,e2] = —ea,
le2,e1] = —es, [v,z] =es, [z,e3]= —es.
le1, e1] = ea, le2,z] = ex +e3, [z,e1] = aes,
IVs : le1, e2] = es, les, x] = e3, [z,e2] = —e2 — e3,
le2,e1] = —es, [z,z] = dea, [x,e3] = —es.

le1,e1] =es, [e2,2] = €2, [z,€2] = —ea.
Vi {

le1,e2] = €4, [eq,x] = ey,
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[e1,e1] = es, [e2,x] =e2, [z,e2] = —eo,
Vo
[61782} = €4, [8471’,} = €4, [a:,a:] = €3.
v [61761] = €3, [62,96] = ez, [1’761] = —é€3,
3 [61762] = €4, [64,1‘] = €4, [(L’,ez] = —é2, [ZE,%‘] = des.
le1,e2] = es, [e1,x] =e1, [z,e1] = —en,
VI:q lez,er] =es, [e2,2] =€z, [1,e2] = —e2,
[e2, e2] = es, [e3,x] = 2e3, [ea,x] = 2e4.
ler,e2] =es, [er,z] =e1, [z,e1] = —eq,
VII : [62561] = —é4, [623‘73} = —é€2, [m’62] = €2.
[63763] = €4, [63737} = €4,
[61,62] = €4, [61,33} = €1, [I,el] = —é€1,
VI : [62761] = —é4, [erx} = —é€2, [x762] = €2,
[es, e3] = ea, [es, z] = eu, [z, e3] = ea.
le1,e2x] =es, [en,z]=e1, [z,e1] = —en,
VIIs: le2,e1] = —eq, [e2,z] = —e2, [z,e2] = e,
[es, e3] = e, [es, x] = e, [x,e3] = veq, [z,z] =e4.

HoxkazareabcTBo. [lycTs anrebpa Jleitbuuna L u ee Hunbpaaukas N ymoBie-
TBOPSIOT ycjaoBuio TeopeMbl. B cuiy Ilpenyoxkenus 1 1ocraTodHo paccMOTpeThb
ciyqait, korma N u3oMopdeH OHOM U3 aredp i1, U2, U3, [hd, 45, U6, 7.

ITycte N nzomopden pi(a), o # 0. Torga cymecrsyer 6asuc {e1, ez, €3, €4, z}
B L rtakoii, uro {e1,es,es,e4} siBisiercst 6asucom B (), a oneparop Ry siB-
JIAETCsT HE HUJIBIOTEHTHBIM muddepenuposanneM Huabpagukana p1(«). Takum
obpaszom, u3 Ilpemnoxkenus 1 umeem cieyrolnee yMHOXKeHuEe B ajaredope L :

le1, 1] = e, e, z] =
[e1, e2] = aeq, [e2, z] =

le2, e1] = —aea, [es, ] =
ez, €2] = €4, e, x] =

ITonmoxxkum

E aies, [z, ea)

xel

4
1=1

aiel + azez + asey,
—age1 +aiez + aqey,
aies + aseq,

2a1 €64, [es,e3] = ea.

4 4
Biei, [z, e3] = Z%ei, [, 2] = Zéiei'
i=1 =1
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W3 tabmuuet (1) verpyguo Bugers, uro R(L) = {e4}. Torna

0 = 1=1,3; o1 =-—a1, e = —az, az =0;

Br=az, Bo=—ai, B3=0; 7Mm=0,72=0v3=—

PaccmarpuBas Toxkaectso Jleiibaura
0= [ZE, [617 62“ = Hmv 61]7 62] - [[377 62]5 61] = *2(&0&1 - 062)64,

nMeeM a2 = —oasj.

Amnanormuno, paccMarpuBasi TOXKIAeCTBO JleibHuma st IpPOU3BECHU
[z, [z, es]], [z, [z, e1]] u [z, [z, e2]], mosyunm cieayronme cooTHOIIEHMSI:

i =as, (14 a?)as = —2aas —az(a® —1), (14 a®)Bs = 20az — as(a® — 1) (2)

Caywuaii 1. Iycrs 1 + o # 0, Torga u3 coorHomenust (2) IOy M

203 — as(a? — 1)
14+ a2

204 + az(a® — 1)
1+ a2 ’

Ba =

o4 = —

Takum 06pa30M, MBI UMEEM CJIEIYIONLYIO Tab/IUILy yMHOKEHUS:

[e1, e1] = ea, [e1, 7] = arer — aares +azes, [v,e1,] = —arer + aares + aaeq,
le1, e2] = aea, [e2,x] = aarer + arez + aseq, [x,e2] = —qaier — arez + Baea,
le2,e1] = —aea, [es,z] = ares + asea, [, e3] = —aies + asea,
[e2, 2] = e, [ea, x] = 2a1e4, [, 2] = daeq.
[63763] = €4,

Tak kax a1 # 0, TO czeaB 3aMeHy

m/—ix—é eq, € _e+7aa4—a36 e/—e—iaa:id‘_%e e/—e—a—se

Ta 22T T T T+ ) T T a2 ) T B !

MBI MOKEM II0JIaraTh a1 = 1, a3 = a4 = as = a4 = B4 = 0 u umeem anrebpy I («)
npu o # 0 u o # +i.

Cayuaii 2. Iycrs 1+ o = 0, Torga npu 3amene

, 1 34 as + oy / alaz — ay) / as
r =—T— 2647 61—61—7647 €y =€x+ ————€4, e3 =€e3— —€4
al 2a 20,1 20,1 al
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[IOJIY UM CJIELYIONIYIO TaO/IMILy yMHOXKeHUsI B anrebpe L :

[e1, e1] = eq, le1,z] = e1 — ez, [z,61,] = —e1 + aez,
[e1, e2] = aea, [e2, 2] = aer + €2, [z,e2] = —aer — ez + Pey,
[e2,e1] = —aeq, [es,z] = es, [x,e3] = —es3,

] [ [

Hamo ormeruts, uro B ciaydae S = 0 umeem anrebpy 1 (a) npu o = +i.

Tax kak o = =i, ecmu 3 # 0, cmenas 3ameny ef = +83e1,eh = Bea, e =
Bes, ey = f%es, umeem anrebpy Io.

ITycte N msomopden pi(0). Torma aHAIOTMYIHO IPEIBIILYIIEMY CIIY Y0 HMEEM
6asuc {e1,ez,es,e4,r} B L Takoe, 4To TAbIMIA yMHOXKEHHsI MMEET CJIeyOIuii
BUJI;:

ler,e1] = es, [e1,x] = aier + azez + ases + aseq,
le2, 2] = €4, [e2,2] = —aze1 + are2 + ases + aseq, (3)

les,es] = ea, [es,z] = —aszer — asez + ares + ares, [es,x] = 2aie4.
Us (3) merpyaso Bugers, uro R(L) = {es}. Torma
5;=0,i=1,3; a1 =—a1, aa = —az,a3 = —as;
B1 =az2, B2 = —a1, B3 =—as; 71 =as, y2=as, Y3 = —a1.
PaccmarpuBas Toxxaectso Jleitbuura
0= [z, [e1,e2]] = [[z, e1], e2] — [[z, e2], e1] = azes — Bres = —2azeu,

umeeM az = 0.

AHaJIOTMYHO, paccMaTpuBasi TOXKJeCcTBO Jle#GHuIla st  OpousBejeHuii
[z, [e1,es]], [z, [e2, e3]], [z, [z, e1]], [z, [z, e2]] u [z, [z, es]], momydnm ciemyromue co-
OTHOIIICHUS:

az=0, a5=0, aq4s=as4, [s=as, Y4=ar.

Takum 06pa3oM, MbI IMEEM CJIEAYIONLYIO TAOJINILy yMHOXKEHU:

ler,e1] = eq, [e1,x] =aier +aqes, [r,e1] = —aie1 + aseq,

le2,e2] = es, [e2,z] = aies +ases, [z,e2] = —aiez + asea,

les,e3] = e4, [es,z] =aires +ares, [x,e3] = —aies+ ares,
[

es, ] = 2aieq, [x, 2] = dsea.
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Tak kak a1 # 0, TO crenaB 3aMeHy

’ 1 0 ’ a4 ’ ae ’ a7
X' =—T— 5e4, 6 =€1 — —€4, €3 =€+ —e4, €3 =€3 — —e4
a1 2ay ay a1 ai

nmeem anredpy I11(0).

PaccmarpuBas ciaydan, korma nuabpagukasa N uzomMopdeH aaredbpam s, (i3,
4, W5, U6, (7, AHAJOTMYHBIM obpa3oM mosyuuM ajrebpsl 11y — VII3. Teopema
JOKa3aHa.
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