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Abstract In this paper we study subalgebras of complex finite dimensional evolution alge-
bras. We obtain the classification of nilpotent evolution algebras whose any subalgebra is
an evolution subalgebra with a basis which can be extended to a natural basis of algebra.
Moreover, we formulate three conjectures related to the description of such non-nilpotent
algebras.

Keywords Evolution algebra - Evolution subalgebra - Complete evolution algebra -
Nilpotency

Mathematics Subject Classification (2010) 17D92 - 17D99

1 Introduction

Nowadays, the algebraic approach is effectively used in the study of the genetics and dynam-
ical systems in population biology. In 20s and 30s of the last century the new object was
introduced to mathematics, which was the product of the interactions between Mendelian
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genetics and mathematics. One of the first scientists who gave an algebraic interpretation
of the “ x ” sign, which indicated sexual reproduction was Serebrowsky [13]. Etherington
introduced the formal language of abstract algebra to the study of the genetics [6, 7]. An
algebraic approach in genetics consists of the study of various types of genetic algebras
(such as algebras of free, “self-reproductive” and bisexual populations, Bernstein algebras
and etc.). Until 1980s, the most comprehensive reference in this area was Worz-Busekros’s
book [15]. A good survey on algebraic structure of genetic inheritance is the Reed’s article
[11]. More recent results, such as genetic evolution in genetic algebras, can be found in the
Lyubich’s book [10].

Recently in the book of J.P. Tian [14] a new type of evolution algebra has been intro-
duced. This algebra describes some evolution laws of the genetics. The study of evolution
algebras constitutes a new subject both in algebra and the theory of dynamical systems. In
the Tian’s book a foundation of the framework of the theory of evolution algebras is estab-
lished and some applications of evolution algebras in the theory of stochastic processes and
genetics are discussed.

Evolution algebras are in general non-associative and do not belong to any of the well-
known classes of the non-associative algebras. In fact, nilpotency, right nilpotency and
solvability might be interpreted in a biological way as a various types of vanishing (‘“anni-
hilation”) of populations. Although an evolution algebra is an abstract system, it gives an
insight for the study of non-Mendelian genetics. For instance, an evolution algebra can be
applied to the inheritance of organelle genes. One can predict, in particular, all possible
mechanisms to establish the homoplasmy of cell populations.

Recently, Rozikov and Tian [12] studied algebraic structures of evolution algebras asso-
ciated with Gibbs measures defined on some graphs. In the papers [2, 5, 9] derivations,
some properties of chain of evolution algebras and dibaric property of evolution algebras
are studied. A connection between certain algebraic properties of evolution algebras (right
nilpotency, nilpotency, solvability and etc.) and matrix of the structural constants have been
investigated in [1, 3, 4].

It is remarkable that a subalgebra and an ideal of a genetic algebra of population, biolog-
ically can be interpreted correspondingly as a subpopulation and a dominant subpopulation
with respect to mating.

This paper is devoted to study of subalgebras of finite-dimensional evolution algebras.

In order to achieve our goal we organize the paper as follows. In Section 2, we give
some necessary notions and preliminary results about evolution algebras. We consider sev-
eral types of subalgebras of evolution algebras and present examples of difference of such
subalgebras as well. Section 3 is devoted to description of evolution algebras of permuta-
tions for which any subalgebra is an evolution subalgebra with a natural basis which can be
extended to a natural basis of the algebra (complete evolution algebra). In order to list two-
dimensional evolution algebras we identify their subalgebras. In Section 4, we classify the
nilpotent complex complete evolution algebras. In Section 5, we formulate three conjectures
related to the description of such non-nilpotent algebras.

Through the paper all algebras are assumed to be complex and finite-dimensional.

2 Preliminaries

In this section we give necessary definitions and preliminary results to obtain main results
of the paper. Let us define the main object of this work - evolution algebra.
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On the Property of Subalgebras of Evolution Algebras

Definition 2.1 [14] Let E be an algebra over a field F. If it admits a basis {eq, €2, . .. } such
that

ei-ej=0 fori#], ei~ei=2ai,kek for any i,
k
then algebra E is called evolution algebra.

The basis {e1, e2, ...} is said to be natural basis of evolution algebra E. It is remarkable
that this type of algebra depends on the natural basis {ej, e2, ... }.

We denote by A = (a;;) the matrix of the structural constants of the evolution
algebra E.

Definition 2.2 [14] Let E be an evolution algebra and E| be a subspace of E. If E; has
a natural basis {e; | i € A1} which can be extended to a natural basis {e; | j € A} of E,

then E is called an evolution subalgebra, where A1 and A are index sets and A is a subset
of A.

In fact, for a linear subspace E; of evolution algebra £ we can consider three concepts
of a subalgebra.

(1) Ej is a subalgebra in ordinary sense;

(2) Ej is asubalgebra and there exists a natural basis of E1;

(3) Ej is asubalgebra and there exists a natural basis of £ which can be extended to the
natural basis of E.

Note that Definition 2.2 agrees with the third concept of a subalgebra.
Below we present examples which show that concepts 1-3 are different in general.

Example 2.3 Let E be a three-dimensional evolution algebra with a natural basis {e1, €2, €3}
and the table of multiplication

ej-ep=e1te, e-e=—e —e, e3-e3=e¢e+e3.

It is not difficult to see that E1 =< ej + e2, 2 + e3 > is a subalgebra, but E is not an
evolution subalgebra (that is, there does not exist a natural basis of E1).
Indeed, if we assume the contrary, i.e., in the subspace E; there exists a natural basis

{f1, f2}, then
S1=ai(er +ex) +az(ezs +e3), fo=PBiler+ex)+ Pales+e3),

with o182 — a2 81 # 0.
From the condition f; - f, = 0 we derive

061:0{2:0 or a2:ﬂ2:0 or ,31:/32:0.

Consequently, we get a contradiction with the assumption that { f1, f»} is a natural basis
of Ej.

Example 2.4 Let E be a three-dimensional evolution algebra with a natural basis {eg, 3, €3}
and the following table of multiplication

e1-ej=e1+ey+tez, e-ep=—e —er+e3, e3-e3=0.
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It is not difficult to see that E1 =< e + e2, e3 > is an evolution algebra with a natural
basis {e; + e3, e3}, but this basis can not be extended to the natural basis of evolution
algebra E.

If we assume that there exists a natural basis { f1, f2} of Eq such that { fi, f>, f3} is the
natural basis of E, then

fi=ai(er +e) +azes, fo=Pile1 +ex)+ Prez, f3=yier +y2e2 + y3e3.

From conditions f - f3 = fo- f3 = O we deduce ¢y = 1 = Qory; = y» = 0.
Therefore, we get a contradiction with the assumption that { f1, f>, f3} is a basis.

For the sake of convenience, we introduce the following definition.

Definition 2.5 An evolution algebra E is said to be complete if any subalgebra of E is
an evolution subalgebra with a natural basis which can be extended to the natural basis
of E.

In [14] the conditions for basis transformations that preserve naturalness of the basis are
given. The relation between the matrices of structure constants in a new and old natural
basis is established in terms of a new defined operation on matrices, as well. Since that
relation is not practical for our further purposes, we give the following brief version of
isomorphisms.

Let us consider non-singular linear transformation 7 of a given natural basis {eq, ..., e,}
with a matrix (#;;)1<;, j<n in this basis and

n
fi=) tjej, 1<i<n.
—

This transformation is isomorphism if and only if f; - f; = O foralli # j.
In the following theorem we present a list (up to isomorphism) of 2-dimensional
evolution algebras.

Theorem 2.6 [4] Any 2-dimensional non-abelian evolution algebra E is isomorphic to one
of the following, pairwise non-isomorphic, algebras:

1. dimE?=1
o FE|: ele] =ey,
o [: eje1 =e1, erer =ey,
o FE3: ejej=e|+e, exex=—e —e
o FE4: ejel =en.
2. dimE?=2

e F5: eje =el +arer, erey = azey +e3, 1 —azaz #0, where Es(a, az) =
E5(a3, @),

o F¢: ejel =er, exey = e +agen,
where for ays # 0, E¢(as) = Eﬁ(af‘) <~ % = cos 2737—k + i sin %for some k =
0,1,2.
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Consider the following k-dimensional evolution algebras

ES; - {ei-€i=€i+1, I<i<k-—1, EN; {€i~ei=€i+1, I<i<k-1,
e - e = ey, er e =0.
In [8] the authors describe a complex evolution algebra E,, (a1, az, . .., a,) with a basis
{e1, €2, ..., ey} and the table of multiplications as follows:

ej -ej =ajeqgy, 1<i=<n,
ei-ej:O, i;ﬁj,

where 7 is an element of the group of permutations S,,. Namely, the following assertion is
true.

Theorem 2.7 An arbitrary evolution algebra E, (a1, az,...,a,) is isomorphic to
the direct sum of evolution algebras ES,,, ESp,, ..., ESp, ENy,, ENg,, ..., EN,
Le.,

E,x(ay,az,...,ay) S ESy @ES),®---®ES),, ® ENy, ® EN, ®---® EN,,
s r
WhereZp,- —|—ij =n
i=1 j=1
We introduce the following sequences:
k—1
E'=E, E'=) EE k=1
i=1

E<1> =E, E<k> — E<k_l>E, k > 1.

Definition 2.8 [1] An evolution algebra E is called nilpotent (resp. right nilpotent) if there
exists n € N (resp. s € N) such that E” = 0 (resp. E~*> = 0) and the minimal such
number is called the index of nilpotency (resp. right nilpotency).

In the paper [1], it is proved that the notions of nilpotentcy and right nilpotentcy are
equivalent. Moreover, the following theorem is true.

Theorem 2.9 [1] Let E be an n-dimensional evolution algebra. Then E is nilpotent if and
only if the matrix of structure constants A can be transformed by permutation of the natural
basis to the following form:

0ap a3 ... aiy
0 0 axy ... axy
A=]100 0 ...a3
00 O0...0
The next theorem gives the classification of evolution algebras of maximal possible index
of nilpotency.
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Theorem 2.10 [1] Any n-dimensional complex evolution algebra with maximal index of
nilpotency is isomorphic to one of the pairwise non-isomorphic algebras with the following
matrix of structural constants

0lajz...a1,-10
001 ...azp1 O
000 ...a3,-10

000 --- 0 1
000 .- 0 O

where one of non-zero a;j can be chosen equal to 1.

The set of all evolution algebras whose matrices of structural constants have the form of
Theorem 2.10 is denoted by ZN".

3 Main result

First we investigate which evolution algebras of the list of Theorem 2.6 are complete (or
not).

Proposition 3.1 Evolution algebras E| and E4 are complete.

Proof Since E is two-dimensional, then any non-trivial subalgebra of E is one-dimensional.
Let Eg be a one-dimensional subalgebra of E; and E; =< x > withx = Aje; + Azes.
Consider

x-x = (Are1 + Arer) - (Ajer + Arer) = Afey
On the other hand,
x-x=ax =a(Are; + Arer).
Then A% =aA;and xA; = 0.

e [fa =0, then A; = 0 and {ey} is the basis of E; Obviously, this basis is extendable
to the natural basis {e;, e} of Ej.

o Ifa #0,then A| = a, Ay = 0 and {e} is the basis of E’, which is also extendable to
the natural basis of E.

The proof of the proposition regarding the algebra E4 is carried out in a similar way. [J
Proposition 3.2 Evolution algebras E,, E3, Es and Eg are not complete.

Proof 1.Let E/, be a one-dimensional subalgebra of E5 and E}, =< x > withx = Aje; +
Asey. The equality x - x = ax implies A% + A2 = wA| and @A, = 0. We are seeking
a subalgebra with a natural basis that can not be extended to a basis of the algebra. Thus,
a=0.

We set A = iAj. Then x = Aj(e; + iez). Let us assume that the basis {x} can be
extended to the natural basis of E», that is, there exists y € E; such that {x, y} is a natural
basis of E3. Let y = Bie) + Bes, then

O0=x-y=Ai(e1 +ie2) - (Bier + Baez) = A1(B1 +iBo)ey.
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Hence B, = i B and we obtain a contradiction with the linear independence of elements
x and y. Thus, the evolution algebra E; is not complete.

2. Let Eé =< x > be a one-dimensional subalgebra of E3 with x = Aje; + Ajes.
Putting A} = Ay = 1 we conclude that Eg =< x > is a subalgebra. Let us assume that
x = e + ey can be extended to the natural basis of E3, then there exists y = Bje; + Baea,
such that {x, y} is a natural basis of E3.

From the following equality

0=x-y={(e1 +e)  (Bieg + Brez) = (B) — By)ey + (B) — By)ey,

we derive By = By, which is a contradiction with the condition of {x, y} being a basis.

Therefore, evolution algebra E3 is not complete.

3. The element x = Aje; + Asep forms a basis of a one-dimensional subalgebra of Es.
Therefore, x = x -x for some o € C. Note, that the condition dimE5 = 2 implies x-x # 0
(consequently o # 0). Without loss of generality we can assume that« = 1. Then x = x - x
deduce

2 2. —
{Al + Aas = Ay, a1

Alay + A3 = As.
It is not difficult to check that the system of Eq. 3.1 has a solution Ay, A, such that
Aj1As # 0. Indeed, if ay = a3 = 0, then A| = A, = 1 is a solution of the Eq. 3.1.
Let us assume that (a, az) # (0, 0) then, without loss of generality, we can suppose
az # 0. Then from the Eq. 3.1 we have

Ay
Ay = g((az% - DA+ 1), (3.2)
2 a3z + 1 1
A3 A2 Al — =0. 33
1 araz — 1 (s araz — 1 ! (araz — 1)2 (3-3)

Note that the Eq. 3.3 with respect to A} has three solutions and one of them is not equal
—ﬁ. Recall that all solutions equal to — % has the following cubic equation
203 azasz
3 3 1
A+ A+ A+
' aas =17 (@as = 27T (s = 1))

to

=0.

Therefore, the Eq. 3.1 has a solution A, A, with AjA, # 0. Consequently, there exists
a subalgebra Eg =< x > withx = Aje; + Ajes, where A1Ay # 0.

The basis of this subalgebra can not be extended to a natural basis of Es5. Indeed, if
y = Bjey + Byey with the condition that {x, y} is the natural basis of E, then

0=ux-y=(A1e; +Azez) - (Bie1 + Brez) = (A1B1 + Az Brasz)er + (A1 Braz + Ay Ba)es,
which implies
A1B1 + AyBraz =0,
A1Biay + Ay By = 0.
Since A1 Az (1 —azaz) # 0, we get By = By = 0. It is a contradiction with the condition
of {x, y} being a basis.
Therefore, two dimensional evolution algebra Es is not complete.
4. The proof that the algebra E¢ is not complete is analogous. O

Next, we present a result on preservation of the completeness of an evolution algebra
which is a direct sum of a complete evolution algebra and an abelian algebra.

Proposition 3.3 Let E be an n-dimensional complete evolution algebra. Then the evolution
algebra E & C* is also complete.
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Proof Let{ey,ea,..., ey, hy, hy, ..., hi}beabasis of Ed C* and M be an s-dimensional

n
subalgebra of E & Ck. We set {x1,x2,...,xs} as a basis of M and x; = )_ Bijej +
j=1

k
> vijhj.
j=1

Consider

n n
Xioxj=Y BBy arker, 1<i,j<s.

t=1 k=1

n n
Since x; - x; belong to M, then the elements Y B; 8 D a; ey are expressed by linear
=1 k=1

n
combinations of elements y; = Bi,jej, 1 <i <s.Consider N =< y1,y2,...,ys >.1It
j=1

is easy to see that N is a subalgebra of E of dimension s’ < s.

For the sake of convenience, by renumeration of indexes, we can assume that basis of N
is {y1, y2, ..., y5}-

If s’ = s, then using conditions of proposition we can find a natural basis {y;, y2, ...,
Vs, 21,225 --+> Zn—s} Of E. Thus the following basis {xi,x2,...,Xs, 21,22, -+ Zn—s,
hi, hy ..., hi}is anatural basis of E @ ck,

If s’ < s, then by elementary transformation of matrices we conclude

Br1 oo Bin Vi1 .- YLk

Ba1 oo Bon Y21 o Y2k
Bi1 ... Bin Y11 - Vik S ) . )
Bai --- Ban Y21 - V2uk o ‘ : :

. . . . . . ~ ﬂs’,l ,Bs’,n Vs’ 1 - Vs'k
/ /

S Lo 0o ... 0 Yorr1 - Yyslxk
ISA‘,I ,Bs,n Vs, 1 -+ Vsk . . . .
’ /

0 ... 0 vy - Vi

Hence, the following elements

n k
Y Bijej+ > vijh; 1<i<ys
’ j=1 j=1

X; =

k
Zyiijhj sSS+1<i<s
j=1

form the natural basis of M.

Now, we show that this basis is extendable to the natural basis of E & CK. Due
to N being a subalgebra of E, we derive the existence of a natural basis {yi, y2, ...,
Vs's 21, 225 - - - » Zn—g’} Of E. It is not difficult to check that the following basis

;o ’ ’ ’ YAy
{xl’x27 s Xy Z15 225 oo n—s’s Kgrq 15 Xy 0y oo o5 X hy, h2 ey iy}

is the natural basis of E @ CX, where {//,, h’2 ..., hgyy—g} are the complementary basis

elements to {x;/+l,x;,+2,...,x;}in(Ck_ O

Let E be an n-dimensional evolution algebra such that £ = E| @ E;, where E| and E;
are evolution subalgebras of E.
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Proposition 3.4 Let E be a complete evolution algebra. Then the subalgebras E1 and E,
are also complete.

Proof Let Ei be a subalgebra of E{, then E’1 is a subalgebra of E. Therefore there

exists a natural basis {e}, ¢}, ..., e,,} of E| which can be extended to the natural basis
(e, €}, ..., ep, Xmy1, Xmi2, ..., X} of E. Since E = E| @ E», then x; = y; 4 z; with
yj € E1,zj € Ea,m+1 < j <n.Frome,-x; = 0and x;-x, = 0 we deduce e; - yy = 0and
Ye-yr = zk-2r = 0. Since {€], €}, ..., €}, Xmi1, Xm42, . .., X} is abasis of E, then any ele-
ment of Ey belongs to < e}, €}, ..., €, Ymtls Ymt2,---» Yn >. Choose yj,, yj,, ..., ¥j
from the elements Y41, Ym+42, ..., Yo so that {e}, €}, ..., e, ¥, ¥j, ..., ¥j} is a basis
of E|. Thus, E| is complete. O

The next example shows that the converse assertion of Proposition 3.4 is not true in
general.

Example 3.5 Let E be a 4-dimensional evolution algebra which is a direct sum of two-
dimensional evolution algebras E| and E;, where

E|:e-e =ep; Ey :e3-e3 =ey4.

Clearly, E1 and E; are complete evolution algebras, but E is not complete. Indeed, the
subalgebra L =< e| + e3, e3 + e4 > is not an evolution subalgebra.

In the following proposition we identify complete evolution algebras among the algebras
of the type E, (a1, az, ..., ay).

Proposition 3.6 Let E be an n-dimensional complete evolution algebra of the type
E,x(ai,az,...,a,). Then E is isomorphic to one of the following non-isomorphic
algebras:

ES @C" !, EN, & C", ES; ® EN, ® C"5~1,

Proof Let E be an algebra of the type E, 7 (a1, a2, ..., a,), then by Theorem 2.7 we have
E=ZES, QES),®---DESy, ® ENy, ® EN, ©--- D ENy,.

From Proposition 3.4 we obtain that algebras ES), and E N, are complete.

If there exists p; > 2 with 1 < j < s then, we have

ej-ei=¢ej11, 1<i<p;j—1,
ESp; ey, e, =e
pj pj 1

This algebra is not complete, because the one-dimensional subalgebra < x > with x =
e1tert--+ep is not an evolution subalgebra. Thus, p; = 1 forany j € {1,...,s}.

If there exist i and j such that p; = p; = 1, then from Example 3.5 we conclude that £
is not complete. Therefore, we can assume p; = l and pj =0for2 < j <.

Let us suppose that there exist i and j such that k; > 2, k; > 2. Without loss of gen-

erality we can assume i = 1, j = 2 and k1 > kp. We denote by {ej, e, ..., e} and
{f1, f2, ..., fiy} the basis of ENy, and E Ny,, respectively. Then M =< x1, x2, ..., Xk, >
with x; = ek, —kp+i + fi, 1 < i =< kp form a subalgebra of E with the following
products

Xi-Xi =Xit1, 1<i<ky—1, Xk, + Xk, = 0.
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It is not difficult to check that M is not an evolution subalgebra. Thus, we get a contra-
diction with the assumption that there exist i and j such that k; > 2, k; > 2. Therefore, we
canassume k; = 1for2 < j <r.

Since E N is a one-dimensional algebra with trivial multiplication, then by Proposi-
tion 3.3 it is enough to consider the case s = r = 1, that is, we reduce the study to
ES, ® ENy with p € {0, 1}.

e Inthe case of p = 1 and k = 1 we obtain the algebra ES; @ C"~!;
e Inthe case of p = 1 and k > 2 we obtain the algebra ES| & EN; & Cn—k-1.
e In the case of p = 0, we obtain the algebra EN; @ cr+,

It is not difficult to check that all obtained algebras ES| & cr! ENy®C' 5, ES; @
EN; @ C" 5~ are complete. O

4 Nilpotent Case

Let E be an n-dimensional non-abelian evolution algebra with a natural basis
{e1, €2, ..., en}. By transformation of the basic elements we get the following table of
multiplication

7 #£0, l1<i<k, =0 k+l<i<n, k<n. (4.1)

1

We consider the notation given in Theorem 2.9.

Proposition 4.1 Let rank(A) < k. Then E is not complete.

Proof We prove the statement of the proposition by the contrary. Let us assume
that rank(A) = s < k, then there exist indexes iy, i,...,is such that the ele-
ments eiz1 , el.zz, ..., €% are linearly independent. For the sake of convenience assume that
e%, e%, el ef are linearly independent.

Consider the non-trivial linear combination

is

ale% + a2e§ +--- 4+ ocses2 + ozHleSz_H =0.
Since o541 # 0 (otherwise we obtain trivial linear combination) we get

o] o Oy
Gy =€l — ——& e
Os+1 As41 As+1

Due to existence o; 7# 0 for some 1 < i < s, without loss of generality, we can assume
o] 75 0.

For the element x = ,/a1e; + Jager + - - - + Joges + Josr1es+1 we have x - x = 0.
Hence, < x > is a one-dimensional subalgebra. Consequently, there exists a natural basis

{x,y2,¥3,...,yn} of E.
Let us introduce the following denotations

n
yi=Y Bijej. 2<i=<n.
j=1
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Consider
s+1 n s+1
2
O=x-yi=| Y aje | | X_Bijei | =D Vaibiie;
j=1 j=1 j=1
S S o N o
2 i 2 i \.2
=Y VaiBije; — VasiiPisi1 ) G=y" <«/(¥jﬂi,j — Vs 1Bis+1 ) e;.
— — Ot T Os+1
j=1 j=1 Jj=1
Thus,
o
j , .
VA Bi i — A/s+1Bis+1 ol 0, 2<i<n, 1<j<s. 4.2)
s+

For j = 1 in the restrictions (4.2) we obtain

Ug41 .
Bis+1 = Bi1, 2<i<n.
o]
We have that {x, y2, y3, ..., yp} and {e1, e, ..., e,} are two bases of E. Then the matrix

of change of basis has the following form:
N TR TN oS 0o ... 0
Boi o Bos /5Bt Basta oo Bon

As+1

B=|B1 - Bs /B3 Bist2 - Baa

o
Bu1 - Bns %ﬂn,l Bus+2 - Bnn

Since det (B) = 0 we get a contradiction. Thus, the algebra E is not complete. O
In the following theorem we describe the nilpotent complete evolution algebras.
Theorem 4.2 An arbitrary nilpotent complete evolution algebra is isomorphic to
E ® (Cnfk,
where E € ZN*.

Proof Let E be a nilpotent complete evolution algebra with the table of multiplication (4.1).
Then the matrix A has the form:

Oai2a13 ... Al k41 --- A1n
0 0 a3 ... azk41 ... a2
A=10 0 O ...dakk+1 --. Gk
o0 0 ... O 0 0
o0 0 ... O 0 0
n
Putting e,/(Jrl = ) ag,jej we can assume e,% = er+1, that is, we can always suppose

ekt
agk+1 =landag; =0fork+2 < j <n.
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Letajaz3...ak—1x = 0. Then we denote by ¢ the greatest number such that a; ;1 =
0,ie,a;i+1 #Ofort+1<i <k+1.Ifa ;y; =0foralll <i <k — 1, then we put
t =k.

Consider the subalgebra E| =< ¢; + €/+1, €142, . .., e, >. Then there exists a natural
basis {y1, Y2, ..., Y. & +ery1, €42, ..., €5} of E.
n
We set y; = Bi,jej with 1 <i < t. Then
j=1

0=(er+e1)-yi = ﬂi,lefz + ,Bi,t+1€,2+1-

Due to Proposition 4.1 we conclude that rank(A) = k. It implies that ef and et2 4 are
linearly independent. Therefore, B;; = Bi;+1 = 0, 1 < i < t. We have two bases in
E :{x,y2,¥3,...,yn} and {ey1, €2, ..., e,}. Then, the matrix of changes of basis has the
following form:

Br,1 oo Bri—1 00 Brryo ... Bia

Brt oo Bri—1 00 Brryo ... Bra

B=|10 ... 0 11 0 ... 0
0o ... 0 00 1 ... 0
0O ... 0 00 O ... 1

Hence, det (B) = 0 and we get a contradiction. Therefore, a1 2a23 ... ax—1.x # 0.
Taking the following change of basis:

—1/2 —1/4 —1/2k1

A
6‘1 —am a2’3 ...ak_l'k el,
;o —1/2 —1/4 —1/2k2
6‘2 —112,3 a3y4 ...ak_]'k e,
;o —1)2 .
€1 = ap_ xCk—1, k<i<n,
/
€ = é€i,
wecanassume ajp = a3 = -+ = ax—1 k = 1.

Moreover, the basis transformation

n n k—1 t—j+1 p
" / / /
i =cit D ajniei+ D | Dani | 2o D" [Jaj2mnmipin | | €l
i=k+2 i=k12 \1=j p=1 h=1
2<j=Zk

implies that the algebra E belongs to the family of algebras ZN k+1 @ C*—*=1. Taking into
account the result of Proposition 3.3 it is enough to prove that any evolution algebra of the

set ZN" is complete.
k

Indeed, if a subalgebra M of E (where E € ZN* ) contains an element e; + > Bses,
s=j+1
then {e;, eji1,...,ex} S M. Hence, algebra E has only subalgebras of the form E; =<
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€, €+l - ,ek >.Itisnot difficult to see that the subalgebras E; are evolution subalgebras
of E. O

5 Conjectures
In this section we formulate two related conjectures. A positive answer to the first conjecture
implies a positive answer for the second one. In fact, the correctness of the second conjecture

completes the description of complete evolution algebras.

Conjecture 5.1 Let A = (a;,j)1<i,j<n be a complex invertible matrix. Then the following
system of equations

2
xl a1,1 a271 .. dpl X1
x% aip axp ... ay? X2
.= . . . . 5.1
x2 al, a a X
n In Q20 - An.n n
has a solution (x1, x2, ..., xp) such that x; # 0 for all i.

e Ifn = 1, then this conjecture is obviously true.
e [fn = 2, then we consider subcases:

1. Subcase (ai,2,a2,1) = (0,0). Then a;,1a22 # 0 and we have a solution x| =
ap, x2 =az2.

2. Subcase (aj12,a2,1) # (0,0). Then, without loss of generality, we can assume
a2 # 0. Putting xp = ﬁ(xl2 —ap,1x1), we get

3 2 2
x1(xy — 2a1,1x7 + (a7 —ai2a22)x1 +aip(ar2az —azar) =0. (5.2)

Since aj2(ay2a2,1 — azpay,1) # 0, the Eq. 5.2 has three non-trivial solution.
Moreover,

3 2 2 3
xy —2a1,1x7 + (ay | — ai2a22)x1 + a1 2(a1,2a2,1 — azpa1,1) # (x —ai1)”.

From this inequality we deduce that Eq. 5.2 has a solution x; different from 0 and
ay,1. Hence, x; = ﬁ()cl2 —ay1x1) # 0.
Thus, Conjecture 5.1 for the case n = 2 is correct, as well.

Now we present two consequences of Conjecture 5.1 about the description of complete
evolution algebras.

Conjecture 5.2 Let E be an n-dimensional (n > 2) evolution algebra with the natural
basis {ey, ez, ..., ey} and invertible matrix A. Then E is not complete.

n
Indeed, if we consider x - x = x with x = >_ x;e;, then comparing the coefficients at
i=1
the basic elements e;, we obtain the system of Eq. 5.1. Due to det A # 0 and according to
Conjecture 5.1 we get the existence of a solution (x1, x2, ..., Xx,) such that x; 0 for all i.
Therefore, E; =< x > is a subalgebra of E. However, this subalgebra is not an evolution

subalgebra and the assumption of Conjecture 5.2 is correct.
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Conjecture 5.3 Let E be an n-dimensional non-nilpotent complete evolution algebra. Then
E is isomorphic to one of the following, pairwise non-isomorphic, algebras:

ES @C' !, ES @ E@C1,

where E € ZN* isa nilpotent evolution algebra with maximal index of nilpotency.

Explanation of Conjecture 5.3

Let E be an n-dimensional non-nilpotent complete evolution algebra with the table of
multiplication (4.1).

Note that the table of multiplication (4.1) for k = 1 gives the algebra ES; @ C" L.
Therefore, further we assume k > 2.

Let us introduce the denotations x; ; = (as,1, ds,2, ..., ds ) forl <s <tand1 <t <k.

Note that there are no s’ and s” such that xy ; = xgv x = (0,0, ..., 0). In fact, if there
exist s” and s”, then the subalgebra E; =< ey + ey, €x41, ..., e, > is not an evolution
subalgebra.

It is not difficult to see that the non-zero vectors Xg, i, Xs, k, - - -, X5,k are linearly

independent. Otherwise there exists a non-trivial linear combination
o1 Xy k + 02Xgy k + - Foxg k =0,

and the subalgebra E1 =< Jaies, + Jones, + -+ + Jares,, eiy1, €x42, ..., e, > is not
an evolution subalgebra.

Iteration 1 Let us assume that all vectors x; ; are non-zero (there are k-pieces), then the
determinant of the main minor of order k is non-zero.

n
Then taking the change ¢; = ¢; + > B je;, 1 <i <k, where §; ; are found from

j=k+1
the following equation
ary a12 .- ark\ [Bri+1 Bra+2 --- Bin ak+1 ALk+2 -+ A1
azy a2 - a2k | | Brk+1 Bri+2 oo+ Ban a2 k+1 A2,k+2 -+ A2n
. ) . . .o ] = . . R N GX))
a1 g2 -+ akk) \Bkk+1 Brk+2 -+ Bin Ak k+1 Akk+2 -+ Gkon

and we obtain that the evolution algebra E is isomorphic to the algebra E’ @ C"~*. The
basis {e], €j, ..., e} is the natural basis of the evolution algebra E’. Due to Proposition 3.3
the evolution algebra E’ should be complete, but according to Conjecture 5.2 the algebra E’
is not complete. Thus, in this case we get a contradiction.

Let us suppose that there exists some so such that xs, x = (0,0, ..., 0). Without loss of
generality, we can assume so = k. Then we obtain the multiplication

n n
ei-ei=2ai,jei, 1<i<k-1, ep-e = Z ajjei, e-e =0 k+1=<i=<n.
i=1 i=k+1

Applying a change of basis similar to Eq. 5.3 we can assume a; ; = Ofor 1 < i <
n

k—1, k+1 < j < n.In addition, choosing e;(+1 = > a; je;i, we derive ey - e = exy1.
i=k+1

Iteration 2 Now we consider the vectors x5 x—1 = (ds,1, @52, ..., dsk—1), for 1 < s <

k—1.
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Reduce our study to the case when all vectors x; x—; are non-zero. Then the main minor
k+1
of order k — 1 is non-zero and the equality x -x = x withx = >_ x;e; implies the following
i=1
system of equations

a1 az;1 ... ag—1,1 00 X12 X1

a2 a2 ... ag—12 00 X5 X2

ark a2k - a1,k 00 x,% Xk
2

0O 0 ... 0 10 Xt Xk+1

From Conjecture 5.1 we have the existence of solution x; 7~ 0 of the system of equation

2
at,l a1 ... Qg—1,1 X1 X1
2
aipy a2 ... Gr-12 x5 X2
ark—1 a2 k—1 .- Ak—1,k—1 x]%_] Xk—1

k—1

and xx = Y a;, kxf, Xkl = x,f. Therefore, the element x is not extendable to the natural
s=1

basis of the evolution algebra E. We get a contradiction with the assumption that all vectors

Xg k—1 are non-zero.

Continuing the iterations for all vectors xs x—2, X5 k-3, ...Xs,2, we conclude that there
exists s; such that x5, ; = (0,0, ..., 0) for all ¢. By shifting basis elements we can assume
that s; = ¢ and we obtain that the evolution algebra E is isomorphic to the following algebra:

k k

el-e1 =y ajje, e-e = y ajje,2<i<k—1I,
j=1 j=itl1

ek - e = €xt1, ei-ei =0, k+1<i<n.

k+1
For the element x = ) x;e; the equality x - x = x implies the system of equations as
i=1
follows
ap1x} = xi,
a1 pxy = x2,
a1,3xf + 02,3X% = X3,
..... e ,
ay Xy +azkxy + -0 A ak—1,kXj_ = Xk,
XE = Xpq
Taking into account that the algebra E is non-nilpotent, we have a; 1 # 0 and x| = ﬁ
If (a12,a13,...,a1k) # (0,0,...,0), then there exists a solution (x, ...xx+1) such
that x; # O for some 2 < i < k + 1. Similarly as above we conclude that the evolution
algebra E is not complete.
Thus, we get (a12,a13,...,a1x) = (0,0,...,0). Hence an n-dimensional non-
nilpotent complete evolution algebra E is isomorphic to one of the following, pairwise
non-isomorphic, algebras:

ES @ c !, ESS@E@Cch!, E € ZN*.
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