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Abstract In this paper we investigate the derivations of filiform Leibniz algebras.
Recall that the set of filiform Leibniz algebras of fixed dimension is decomposed into
three non-intersected families. We found sufficient conditions under which filiform
Leibniz algebras of the first family are characteristically nilpotent. Moreover, for
the first family we classify non-characteristically nilpotent algebras by means of
Catalan numbers. In addition, for the rest two families of filiform Leibniz algebras we
describe non-characteristically nilpotent algebras, i.e., those filiform Leibniz algebras
which lie in the complementary set to those characteristically nilpotent.

Keywords Lie algebra - Leibniz algebra - Derivation - Nilpotency - Characteristically
nilpotent algebra - Catalan numbers
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1 Introduction

In 1955, Jacobson [13] proved that every Lie algebra over a field of characteristic zero
admitting a non-singular derivation is nilpotent. The problem whether the inverse
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946 A.K. Khudoyberdiyev et al.

of this statement is correct remained open until an example of an 8-dimensional
nilpotent Lie algebra all of whose derivations are nilpotent was constructed in [7].
They called such type of algebras characteristically nilpotent Lie algebras.

If all derivations of an algebra are nilpotent (inner derivations are nilpotent, as
well), then by Engel’s theorem we conclude that a characteristically nilpotent Lie
algebra is nilpotent. The inverse statement is not true, because there exist nilpotent
Lie algebras admitting non-nilpotent derivations. Therefore, the subset of charac-
teristically nilpotent Lie algebras is strictly embedded into the set of nilpotent Lie
algebras.

The papers [6, 14, 17] and others are devoted to the investigation of characteristi-
cally nilpotent Lie algebras. The classification of nilpotent Lie algebras till dimension
8 shows that there are no characteristically nilpotent Lie algebras in dimensions less
than 7. Moreover, it is shown that there exist characteristically nilpotent Lie algebras
in each dimension from 7 till 13-dimensional. Taking into account that a direct sum of
characteristically nilpotent Lie algebras is characteristically nilpotent, then we have
the existence of characteristically nilpotent Lie algebras in each finite dimension
starting from 7.

It was conjectured for a long time that there are “a few” algebras of this kind,
and only in [15], it was proved that every irreducible component of the variety of
complex filiform Lie algebras of dimension greater than 7 contains a Zariski open
set, consisting of characteristically nilpotent Lie algebras. This implies that there are
“many” characteristically nilpotent Lie algebras, and hence they play an important
role in the description of the variety of nilpotent Lie algebras.

The notion of Leibniz algebra has been introduced in [18] as a non-antisymmetric
generalization of Lie algebras. During the last 20 years the theory of Leibniz algebras
has been actively studied and many results of the theory of Lie algebras have
been extended to Leibniz algebras (see, e.g. [1, 3, 9]). In particular, an analogue
of Jacobson’s theorem was proved for Leibniz algebras [16]. Moreover, it is shown
that similarly to the case of Lie algebras for Leibniz algebras the inverse of Jacob-
son’s statement does not hold. In [21], analogously as for Lie algebras, the notion
of characteristically nilpotent Leibniz algebra was defined and some families of
characteristically nilpotent filiform Leibniz algebras were found. Moreover, there
was presented a characterization of of characteristically nilpotency of some filiform
Leibniz algebras. Due to the existence of an example of a characteristically nilpotent
Leibniz algebra which does not satisfy the condition of [21], the characterization is
not correct.

It is known that the class of all filiform Leibniz algebras is split into three non-
intersecting families [3, 9], where one of the families contains filiform Lie algebras
and the other two families come out from naturally graded non-Lie filiform Leibniz
algebras. An isomorphism criterion for these two families of filiform Leibniz algebras
have been given in [9].

In this paper, as opposed to [21], we find out a characterization of characteristically
nilpotency of filiform Leibniz algebras (see Theorems 3.2, 3.8 and 3.10). In addition,
we described, up to isomorphism, the class of filiform Leibniz algebras comple-
mentary to characteristically nilpotent filiform Leibniz algebras. Note that filiform
Leibniz algebras were classified only up to dimension less than 10 in [8, 20, 23, 24].
Here we classify non-characteristically nilpotent non-Lie filiform Leibniz algebras
for any fixed dimension. Recall that non-characteristically nilpotent filiform Lie
algebras are described in [11].
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The Classification of Non-Characteristically Nilpotent Filiform Leibniz Algebras 947

The classification of non-characteristically nilpotent Leibniz algebras plays an
important role in the structure theory of solvable Leibniz algebras. In the theory
of finite dimensional Leibniz algebras it is known the description of solvable Leibniz
algebras with a given nilradical based on properties of non-nilpotent derivations of
the nilradical. Hence, solvable Leibniz algebras can have only non-characteristically
nilpotent nilradical. Therefore, it is very crucial to indicate non-characteristically
nilpotent Leibniz algebras. The papers [19, 25, 26] are devoted to classifications of
solvable Lie algebras with various types of nilradical. The solvable Leibniz algebras
with null-filiform and naturally graded filiform nil-radical are classified in [4, 5].

Catalan numbers are a well-known sequence of numbers and they are involved in a
lot of branches of mathematics (combinatorics, graph theory, probability theory and
many others). In the present paper we classify some kinds of non-characteristically
nilpotent filiform Leibniz algebras in terms of p-th Catalan numbers.

In order to achieve our goal, we have organized the paper as follows: in Section 2
we present necessary definitions and results that will be used in the rest of the paper.
In Section 3 we describe characteristically nilpotent filiform non-Lie Leibniz algebras
and give the classification of non-characteristically nilpotent filiform non-Lie Leibniz
algebras.

Throughout the paper all the spaces and algebras are assumed finite dimensional.

2 Preliminaries

In this section we give necessary definitions and preliminary results.

Definition 2.1 An algebra (L, [—, —]) over a field F is called a Leibniz algebra if for
any x, y, z € L, the so-called Leibniz identity

[[x, y1, z] = [[x. 21, y] + [x, [y, z]]

holds.
For a Leibniz algebra L consider the following central lower series:
L'=L,  LM'=[k5L7 k=1

Since the notions of right nilpotency and nilpotency coincide [2], we can define
nilpotency as follows:

Definition 2.2 A Leibniz algebra L is called nilpotent if there exists s € N such that
Lf=0.

Definition 2.3 A Leibniz algebra L is said to be filiform if dim L! = n — i, where n =
dimL and2 <i <n.

The following theorem decomposes all (n 4 1)-dimensional filiform Leibniz alge-
bras into three families of algebras.
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948 A.K. Khudoyberdiyev et al.

Theorem 2.4 (Omirov and Rakhimov [22]) Any complex (n—+ 1)-dimensional
filiform Leibniz algebra admits a basis {ey, ey, ..., e,} such that the table of multi-
plication of the algebra has one of the following forms:

[eo, e0] = ea,
[ei, e0] = i1, l<i<n-—1,
n—1
Fi(az,aq,...,0,,0): [eo, e1] = Zak3k+93n’
k=3
n
lei,ei]l= )Y oakyi—iex, 1<i<n-2,
k=it2

[eo, eo] = e2,

[ei, e0] = eiy1, 2<i<n-1,

n
leo, el = Y Brex,
k=3

[er, er] = yen,

F2(ﬂ3»/34»~-~»/3n7 V)

n
lei,eil= ) Brriiex, 2<i<n-—2,

k=it2
[ei, e0] = eiy1, l<i<n-1,
[eo, €] = —eiy1, 2<i<n-—1,
[eo. eo] = O1ey,

F3(01, 02, 05) = {[eo, e1] = —ex + Orey,

[e1, e1] = Osen,
lei,ejl = —lej,e] €lin < ey iy, €ivjpr,...,en > 1 <i<j<n—1,
lei, en—i] = —len—i, €] = a(—1)e,, l<i<n-—1,

where a € {0, 1} for odd n and a = 0 for even n. Moreover, the structure constants of
an algebra from F5(0,, 6, 65) should satisfy the Leibniz identity.

It is easy to see that algebras of the first and the second families are non-Lie
algebras. Note that if (6, 65, 65) = (0, 0, 0), then an algebra of the third class is a Lie
algebra and if (0, 6, 63) # (0, 0, 0), then it is a non-Lie Leibniz algebra.

Further we will use the following lemma.

Lemma 2.5 (Gémez and Omirov [9]) Forany 0 < p <n —k, 3 < k < n, the follow-
ing equality holds:

n

n n  j-p
> a@) Y bl pej= Y DY ab. je;.

i=k J=i+p j=k+p i=k

Let us present an isomorphism criterion for the first and second families of non-
Lie filiform Leibniz algebras.
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Theorem 2.6 (Gémez and Omirov [9])

(a) Two algebras from the families F\ (o3, oy, ..., oy, 0) and Fl(otg, oy, ..., 0
are isomorphic if and only if there exist A, B € C such that A(A + B) # 0 and the
following conditions hold:

, (A+B)
ay = o

3 = A2 3
;1 — [ (k=1\
o= o |A+rBa=3 ([, ) A Ba
k=3
k—1 :
+ (k B 3> Ak=3p? Z Qi3 Qi 11—k
i1=k+2
k—1 Lo
+ (k _4> A B Z Z Qp3—iy * Qiyt3—iy * Qij—k + *
ih=k+3 iy =k+3

ik—3 i

t
e S B

ip-3=2k—2 ix_4=2k—2 i1=2k-2

C Qg a3y Qjy 43— Ajy +5-2k
t ik—2 iy
k—1
+ B E E E r3—iy_,
ia=2k—1ip_3=2k—1  ij=2k—1
/
Yl 43—y iy 43—y " Oy p4—2k | O | »

n—1
, 1 k—1 P
0 = An—l AO + Ban - k§=3 <k _ 2) A Bot,,+2,k

k—1 -
+ (k B 3> ARSBY N s i1k

i =k—+2
k—1 LR
k—4 p3
+<k 4 A""B E E Olpy 3y iy 43—y Oy —f + + + -
ih=k+3i;=k+3
i3 i
k—1 . z
k—2
—l—( ! AB E E E Qpg3—ig 5
i3=2k—2 ip_4=2k—2  ij=2k—2
X Wy 3 43—ij_y » » » Wi 43—y Oy 52k
n i—2 ip
k—1
+ B E E E Opt3—iy
ia=2k—1ip_3=2k—1  ij=2k—1
7
C g 43—y Qi1 3—iy 442k | ~ g |

where4 <t < n.
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(b) Two algebras from the families F»(Bs, B4, ..., Bn, ¥) and F’Z(,Bé, Bhros B ¥
are isomorphic if and only if there exist A, B, D € C such that AD # 0 and the
following conditions hold:

D2
V= ¥
, D
,33 = A253,
1 k-1 k—1 !
r_ - k=2 - k=3 2 .
B, = A1 Dﬂt_z <k _ 2)A BBiyo—i + <k B 3)14 B _ Z Birz—i,* Bir+1—k
k=3 i =k+2
k=1\ (k-aps : 2
)4 B D> Busi Bavsi Bkt o

h=k+3 i,=k+3

i3 i

k—1 :
+( 1 )ABk*z DD Y BusisBisiiis - Basain Bis 2k

i3=2k—2 ix4=2k-2  i;j=2k-2

ik—2 ip

t
k—1
+ B Z Z Z Br3—iv > Bix a3—it s - Birt3—i Biy+a—2k | By | »

ik—2=2k—1i)_3=2k—1 i1=2k—1

whered <t<n-—1,

. BD 1 S k-1\
IBn = Any + An—1 <D/3" - Z ((k _ 2) Ak 2B/3n+2—k

k=3
k—1 -
k=3 2
+ A"™°B Z Bnvs—iy - Biy+1-k
k-3 .
i1 =k+2
k—1 G
k—4 p3
+ <k—4 A""B Z Z Bnvs—ir - Biyy3—iy - Biy—k + -+~
k43 iy =k 13
i3 ip
k—1 -
k-2
+< : AB Z Z Z Brt3—ix_sBirs+3—ig_s- - - Bir+3—iy Bir+5-2k
ifam2k—2 i 4=2k—2  i=2k—2
n i—2 i
k—1 /
+ B Z Z Z Bras—ixs Bixor+3—ix_s - - Birs—is Biva—2k | Bi | »
iam2k—1iga=2k—1  iy=2k—1

where (':) are the binomial coefficients.
Derivations of Leibniz algebras are defined as usual:

Definition 2.7 A linear transformation d of a Leibniz algebra L is called a derivation
ifforanyx,y e L

d([x, yD) =[d(x), y] + [x,d(y)].
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The Classification of Non-Characteristically Nilpotent Filiform Leibniz Algebras 951

A nilpotent Leibniz algebra is called characteristically nilpotent if all its derivations
are nilpotent. As it was mentioned in Section 1, the class of characteristically
nilpotent Leibniz algebras is a subclass of the nilpotent Leibniz algebras.

In [21] the following characterization of characteristically nilpotency is obtained.

Theorem 2.8 (Omirov [21]) A Leibniz algebra of the family F\(a3, a4, ..., oy, 0) is
characteristically nilpotent if there exist i, j (3 < i # j < n) such that oo # 0.

Further we shall need the notion of Catalan numbers. The Catalan numbers are

defined as follows:
c_ ! <2n> )
"Tn+1\n) m+D

The generalized Catalan numbers or p-th Catalan numbers were defined in [12]

by the formula
cr — 1 pn
" (p—Dn+1\n)’

Obviously, 2-th Catalan numbers are usual Catalan numbers.
H. W. Gould developed a generalization of the n-th Catalan numbers, also called
Rothe numbers or Rothe/Hagen coefficients of the first type (see [10]), as follows:

X X+ zn
A,(x,2) = ( ),
X+ zn n

together with their convolution formula

D AKX DAk (9, 2D) = Ap(x + 3, 2). 2.1)
k=0

Note that A,(1, p) is the p-th Catalan number C7.
From the convolution formula 2.1, it is not difficult to obtain the following
formula:

- 2n
crer = cl. .. 2.2
; k>~ n—k (p—l)n+p+l n+1 ( )

3 The Main Results
Since filiform characteristically nilpotent Lie algebras are already in detail studied in
[14, 15], we shall consider only non-Lie Leibniz algebras.

In this section we describe characteristically nilpotent filiform non-Lie Leibniz
algebras and give the classification of non-characteristically nilpotent filiform non-
Lie Leibniz algebras.

3.1 Characteristically Nilpotent Filiform Leibniz Algebras of the Family F («3,04,. . . ,0,,60)

Let L be a filiform Leibniz algebra from the family Fj(as, o4, ...,a,,0). The
following proposition describes the derivations of such algebras.
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952 A.K. Khudoyberdiyev et al.

Proposition 3.1 The derivations of the filiform Leibniz algebras from the family

Fi(as, aq, ..., ay, 0) have the following form:
ap ag ay as e [ an—1 a,
0 ay+ a; a) as an—2 b1 b,
0 0 a0+ a; @ + a1z ... a3+ a1,y Ay_o+ a1, a,—1 +aay,
0 0 0 3ap+ay ... ay_4+2a10,_ 0 a3+ 201041 Ay_o + 2010,
0 0 0 0 .. (m=2ag+a; a;+ (n—3)ajaz a3+ (n — 3)ajoy
0 0 0 0 0 (n—1Day+a, a,+ (n—2)auz
0 0 0 0 ... 0 0 nay + a,
where

ap(@ —a,) =0, aj(a,—0)=a,_1—b,_1, oaz(a —ay) =0,

k
k
ap(ay — (k — 2)ag) = 2u1 Zaj—lak—j+3’ 4<k<n. (31)
j=4

Proof Let L be a filiform Leibniz algebra from the family Fj (o3, a4, ..., @y, 0) and
letd : L — L be aderivation of L.
Put

d(eg) = Zﬂkek, d(e)) = Z b ey.
k=0 k=0
By the property of the derivation, we have

d(ez) = d([e, eo]) = [d(eo), eo] + [eo, d(eg)] = |:Z akex, 60i| + |:€o, Zakek:|
k=0

k=0

n n—1
= (ap + ar)ex + Zak—lek + apes + a; (Z ager + 9€n>

k=3 k=3
n—1
= Qap+ane; + Y _(ax—1 + ae)ex + (@1 + ar0)e,.
k=3

By induction we derive

n
d(e;) = (iag+anei+ Y (@ i1 + (i — Darayip)er, 3<i<n.
k=i+1
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The Classification of Non-Characteristically Nilpotent Filiform Leibniz Algebras 953

Indeed, if the induction hypothesis is true for i, then for i + 1 it implies, from the
following chain of equalities:

d(eir1) = d([e;, eg]) = [d(e;), ep] + [e;, d(ep)]

n n
= [(iao tanei+ Y (@i + (= Darax_is2)ex, 60:| + [ei, Zakek}
k=0

k=i+1

n
= (iag +aneq1 + Y (ari+ (i — Daioxig1)ex + aoeins + a1 Y ik
k=it2 k=it2

n
= ((i+ Dag+ar) espr + Y (ari + iy _i1)ex.
k=i+2

Consider the property of derivation:
d(le1, eo]) = [d(e1), eo] + le1, d(eo)] = |:Z b rex, 60:| + |:€1, Z”kek:|
k=0 k=0

n n
= (bo+ber+ Y birex+aper + a1y axex
k=3 k=3

= (ay+bo+bper+ Y (bioi +aer.

k=3
On the other hand
n—1
d(ler, eo]) = d(ez) = 2ag +ay)er + Z(”k—l + ajap)er + (ap—1 + a0)e,.
k=3

Comparing the coefficients at the basic elements we have
bo+bi=ao+ai, bi=a, 2<i<n-2, a(,—0)=a,1—by.

Using Lemma 2.5 we obtain

d(eo. e1]) = [d(eo). e1] + [eo. d(e))] = [Z ager. el} + |:6’0, Zbkek:|
k=0
n—1 n-2 n n—1
= u()(Zakek + 96,,) —l—Zuk Z aj_ry1€j+boer+ by (Z(xkek + Oe,,)

k=3 k=1 j=k+2 k=3
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954 A.K. Khudoyberdiyev et al.

n—1
= boes + (ap + b)ases + Y (a0 + br)axex + (ag + b1)de, + arases
. a
+a; Zdjej + Zak—z Zaj—k+3ej
j=4 k=4 j=k
n—1
= boes+ (ao+ar+b)ases+y_(ao+ar+bexex+ ((o+b1)0+aia,) e,
k=4
n k
+ Z Z aj20k—j43 | €k
=4 \ j=4
n—1 k
=boer + (@p+ar +bazes + Y [ (@ +ar+bax + ) aj a0k jis |ex
k=4 j=4

n
+ | (@ +b1)0 +a, + Zaj—Zanfjj% en.
=4

On the other hand

n—1 n—1
d(leo, 1)) = d (Z axex + 9en> =Y axd(ex) +0d(en)

k=3 k=3
n—1 n

=Y i | (kao+anex+ Y @j-ks1 + (k= Darajii2)e;
k=3 j=k+1

+ (nap + a,)0e,
n—1
= (ap+ aneses + Y ax(kag + ar)ex + (nag + ay)fe,
ket

n n
+ Z Q-1 Z(ﬂj—k+2 + (k= 2)aiaj_iy3)e;

k=4 j=k
n—1 k k k
= (3ap + a))azes +Z (kag+ay)ay +Z aj 20— j13+ 201Zaj710lk7j+3 ek
k=4 =4 =4

n n
n
+ | (nap +ap)o + E aj 2Qy_ji3 + ,M E aj10n_jy3 | en.
j= j=

Comparing the coefficients at the basic elements we conclude
bo=0=bi=ao+a1, (a+a+bas= 3a+aas,
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k k
(ap +ay + b oy + Zaj—Zakfjﬁ% = (kag + a)ay + Z aj 20k j+3
=4 =4
P
+ 201j=Z4&j71ak7j+3,4§k§n—1,

n
(ap +b1)0 + ara, + Zaj—Zan—j+3 = (nagp+ap)0
=4

n n
n
+ E aj20y_j3 + 201 E O 10— j43.
j=4 j=4
Replacing b = ap + a; we get

(ay — ap)az =0,

k

k
(a1 — (k —2)ag)ay = 2ﬂ1Z4(Xj—1ak—j+3, 4<k<n-1,
J=
n n
(2 — I’l)ao@ +aa; = 2611 Zaj,lan,j”. (32)
j=4

Similarly to the above argumentations we derive

d([er, e1]) = [d(e1), er] + [er, d(e)] = 2(ap + a))azes

n k
+ Z (2ap + 2a) oy + Z aj 20k_jy3 | €.
k=4 =4
On the other hand
n n
d(ler,e1]) =d (Z Olkek> =) axd(er)
k=3 k=3
= (Bap + a))azes
n k P
+ Z (kag + ar)oy + Zﬂj—zolk—j+3 t,m Zolj—10lk—j+3 e.
k=4 =4 =4

Comparing the coefficients at the basic elements we obtain

(ay —ap)az =0

k
and the restriction 3.1, i.e. (a; — (k — 2)agp)ax = ’2‘[41 ;dj—lak—j+3, 4<k<n.
]=
From Eq. 3.1 for k = n and the restriction 3.2, we have ay(0 — «,) = 0.
Considering the properties of the derivation for d([e;, e;]), 3 <i <n — 2, we have
the same restrictions. O
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956 A.K. Khudoyberdiyev et al.

From Proposition 3.1 it is obvious that if there exist the pair ag, a; such that
(ap, a1) # (0,0) and the restriction 3.1 holds, then a filiform Leibniz algebra of
the first family is non-characteristically nilpotent, otherwise is characteristically
nilpotent.

From [5] and [21] it is known that the naturally graded filiform Leibniz algebra
(the algebra with &; = 0,3 <i < n, 8 = 0) is non-characteristically nilpotent.

Theorem 3.2 Let 6 # «,, and suppose that there exist o #0, 3 <k <n. Then
a filiform Leibniz algebra of the family Fi(asz, oy, ...,a,,0) is characteristically
nilpotent.

Proof Note that it is sufficient to prove ayp = a; = 0.
Let 6 # ay, then the restriction 3.1 implies that ay = 0 and we get

k
aza; =0, ajop = 2611 E O 10— j43, 4<k<n.
j=4

If there exist oy # 0, then for the first non-zero oy # 0, we have ara; = 0. Hence
a; =0. O

From the above theorem we have that an algebra of the class
F1(0,0,...,0,0), 6 # 0, is non-characteristically nilpotent.

Remark 3.3 Note that in the notations of Theorem 2.6 putting A = 7o, we
conclude that an algebra F;(0,0,...,0,60), 6 # 0, is isomorphic to the algebra
Fi(0,0,...,0,1).

Below, we present an example which shows that Theorem 2.8 is not true in general.

Example 3.4 Let L be a 6-dimensional filiform Leibniz algebra and let
{eo, e1, e2, €3, e4, s} be a basis of L with the following multiplication:

[eo, eo]l = ea,

lei, 0] = eiy1, 1 <i<4,
[eo, e1] = e3 — 2e4 + Ses,

[e1, e1] = e3 — 2e4 + Ses,

[e2, e1] = e4 — 2es,

[es, e1] = es,

(omitted products are equal to zero).
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Clearly, this algebra satisfies the condition of Theorem 2.8, but it is non-
characteristically nilpotent, because the derivations of the algebra have the form:

ay ap as as as ae
0 2611 as aq as b(,
0 0 3611 a; + as —201 + ay 5611 + as
0 0 O 401 2611 + a3 —401 +ay
0 0 0 0 Sul 3ﬂ1 + a3
00 O 0 0 6a;

Let us now consider the case «;,, = 6.

Lemma 3.5 Let L be a non-characteristically nilpotent filiform Leibniz algebra from

the family Fy(o3, oy, ..., oy, oy) and let a; # 0 be the first non-zero parameter from
{az, a4, ..., a,}. Then
0, if k#s (mod(s—2)),
d =
“TlEnelat, if k=s (mod(s — 2)),
here3<k<nt="*3andC = 1 (") isthe p-th Catal b
where3 <k <n t= "Jand Cy = , | .| i is the p-th Catalan number.

Proof Since oy # 0, from the equality 3.1, we obtain (a; — (s — 2)ag)a; = 0, and
consequently, a; = (s — 2)ay. Replacing a; = (s — 2)ap we have

k k
(s — k)agar = (s — 2)ay Zaj—lolk—j-}—& k>s+1.
2 <

Since the algebra is non-characteristically nilpotent, we have ay # 0 and

k
k(s —2)
Oy = 2(5 _ k) j=24(){j_1()lk_j+3. (33)

We will prove the statement of the lemma by induction on/ = Lf:;], where |x] is
the integer part of x.

The base of induction / = 0 is straightforward from the condition of the lemma.

Lekt us suppose the induction hypothesis is true for ¢ </ and we will prove it for
I=131

Frorﬁ equality 3.3 we have thatif k # s (mod(s — 2)), then one of the values of j —
1 and k — j+ 3 are not congruent by mod (s — 2) with s, simultaneously. Otherwise,
if j—1=s (mod(s—2)) and k— j+3 =s (mod(s — 2)), then k=5 (mod(s — 2)),
which is a contradiction. Thus, by induction hypothesis, we have «;_jai_ 3 = 0 for
any j (4 < j < k), which implies oy = 0 for any k # s (mod(s — 2)) with Lf:;J =1
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If k=5 (mod(s — 2)),i.e. k =5+ (s — 2)t then

5+ -6 —-2)

O = ai_1¢ ) —
k 2(S—S—(S—2)t) ]_24 J—1&s+(s—2)t—j+3

—2 —2)t+3

s+(s—2)ts+(SZ)t s+(s—2)t(si+
= — i1 —2)f— - = — a1 —2)f— j+3-
ot . J—1Gs+(s=2)t—j+3 2t ‘ J—18s+(s=2)t—j+3

j=4 J=s+1

Changing j— 1 = s + (s — 2)/ and using the induction hypothesis, we obtain

s+ (s — 2)t <
A = — 2 E st (s—2) f As+(s—2)(t—j—1)
J=0

t—1

s+ (s —2)t _ 1
- _ o (_l)t Iaé—kl ZCA 1 C;_/I,

J+1
=0

t

-2t
— e (TS e
j=1

Applying formula 2.2, we derive
a = (D' Cr,

where3 <k <n,t= f:; and C? is the p-th Catalan number. O
Below, we present the classification of algebras obtained in Lemma 3.5.
Theorem 3.6 Let L be a non-characteristically nilpotent filiform Leibniz algebra of

the family Fy (a3, oy, . . ., oy, o0y). Then it is isomorphic to one of the following pairwise
non-isomorphic algebras:

Fi(os, aq, ..., 0, ap), 3<s=<n,
where
0, if k#s (mod(s—2)),
o = s—1 . k—S
(=D'Cy, if k=s (mod(s —2)) for t = >
§—

3 <k < nand CY is the p-th Catalan number.

Proof From Lemma 3.5 we have

o, if k#s (mod(s —2));
“TlEnelat it k=s (mod(s — 2)).
From Theorem 2.6, we have the isomorphism criterion
) 1
o, = i1 (A + B)ag.
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Putting B = AOZI — A, we get o = 1. Thus, without loss of generality we can
assume o, = 1, then

0, if ks (mod(s —2));
“T el it k=s (mod(s — 2)).
O
3.2 Non-Characteristically Nilpotent Filiform Leibniz Algebras of the Family
FZ(ﬂfﬁ ﬂ47 X /Sn’ V)
Now we consider algebras of the family F>(Bs, B4, - - ., Bu, ¥)- Similar to the above

section, firstly we describe the derivations of such algebras.

Proposition 3.7 Any derivation of a filiform Leibniz algebra of the family
F>(Bs, Bas - - -5 Bu, v) has the form:

ap a; ap as e (777 an—1 ay
0 bl 0 0 e 0 —ary bn
0 0 2apay+aiBs... ap3+aifpo an2+aifn ap—1+a1Bn
00 O 3u0 R P 2611/3,1_3 a,—3 + 2”1ﬂn—2 a,—» + 2611/3,1_1
00 O 0 oo (m—2)ay ax+m—3)a1B3 a3+ (n—3)aBs
00 O 0 0 (n— Dag ay + (n—2)a, B3
00 O 0 0 0 nay
where
y(2b, —nap) =0, B3(b1 —2ap) =0,
P
Bilbi — (k—Dao) = a1 Y Bj-ibejs,  4sk=n—1, (34)
j=4

Bulbr = (n = Dao) = ~ary + Y BriBupa.

=4

Proof Let L be a filiform Leibniz algebra from the second family and letd : L — L
be a derivation of L.
We set

dleo) =Y aer, d(er) =) byex.

k=0 k=0
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From the property of the derivation d one has

d(e2) = d([eo, eo]) = [d(eo). eo] + [eo. d(e0)] = |:Z ager, 60i| + |:€o, Zakek:|
k=0

k=0
n n n
=aoer + Y ax 1€ +aoer + a1y Prex = 2a0er + Y (ar—1 + arfr)ex.
k=3 k=3 k=3
By induction it is not difficult to obtain
n
d(e;) = iape; + Z (@ier1—i + (= Da1Brsa-i) ek, 2=<i=<n.
k=i+1
Consider the property of the derivation

d(ler. el) = [d(e)). eo] + [ey. d(eg)] = [Z b rex. 6’0:| + [el, Zakek}
k=0

k=0

n
= boey + Zbk—lek +arye,.
=3

On the other hand
d([er, eg]) = 0.

Consequently, by =b, =b3=---=b, »=0, b,y =—ayy.
From the chain of equalities

nagye, = d(ye,) = d(le1, e1]) = [d(e)), e;] + ey, d(e))]
=[bie; +bp_1en_1 +bues, el + e, brer +b,_1e,-1 +bre,] =2bye,,

we get 2b; — nag)y = 0.
Using Lemma 2.5 and the derivation property, we obtain

d(leo, e1]) = [d(ep), e1] + [eo, d(er)]

n n k
= (ag+b1)Bses + Y _(ao+b)Prex +aryen+ y (Z aj—2ﬂk—j+3) ek.

k=4 k=4 \ j=4
On the other hand
d(leo, e1]) = d (Z ﬂkek) =) Brd(er)
k=3 k=3

n n k
= 3aoBses + »_ kaoBrer + ) (Z aj25kj+3) ek

k=4 k=4 \ j=4
n k
k
+tary ) (Z ﬂj—1ﬂk—j+3) ek.
k=t = \j=4
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Comparing the coefficients at the basic elements we deduce

B3(by —2ap) =0,

k
k
Be(by — (k= Dag) = a1 Y Bj1Be—jss, 4<k<n—1,

=4

Bulbr = (n—Dao) = —ary + Y Br1Pujia:

j=4

Considering the properties of the derivation for products d([e;, e1]), 2 <i <n —2,
we already get the obtained restrictions. O

From Proposition 3.7 it is obvious that if there exists the pair ag, b such that
(ap, b 1) # (0,0) and the restriction 3.4 holds, then a filiform Leibniz algebra is non-
characteristically nilpotent, otherwise is characteristically nilpotent.

It is known that a naturally graded filiform Leibniz algebra of the second family
(an algebra with y =0 and B8, =0, 3 <i <n) is non-characteristically nilpotent
[5,21].

Theorem 3.8 Let y # 0 and n be odd. If there there exist B; 20, 3 <i <n— 1, thena
filiform Leibniz algebra from F>(Bs, B4, . .., Bn, v) is characteristically nilpotent.

Proof 1f y # 0, then since y (2b| — naop) = 0, this implies that b; = "* and we get
that the restrictions 3.4 have the form

(n—44Hao
:O,
, P
n—2k+2 ko
,  Prao= 261125,;15%143, d<k=n-1,
far
—n+2 noo<
5 Prao=-—ay+ o > BiiBuji3

j=4
If there exist B¢ # 0, 3 < k < n — 1, then for the first non-zero g # 0, we get
(n — 2k + 2)agBr = 0.

Since 7 is odd, we conclude ag = b = 0. m]

Let us clarify the situation when g; = 0for3 <i<n—1.

Theorem 3.9 Let y #0 and n be odd. Then any non-characteristically nilpotent
filiform Leibniz algebra of the second class is isomorphic to the algebra

F»(0,0,...,0,0,1).
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Proof Theorem 3.8 implies that if n is odd, then a non-characteristically nilpotent
filiform Leibniz algebra of the second family has the form F,(0,0,...,0, 8,,y),
where

—n+2

2 /Snao = —ayy.

Since y # 0, then for any B, putting ap # 0 and a; = , we have a non-
singular derivation.

From Theorem 2.6, we derive ﬂ,’( =0, 3 <k <n—1, and the isomorphism crite-
rion is

(n—=2)Bnao
2y

. D? BDy D

:Any’ B = + 1'8"'

v Ar T An-

Since y # 0, putting D = \/‘;‘/ , we get

By + AB,

)//:1, ﬂ;l:
Vy A"

AB

Setting B = — " we have B,, = 0 and so we obtain the algebra (0,0, ...,0, 1).
14

m}

Now we investigate the even # case.

Theorem 3.10 Lety # 0andn be even. Ifthereexist By #0, 3 <k <n-—1, k # n+2
then an algebra of the family F>(Bs, B4, ..., Bn, ¥) is characteristically nilpotent.

Proof Analogously to the proof of Theorem 3.8 O

Theorem 3.11 Let L be a non-characteristically nilpotent filiform Leibniz algebra
from the family F>(B3, Ba, ..., Bn,v)- If ¥y # 0 and n is even, then it is isomorphic
to one of the following pairwise non-isomorphic algebras:

FQ,...,0,8:,0,...,0,0,1).

Proof Let L be a non-characteristically nilpotent filiform Leibniz algebra, then by
Theorem 3.10 we have B = 0,3 <k <n—1, k # "}* and

—n—+2

n
5 Bnao = —ary + 201,33452. (3.5

Since y # 0, then for any values of B and B, there exist ag, a; (ap # 0) such

that the restriction 3.5 is held. Therefore, a non-characteristically nilpotent filiform
Leibniz algebra of the second family has the form

FQ(O,...,0,}3";2,0,~-~»0»ﬂn7y)'
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By Theorem 2.6 we have the isomorphism criterion

2
Bl =0, :«sskgn—1,k7&”;r ,
,_D2 P —Dﬂ ﬂ/_BDy_I_D 5 nB ,
y - A” y’ n-2+2 - Ag "42“’ n An An 1 n 2A n;-z
Putting D = \/ , we get
ﬂn+2 1
,:1» ;+2: 27 ,,,: ( n+°)B+An .
v p 2 JY Z \/A”)/ ( 2 A )
It is not difficult to check that y" — 5,,+2 o ( -5 ﬂw ).
If vy # ,BM, then putting B = —Zyz_ﬁgg’ , we have ,8,, =0, and so obtain the
algebra :

2
FQ©,...,0,Bu2,0,...,0,0, 1), ﬂm;é\/
2 2 n

Ify = gﬂfgz, then we have _”2+2ﬂ,,a0 =0, %2 = \/ﬁ Bl = \/AZ ,
Since ayp #0, we have B,=0, B, =0 and obtain the algebra FZ(O, ...,0
2.0,...,0,0,1). O

Let us investigate the case y = 0.

Theorem 3.12 Let L be a non-characteristically nilpotent filiform Leibniz algebra
from F>(B3, Bay ..., Bn,v).- If y =0, then it is isomorphic to one of the following
pairwise non-isomorphic algebras:

: J
F30,...,0,1,0...,0,0), 3<j<n
Proof The restrictions 3.4 under the conditions of the theorem have the form
B3(b1 — 2ap) = 0,

k k
ﬂk(bl—(k—l)uo): ZHIZﬂj_lﬂk_j+3, 4<k<n.

j=4

Let g; be the first non-zero parameter, i.e. f; =0 for 3 <i < j—1 and B; # 0.
Then we have B;(b; — (j — 1)ag) = 0, which implies b; = (j — 1)ay. Since the algebra
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is non-characteristically nilpotent, the coefficient ay # 0. Therefore, from the restric-
tions 3.4, we derive

Bk =0, Jt1<k=<2j-3,
2 — paoBrja2 = (j— Daipj, (3.6)
Bk =0, k#1(j—2)+2,
(- +2

aj Z Bitj-2+2Bu—ir(j-2)+2 »

i=1

(=12 — paoBij-2+2 = )

wheret > 3,k < n.
From Theorem 2.6 we get the isomorphism criterion

’ . ’ D

Br=0, 3=<k=j-1, 51':14]-,151'7

, : . , D (j-DHB
IBkZO’ ]+1§k§2]_3’ 182/'—2: Azj_j, (52]'*2_ A ﬂ]2>

3 — Alfl _ AISZ/—Z : /o ’ _ . R
Putting D = 5 B = G- we obtain ,B]. =1, ,82].72 = 0. Thus, if g; =0 for

3 <i< j—1and g; # 0, then, without loss of generality, we can suppose ; = 1 and

Baj>=0.
The restrictions 3.6 imply a; =0 and (t — 1)(2 — jaoBi(j-2»+2 =0, ¢ = 3, which

, j
leads to By =0 for all k # j. Thus, we obtain the algebras FQJ(O,...,O, 1,0,...,
0,0), 3<j<n. O

3.3 Non-Characteristically Nilpotent Filiform Leibniz Algebras
of the Famlly Fz (91, 92, 092)

Since non-characteristically nilpotent filiform Lie algebras are described in [11],
we will classify them only in the non-Lie case.
Let L be a filiform non-Lie Leibniz algebra of the third family. Put

lei, er]l = —ler, ei] = Biiraeitr + Biirseivs + -+ Pinen, 2=<i<n-2
Using the Leibniz identity it is not difficult to obtain the following equality:

n

k—1
k—1 .
lei, ex] = Z < (—1)t< ) )ﬂi+t,j+1—k+t>ej» 2<k, k<i<n-—-k-1.

j=itk+1 =0

k=1 k—1
Since [ex, ex] = 0, we have ) (—1)’ ( , ) Britkitin =0, 2 <k <n.
=0

Proposition 3.13 Let L be a non-characteristically nilpotent non-Lie filiform Leibniz
algebra from the family F5(0y, 6, 63). Then

Bij=0, 2<i<n-—2,i+2<j<n,

iele,e)]=0forl <i<j<n-—1
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Proof Let L be a non-characteristically nilpotent non-Lie filiform Leibniz algebra
from the family F3(0;, 6,, 63) and let d be a derivation of L.
Put

d(e)) = ) arer, dler) =Y byex.
=0 =0

Similarly as above we establish by = 0.
From the property of the derivation we have

d(e)) = (i — Dag+b)e; (mod LY, 2<i<n.

Consider the equalities
d([eo, eo]) = [d(eo), eo] + Leo, d(eo)] = |:Z agex, 60:| + |:€0, Z”kek:|
k=0 k=0
= aoleo, eo] + ailey, eo] + aoleo, ol + aileo, e1] = (2aod + ai62)ey.
On the other hand,
d([eo, eo]) = 01d(en) =61 ((n— Dag+by)ep.
Consequently,
01 (n—3)ao+ b1) = a0.

Consider the property of the derivation for the product [ey, e,],

d([eg, e1]) = [d(ep), e1] + [eo, d(e1)] = aplep, e1] + ailer, e ]

+ [Z ager, 61} + bileo, er] + [60, Zbkek:|

k=2 k=2

n

= —aoler, eo] —ailer, e1] — |:€1, Zﬂkek:| + apbae,

k=2

n
+ 2a,03e, — bler, eo] — |:Z b rex, 6’0:| + b 6se,
k=2

= - |:€1, Zﬂkek:| - |:Z b ex, eoi| + (aot + b 16,
k=0

k=1
+2a,03)e, = —d(e2) + (aghr + b 16, + 2a,63)e,,.
On the other hand,
d([eo, e1]) = d(—es + 0he,) = —d(ez) + 62d(e,) = —d(ez) + 02 (n — Dap + b1) ey.

Therefore, 2a,0; = (n — 2)ayb,.
Similarly, from

d([e1, e1]) = [Zbkekvel:| + |:€1, Zbkek:| =[bier, el +[e1,b1e1] =2b 6se,
k=1

k=1
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and
d([e1, e1]) = d(Bze,) =63 ((n—Dag+Db)e,

we conclude that 05 ((n — 1)ag — b;) = 0.
Thus, we obtain

O (n=3ag+by) =a16, 2a,63 =0 —2)aph, 03(n—1ag—>b,)=0.

Note that for a non-Lie Leibniz algebra we have (6}, 6,, 65) # (0, 0, 0).
105 # 0, then by = (n — Dag, ay = " 2" and (2n — Hahy = "2
Note that ag # 0 (since L is non-characteristically nilpotent). Therefore, we

deduce
_ 63
465
If 93 = 0, then 91 ((}’l — 3)00 + b]) = 0192, (I’l — 2)0092 =0.
If 92 ;é 0, then ap = 0, and 91[)1 = 0192.
If 092 = 0, then 91 ;ﬁ 0, and bl = —(n — 3)00.
Thus, on the behavior of the parameters 6, 6, and 63 we obtain the following
equalities:

01

b1 = (n — 1)610, ap = 0, bl = —(n — 3)00.

Now we shall prove ;; =0, 4 <j<n, 2<i< j—2,byinduction on jfor any
values of i.
Consider the property of the derivation for the product [e;, €],

d([ez, e1]) = [d(e2), e1] + [e2, d(e1)] = [(ao + b1)ez + x3, e1] + |:6’2, Zbkek:|
k=1

= (ap + 2b1)Br 4e4 + X5.
On the other hand,

d([es, e1]) = Brad(es) + Posd(es) + - - + Band(en) = Bao + b1)Prses + s,

where x; € L* and xs, ys € L°.
Comparing the coefficients at the basic element e4, we obtain

B2.4(by —2a9) = 0.

Since by = (n — 1ag or ap =0 or by = —(n — 3)ap and (ag, b1) # (0, 0), we have
B2.4 = 0. Thus, we proved the statement of the proposition for j = 4.

Let the induction hypothesis be true for j<k<n-—1,ie. g;=0for4<j<
k, 2 <i< j—2, which implies [L", e;] C L, [Lo*! e;] € L¥2. We will prove
ﬂi,k+1 =0for2<i<k-1.

Let us suppose the contrary, i.e. there exists i such that g;x;; # 0. Let iy be the
greatest number among indexes such that 8;;; # 0.

Again, consider the property of the derivation

d(le;,, er]) = [d(e;)), e1] + [eiy, d(e))] = ((ig — Dag + 2b1) Biy k1€k+1 + Xiq2-
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On the other hand,

d(le;,, e1]) = Z Biy.jd(ej) = (kao + b 1) Big.rv1€xt1 + Yiras

j=k+1

where X442, Viio € LK,

Comparing the coefficients at the basic element ey, we get Bj, k+1(b; — (k+ 1 —
ip)ag) =0.Since2 <ip <k—1,wehave2 <k+1—iy<k—1.

Taking into account k+ 1 <n and the correctness of one of the following
conditions:

bl = (n — 1)610, ap = 0, bl = —(n — 3)00,

we deduce Bj, x+1 = 0 for 2 <i < k — 1, which is a contradiction with the assumption
Bik+1 # 0. Thus, B;r+1 = 0 and we have proved that g; ; = 0 for all , j. O

Remark 3.14 The proof of Proposition 3.13 shows that the casesa = 0 and o = 1 are
proved analogously.

Proposition 3.13 implies that the table of multiplication of a non-characteristically
nilpotent filiform Leibniz algebra from the third family has the form:

[ei, e0] = eiy1, 1<i<n-—1,
[eo, ei] = —eiy1, 2<i<n-—1,
[eo, e0] = O1ep,

F3(61,0,,0;) = !
[eo, e1] = —ex + by,

[er, er] = Bzep,

lei, en—i] = —len—i, e] = a(=1)e,, 1 <i<n—1.
For such algebras in [22] it is obtained the isomorphism criterion:

. Aé@l + AgAi6, + A%93 o — Agbr +2A105

o B6;
n—1 > 2 n—1
Ay By Aj

0] = .
An-1
0

1 (3.7)

’

Theorem 3.15 Let L be a non-characteristically nilpotent filiform Leibniz algebra
from F5(6,,6,,05). Then it is isomorphic to one of the following pairwise non-
isomorphic algebras

F3(1,0,0), F5(0,1,0), F5(0,0,1).
Proof Consider several cases.

Case 1 Letf0; = 0and 6, = 0. Then 6; # 0 and

AR

/

0] 0, =0, =0.

Putting B, = A?,‘_S , we have 6] = 1 and obtain the algebra F31 (1,0,0).
0
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Case 2 Let0; = 0 and 6, # 0. Then we have

Agb + A6,
Al?B,

/ )

9/ = =
1 2 n-2"
AO

6} = 0.

’

Putting Ag = "V/6,, Aj = —"2"", we have 6] = 0,6; = 1 and obtain the algebra
F3(0,1,0).

Case 3 Let 05 # 0. Then similarly as in the proof of Proposition 3.13 we conclude

2 n—1
0, = f;%. Then in the isomorphism criterion 3.7 putting B; = Agg , A= —‘égfz,
we get’ ‘
0,=06,=0, 6;=1.
Thus, in this case we have the algebra F; 0,0,1). O
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