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Introduction

The algebraic classification (up to isomorphism) of algebras of dimension #n from a cer-
tain variety defined by some family of polynomial identities is a classic problem in the
theory of non-associative algebras. There are many results related to the algebraic classi-
fication of low-dimensional algebras in the varieties of Jordan, Lie, Leibniz, Zinbiel and
many other algebras [1-13]. Another interesting direction is a study of one-generated
objects. The description of one-generated groups is well-known: there is only one one-
generated group of order n. In the case of algebras, there are some similar results, such
as the description of n-dimensional one-generated nilpotent associative [14], noncom-
mutative Jordan [15], Leibniz and Zinbiel algebras [16]. It was proven that there is only
one n-dimensional one-generated nilpotent algebra in these varieties. But on the other
hand, as we can see in varieties of Novikov [17], assosymmetric [18], bicommutative [19],
commutative [20], and terminal [21] algebras, there are more than one four-dimensional
one-generated nilpotent algebra from these varieties. It is easy to see that a nilpotent
one-generated algebra is a central extension of a nilpotent one-generated algebra of a
smaller dimension. In the present paper, we give an algebraic classification of five- and
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six-dimensional one-generated nilpotent Novikov algebras introduced by Novikov and
Balinsky in 1985 [22].
The variety of Novikov algebras is defined by the following identities:

(xp)z = (x2)y,
(xy)z — x(yz) = (yx)z — y(xz).

It contains the commutative associative algebras as a subvariety. On the other hand, the
variety of Novikov algebras is the intersection of the variety of right commutative alge-
bras (defined by the first Novikov identity) and the variety of left symmetric (Pre-Lie)
algebras (defined by the second Novikov identity). Also, any Novikov algebra under the
commutator multiplication is a Lie algebra [23,24], and Novikov algebras are related with
Tortken and Novikov-Poisson algebras [25-27]. The systematic study of Novikov alge-
bras started after the paper by Zelmanov where all complex finite-dimensional simple
Novikov algebras were found [28]. The first non-trivial examples of infinite-dimensional
simple Novikov algebras were constructed in [29]. Also, the simple Novikov algebras were
described in infinite-dimensional case and over fields of positive characteristic [30-32].
The algebraic classification of three-dimensional Novikov algebras was given in [33], and
for some classes of four-dimensional algebras, it was given in [34]; the geometric classifi-
cation of three-dimensional Novikov algebras was given in [35] and of four-dimensional
nilpotent Novikov algebras in [36]. Many other pure algebraic properties were studied in
a series of papers by Dzhumadildaev [37-40].

Our method to classify nilpotent Novikov algebras is based on the calculation of cen-
tral extensions of smaller nilpotent algebras from the same variety. The algebraic study
of central extensions of Lie and non-Lie algebras has been an important topic for years
[17,41-46]. First, Skjelbred and Sund used central extensions of Lie algebras for a classifi-
cation of nilpotent Lie algebras [45]. After that, using the method described by Skjelbred
and Sund, all non-Lie central extensions of all four-dimensional Malcev algebras were
described [43], and also all non-associative central extensions of three-dimensional Jordan
algebras [42], all anticommutative central extensions of the three-dimensional anticommu-
tative algebras [47], and all central extensions of the two-dimensional algebras [48]. Note
that the method of central extensions is an important tool in the classification of nilpotent
algebras, which was used to describe all four-dimensional nilpotent associative algebras [7],
all five-dimensional nilpotent Jordan algebras [10], all five-dimensional nilpotent restricted
Lie algebras [5], all five-dimensional nilpotent associative commutative algebras [19], all
six-dimensional nilpotent Lie algebras [4,6], all six-dimensional nilpotent Malcev algebras
[11], all six-dimensional nilpotent anticommutative algebras [49], all eight-dimensional
dual Mock Lie algebras [50], and some others.

1. The algebraic classification of nilpotent Novikov algebras
1.1. Method of classification of nilpotent algebras

Throughout this paper, we use the notations and methods well written in [42,43,48], which
we have adapted for the Novikov case with some modifications. Further in this section, we
give some important definitions.
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Let (A, -) be a Novikov algebra over C and V a vector space over C. The C-linear space
Z%(A,V) is defined as the set of all bilinear maps 6: A x A —> V such that

0(xy,z) = 0(xz,y),
0(xy,z) — 0(x,yz) = 0(yx,2) — 6(y, xz).

These elements will be called cocycles. For a linear map f from A to V, if we define
8f: A x A — V by 8f(x,y) = f(xy), then §f € Z*(A, V). We define B2(A,V) = {0 =
8f : f € Hom(A,V)}. We define the second cohomology space H2(A,V) as the quotient
space Z*(A,V)/B*(A, V).

Let Aut(A) be the automorphism group of A and let ¢ € Aut(A). For 6 € Z?(A,V)
define the action of the group Aut(A) on H2(A, V) by ¢0(x, y) = 0(p(x), ¢ (y)). It is easy
to verify that B2(A,V) is invariant under the action of Aut(A). So, we have an induced
action of Aut(A) on H2(A, V).

Let A be a Novikov algebra of dimension m over C and V be a C-vector space of dimen-
sion k. For 6 € Z2(A,V), define on the linear space Ag = A @ V the bilinear product
= —la, by [x+x,y+ Y ]1a, =xy+0(x,y) for all x,y € A,x',y' € V. The algebra Ay
is called a k-dimensional central extension of A by V. One can easily check that Ag is a
Novikov algebra if and only if 6 € Z*(A, V).

Call the set Ann(0) = {x € A: 6(x,A) + 0(A, x) = 0} the annihilator of 6. We recall
that the annihilator of an algebra A is defined as the ideal Ann(A) = {x € A: xA + Ax =
0}. Observe that Ann(Ag) = (Ann(d) N Ann(A)) @ V.

The following result shows that every algebra with a non-zero annihilator is a central
extension of a smaller-dimensional algebra. As a consequence, it is easy to see that a one-
generated nilpotent algebra is a central extension of a one-generated nilpotent algebra of a
smaller dimension.

Lemma 1.1: Let A be an n-dimensional Novikov algebra such that dim(Ann(A)) = m # 0.
Then there exists, up to isomorphism, a unique (n — m)-dimensional Novikov algebra A’
and a bilinear map 0 € Z*(A, V) with Ann(A) N Ann() = 0, where V is a vector space of
dimension m, such that A = A'g and A/ Ann(A) = A’

Proof: Let A’ be alinear complement of Ann(A) in A. Define alinear map P: A — A’ by
P(x+v) =xforx € A’ and v € Ann(A), and define a multiplication on A’ by [x, y]a’ =
P(xy) for x,y € A’. For x,y € A, we have

P(xy) = P((x — P(x) + P(x))(y — P(y) + P(»))) = P(P(x)P(y)) = [P(x), P(y)]a’.

Since P is a homomorphism P(A) = A’ is a Novikov algebra and A/ Ann(A) = A/,
which gives us the uniqueness. Now, define the map #: A" x A’ —> Ann(A) by 6(x,y) =
xy — [x,y]a. Thus, Ay is A and therefore 6 € 7*(A,V)and Ann(A) NAnn(#) =0. N

Definition 1.2: Let A be an algebra and I be a subspace of Ann(A). If A = Ay @ I then I
is called an annihilator component of A.

Definition 1.3: A central extension of an algebra A without annihilator component is
called a non-split central extension.
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Our task is to find all central extensions of an algebra A by a space V. In order to
solve the isomorphism problem we need to study the action of Aut(A) on H2(A, V).
To do that, let us fix a basis ey, ...,e; of V, and 6 € Z?(A, V). Then 6 can be uniquely
written as 6 (x, y) = Zle 0i(x, y)ei, where 0; € Z*(A, C). Moreover, Ann(6) = Ann(#;) N
Ann(63) N - -- N Ann(6;). Furthermore, 6 € B*(A, V) if and only if all §; € B2(A, C). It is
not difficult to prove (see [43, Lemma 13]) that given a Novikov algebra Ag, if we write
asabove 0(x,y) = Y i, 0i(x,y)e; € 7Z%(A,V) and Ann(6) N Ann(A) = 0, then Ag has an
annihilator component ifand only if [0, ], [62], . . . , [65] are linearly dependent in H2(A, C).

Let V be a finite-dimensional vector space over C. The Grassmannian Gi(V) is the
set of all k-dimensional linear subspaces of V. Let Gs(H?(A,C)) be the Grassman-
nian of subspaces of dimension s in H2(A,C). There is a natural action of Aut(A)
on Gs(H?(A, C)). Let ¢ € Aut(A). For W = ([01],[02], .. .,[6s]) € Gs(H*(A, C)) define
OdW = ([¢61], [#62], ..., [d0;]). We denote the orbit of W € G,(H*(A,C)) under the
action of Aut(A) by Orb(W). Given

Wl = ([91]’[92] 5. '-7[93]))W2 = ([191] 7[02]1-' ’[ﬁSD € GS (H2 (A)(C)))

we easily have that if W; = W,, then ()i_; Ann(f;) N Ann(A) = ()i_; Ann(d) N
Ann(A), and therefore we can introduce the set

T, (A) = {W = ([61],16:],...,[6:]) € G (H* (A, ©)) : ﬂAnn(@,-) N Ann(A) = o} ,
i=1

which is stable under the action of Aut(A).
Now, let V be an s-dimensional linear space and let us denote by E(A, V) the set of all
non-split s-dimensional central extensions of A by V. By above, we can write

E(AV) = {Ag:@(}C,)}):ZQi(x,y)ei and ([01],[02],...,[05])eTS(A)}.
i=1

We also have the following result, which can be proved as in [43, Lemma 17].

Lemma 1.4: Let Ag, Ay € E(A, V). Suppose that 0(x,y) = > ;_, 0i(x, y)e; and ¥ (x,y) =
Y iy Vi(x, y)ei. Then the Novikov algebras Ag and Ay are isomorphic if and only if

Orb ([61], [62],. .., [6s]) = Orb ([t1], [D2],. .., [¥s]) .

This shows that there exists a one-to-one correspondence between the set of Aut(A)-
orbits on Ts(A) and the set of isomorphism classes of E(A, V). Consequently we have a
procedure that allows us, given a Novikov algebra A" of dimension n—s, to construct all
non-split central extensions of A’. This procedure is:

Procedure

(1) For a given Novikov algebra A’ of dimension n — s, determine H(A’, C), Ann(A’)
and Aut(A’).

(2) Determine the set of Aut(A’)-orbits on T(A').

(3) For each orbit, construct the Novikov algebra associated with a representative of it.
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1.2. Notations

Let NV be a Novikov algebra with a basis ej, e, . . ., e,. Then by Ajj we will denote the
bilinear form Ajj: N' x N — C with Ajj(ej, em) = 8;i8jm. Then the set {A;i: 1 < i,j <
n} is a basis for the linear space of the bilinear forms on V. Then every bilinear form 6 can
be uniquely writtenas = ), ji<n CijAij Where cjj € C. Let us fix the following notations:

/\/}i — jth i-dimensional one-generated Novikov algebra.

1.3. Low-dimensional one-generated nilpotent Novikov algebras

Thanks to [36] we have the algebraic classification of two-, three- and four-dimensional and
five-dimensional with two-dimensional annihilator one-generated nilpotent algebras. Let
us give a list if one-, two-, three- and four-dimensional one-generated nilpotent Novikov
algebras.

021 . e1er = e
5’1 . e1ep = e ee; = €3
032()\,) . e1ep = e €16 = €3 exe; = )»63
Nél : €1e] = e €1 = e3 €re] = é4
042 . e1ep = e €e; = e3 €163 = é4 e3e] = —eé4
62()») . €161 = e €16y = e3 e1ez = (2 — )\.)64 ere; = )»63
€e) = )»64 esze] = )»64
614 . €161 = e €16 = e3 e1ez = 264 €re] = é4
615 : e|1e] = e €1 = e3 €163 = é4 exe; = e3 + ey

€262 = €4 €361 = €4

Remark 1.5: Note that a non-split central extension of a split algebra can not be a
one-generated algebra. Hence, we will consider central extensions only of non-split one-
generated nilpotent algebras.

2. Classification of five-dimensional one-generated nilpotent Novikov
algebras

All the necessary information about coboundaries, cocycles and second cohomology
spaces of five-dimensional one-generated nilpotent Novikov algebras is given in Table A1
(see Table A1 from Appendix).

From the results of [36], it is not difficult to see that there are two five-dimensional
one-generated Novikov algebras with two-dimensional annihilator:

> e1ep = e e1e) = ée4 €163 = é5 €] = e3 e3e1 = —e€5

01

5

02()») . ele1 =e ejer = e3 eie3 = (2 —A)es exe; = Aes + ey
€e) = )\65 ese] = )\65

2.1. Central extensions of N3,
Let us use the following notations

Vi=[Ai], Via=[Aul—[Aul, V3=[An]+I[An]+2[A4]
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The automorphism group of Ny}, consists of invertible matrices of the form

x 0 0 O
6= y x> 0 0
Tz oy 20
v xy 0 x°
Since
0 0 o o o* o af o
#7 0 a3 0 0 b= a afy 0 0
o 0 0 0 ok o o ol
203 —a; 0 0 O 20 —a; 0 0 o0

we have that the action of Aut(/\/(;ll) on the subspace (Z?z 1 @;V;) is given by (Z?: 125 Vi),
where

o = oy, o = xtay, o) = s,

2.1.1. One-dimensional central extensions of N},
Since we are interested only in new algebras, we have the following cases:

(1) ifas # 0, then we have the representative (AV] + 'V, + V3);
(2) if a3 =0, then (a1,2) # (0,0) and we have the representative (V) + AV,) with

A #0.

Hence, we have the following new five-dimensional algebras:

B 1 eler=e ez =e¢3 e1e3 = hes ejeq = [ues
ee] =eq4 €€y =e5 eze; = e  eqe; = (2—pes
NoyGizo : erler=er elex=e3  eles=es  ereg = Aes
ee] = e4 ege] = —Aes

2.1.2. Two-dimensional central extensions of Ny,
Consider the vector space generated by the following two cocycles

01 =1 Vi +oVy + a3 Vs,
0, = 1V1 + B Va.
If o3 = 0, then we have the representative (Vy, V,). If 3 # 0, then

(1) B2 = 0, then we have the family of representatives (V1, AV, + V3);
(2) B2 # 0, then we have the family of representatives (AV; + Va, uV; + Vs).
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Hence, we have the following 6-dimensional algebras:

6 ) _ _ _ _
01 . €11 = ey e1ep =e63 €163 = é5 €164 = €¢

€261 = €4 €4€] = —€g
6 ) _ _ _ _
02()») : €11 = ey e1ep =e63 €163 = €5 €14 = )»66

€e] =e4 €€ =¢e; e3¢l = ¢ ese; = (2 — Aes
6 ) _ _ _ _
s(Ap) 1 eter=ex erex=e3  ere3 =hres+ pueg ereq =es

ee] =eq4 ee) = e eze] = e eqe] = —es + 2eq

2.2. Central extensions of Ny},

Let us use the following notations
Vi=[Anl, Vy=2[An] - [As]-[A4l

The automorphism group of Ny}, consists of invertible matrices of the form

x 0 0 O
0 x> 0 0
0= y 0 X 0
z 0 0
Since
0 o 0 2 af  of 0 205
#7 0 0 —ay O b= a0 —aj 0
0 0 0 0 0 0 0 0 ’
—a; 0 0 0 —a 0 0 0

we have that the action of Aut(\;,) on the subspace <Zi2=1 @;V;) is given by <Zi2=1 o Vi),

where
of = o, of =X

2.2.1. One-dimensional central extensions of \/ (;'2
Since we are interested only in new algebras, we have assume o # 0, and we have the
following cases:

(1) ifa; = 0, then we have the representative (V,);
(2) if o # 0, then by choosing x = /a1 /a2, we have the representative (Vi + V3).

Thus, we have the following five-dimensional algebras:

5

05 - €1€] = ey e1e3 =e4 e1e4 = 265 €re] = e3 epe3 = —es5 €3] = —€4
€4€] = —6€5

(?6 . €1€] = ey ejep = €5 €163 =e4 €14 = 265 €6] = e3 epe3 = —é€5

€3€] = —€4 €4€] = —€5
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2.2.2. Two-dimensional central extensions of \/; (;'2
Since dim(Hz(Nglz)) = 2, there is only one two-dimensional central extension of 6‘2.
Thus, we have the following six-dimensional algebra:

NO64 . e1e1 =ey ejep =e5; e1€e3 =e4 e1e4 = 266 €e] = e3 ee3 = —¢€¢

€36] = —eé4 e4€] = —€6

2.3. Central extensions of N5 (A)3¢{0,1)
Let us use the following notations
Vi=1[Axn], V2= 0@=20)[A14] + 12— M) [Ax3] + A[A3] + A[A4y].

The automorphism group of N/ (1) consists of invertible matrices of the form

x 0 0 0
0 x* 0 0
¢= y 0 x* 0
z 2xy 0 «x*
Since
0 0 0 (3 —=2Maz o** o 0 (3 =203
" a; 0 A2 —MNay 0 b= af +ra* 0 A2 -] 0
0 haz 0 0 B 0 iaf 0 0 ’
Ay 0 0 0 a0 0 0

we have that the action of Aut(Ny;(A)) on the subspace (Zlea,-vi) is given by
(Y7, @fV;), where

of = P (xa; + 200 — Dyan), af = x"a;.

2.3.1. One-dimensional central extensions ofNé'3 (Magio,1)

Since we are interested only in new algebras, we have o, # 0. Then choosing
y = xo1/2A(1 — L)z, we have the representative (V,). Hence, we have the following
five-dimensional algebras:

Ng,(Magoy : erer = e eje; = e3 eje3 = (2 —Aey
ereq = (3—2N)es ere; = Aes
erey) = )»64 €3 = )»(2 — )»)65 esze] = )»64
e3ey = )\65 €41 = )»65

2.3.2. Two-dimensional central extensions of Ngs (A1 ¢f0,1;
Since dim(H?( 6*3 (Ma0;1)) = 2, there is only one two-dimensional central extension of
Ny (M) ago,1}- Hence, we have the following six-dimensional algebras:

NE&EMagoy : erer = e eje; = e3 eje3 = (2 —A)ey
e1e4 = (3 — 2)\)65 ee] = )»63 + e6
€re) = )»64 €3 = )»(2 — )»)65 eze] = )\,64

e3ey = )\65 €41 = )»65
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2.4. Central extensions of/\/(f3 (0)

Let us use the following notations
Vi=T[Aul, Va=[An], V3=2[A]-2[Asn]+[Aul

The automorphism group of N5 (0) consists of invertible matrices of the form

x 0 0 0
b= y X 0 0
z xy X 0
t 2xz 2x%y x
Since
0 0 0 a af o™ o™ af
#7 a 0 203 0 b= o 0 20 0
0 —2a3 O 0 0 —2e3 0 Ve
o3 0 0 0 o3 0 0 0

we have that the action of Aut( 5‘3(0)) on the subspace <Z§:1aivi) is given by
(Y7 afV;), where
of = oy, o = Koy + 4z — 2xy*)as, o) = Xas.

2.4.1. One-dimensional central extensions of \/ 5'3 0)
Since we are interested only in new algebras, we have (o1, o3) # (0,0) and:

(1) ifas = 0,2 = 0, then we have the representative (V1);

(2) ifas = 0,a; # 0, then choosing x = /o, /a1, we have the representative (V; + V5);

(3) ifaz # 0, then choosing y = 0,z = —a,/4a3.3/a3, we have the family of representa-
tives (AV1 + V3).

Hence, we have the following 5-dimensional algebras:

N057(0) . eleg=e eje; = e3 ejez3 = 2eq4 ejeq = 3es

NO58 : e1ep = e e1ep = e3 eje3 = ey €14 = €5 €e] = és

Nosg()\) T elel =e eje; = e3 eje3 =2eq4 ejeq = Aes exez = 2es
€3e) = —265 €4e] = €5

2.4.2. Two-dimensional central extensions of J\/'(;‘3 0)
Consider the vector space generated by the following two cocycles

0 =o1Vi +a2Vy + a3Vs,
0, = B1Vi + B Va.

If o3 = 0, then we have the representative (Vy, V,). If 3 # 0, then

(1) if By =0, B2 # 0, then we have the family of representatives (AV; + V3, V2);
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(2) if B1 # 0, B2 # 0, then choosing x = /B2/B1,y = 0,z = (3o — xor2) /4a3, we have
the representative (Vi + V,, V3);
(3) if B1 # 0, B2 = 0, then we have the representative (V}, V3).

Hence we have the following six-dimensional algebras:

N()GS(O) T elep=e¢e el =e¢e3 e1e3 = 2ey ejeqs = 3es  epxe] = eg
N&(A) . oelel=e elep =e3 e1es = 2ey ejeq = Aes  epxe] = eg
ere3 = 2e5 eszep; = —2e5 ege; = e5
N : elep=e  eley=e3 e1e3 =2es  ejeq = es
ere] = es ere3 = 2eg ezey = —2eg e4€] = €4
N& T elep=ey ee;=e3 e1e3 =2es  ejeq = es
ere3 = 2eg eszep = —2e5 ege] = eg

2.5. Central extensions of/\/é'3 1
Let us use the following notations
Vi=[Axnl, Vi2=[Au]+[As]+[As]+ [An]

The automorphism group of AV5(1) consists of invertible matrices of the form

X 0 0 0
I x? 0 0
¢= z 2xy ¥ 0
t 2xz+y* 3x%y x
Since
0 0 0 o ot o
rlar 0 a O oo™t oy 0
¢ 0 an 0 O ¢ = ot o 0 0]}
@w 0 0 0 o 0 0 0

we have that the action of Aut( 513(1)) on the subspace (Zleaivi) is given by
(7, &} V), where
of = Xa, of =X

2.5.1. One-dimensional central extensions of \, 5'3 M
We may assume oy # 0, so we have the following cases:

(1) if a; = 0, then we have the representative (V,);
(2) ifa; # 0, then choosing x = /&1 /a2 we have the representative (V) + V).

Hence, we have the following five-dimensional algebras:

5
() elep=e elep=e3 eje3=e4 ejeg=es eye] =e;3
€26) = €4 €23 = €5 €3€] = €4 €36) =€5 €4€]1 = €5
5
10 : eje] = ey e1ep=¢€3 e1e3=e4 €14 =2¢€5 €] =e€3+¢e5

€26y = €4 €263 =€5 €36] =€4 €362 =65 €4€] = €5
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2.5.2. Two-dimensional central extensions of \/ (;'3 M
Since dim(Hz(/\/'(;g(l))) = 2, there is only one two-dimensional central extension of
N (1). Hence, we have the following six-dimensional algebra:

6 . _ _ _ _ _
Nos(l) : eje1 =ey ejep—e3 e1e3—e4 ejeyg=e5 ee; =es3+eg

€26) = €4 €263 = €5 €3€] = €4 €363 = €5 €4€] = €5

2.6. Central extensions of Ny,

Let us use the following notations
Vi =[A], Vo2 =2[Au]+ [Ax]+[An], Vi=[An] —2[A2] +2[An] — [Asl.

The automorphism group of Ny}, consists of invertible matrices of the form

1 0 0 0
X 1 0 0
¢ = y x 1 0
z x+2y 2x 1
Since
0 0 o1 20 + a3 o a* 20 +af 205 +of
¢T 0 oy  —203 0 6= o o —203 0
ay 203 0 0 o 20 0 0 ’
—a; 0 0 0 —at 0 0 0

we have that the action of Aut(]\/(;i) on the subspace (Z?: L @;V;) is given by (Z?: 1o Vi),
where

Olik =o] +2(x — 2x2 + 4}/)053, (X; = oy, o[%k = 3.
2.6.1. One-dimensional central extensions of 6'4

Since we are interested only in new algebras, we assume (a3, «3) # (0, 0) and we have the
following cases:

(1) ifay # 0,3 = 0, then we have the family of representatives (AV; + Va);
(2) if a3 # 0, then by choosing y = —(o; + (2x — 4x%)a3) /8a3, we have the family of
representatives (AV, 4 V3).

Hence, we have the following five-dimensional algebras:

151 ()») : ere] = e e1ey = e3 eje3 = 264 + )»65 €164 = 265
€61 = €4 €62 = €5 €3] = €5

152()») : e1e] = e €1ep = e3 eje3 = 264
€164 = (2)» + 1)65 €61 = €4
€6y = )»65 €e3 = —265 esze] = )\65

e3ey) = 265 €461 = —€5
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2.6.2. Two-dimensional central extensions of N,
Consider the vector space generated by the following two cocycles

0 =o1Vi +aVy 4+ a3Vs,
0, = p1Vi + B Va.

If o3 = 0, then we have the representative (Vy, V). If a3 # 0, then

(1) if By = 0, then we have the family of representatives (V1, AV, + V3);
(2) if By # 0, then we have the family of representatives (AV; + V3, V3).

Hence, we have the following six-dimensional algebras:

6

09 : eleg=e elex=e3 e1es = 2e4+ e e1eq = 2e5

€261 = €4 €263 =65 €3€1 = €5

NIGO()\) . oelep=e ejep =e3 e1e3 =2e4+es ereq = A+ 1es
€261 = €4
€e) = )\.35 exe3 = —265 eze] = )\65 e3ey) = 265
€461 = —¢€5

M61 (A) : eleg=e ee =e3 e1e3 = 2eq4 + Leg ejeqs = es + 2eq
€261 = €4
ere) = eg exes = —2es5 eze] = eg ezey = 2es
€461 = —¢€5

2.7. Central extensions of Ngs

Let us use the following notations
Vi=T[Anl, Vo= =2[A1]+ [Au]l + [Ap]+ [As] + [Asl.

The automorphism group of /s consists of invertible matrices of the form

1 0 0 0
X 1 0 0
¢= y 2x 1 0
z X*+x+2y 3x 1
Since
0 0 —2ay o o™ =20 +o o
¢T a; O o) 0 b= af o +a* af o 0
0 a O 0 N ot o 0 0|’
@ 0 0 0 o 0 0 0

we have that the action of Aut(/\/(jls) on the subspace <Zi2=1 o;V;) is given by <Zi2=1 ofVi),
where

* *
o] =o1, o) = o
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2.7.1. One-dimensional central extensions of/\/(;'5
Assuming o, # 0, we have the family of representatives (AV; + V).
Hence, we have the following five-dimensional algebras:

D) erer =exerer = e3 e1e3 = ey — 25 ereq = es ee1 = €3 + €4 + Aes
exey = eq €2€3 = €5 e3e] = ¢4 esey = €5 e4e = €5

2.7.2. Two-dimensional central extensions of N, 6‘5
Since dim(H?(Nj5)) = 2, there is only one two-dimensional central extension of Ny
Hence, we have the following six-dimensional algebra:

162 : ejep = ey ejep —=e3 e1e3 = eyq — 265 eleqs =e5 exe; =e3+eq+ e

€262 = €4 €363 =€5 €36] =¢€4 €36y = €5 e4€] =65

Summarizing the results of the present sections and using the information from
Table Al from Appendix, we have the following theorem.

Theorem 2.1: Let N be a five-dimensional complex one-generated nilpotent Novikov alge-
bra. Then N is isomorphic to one of the algebras ./\/js, j=01,...,13 listed in Table A2
presented in Appendix.

3. Classification of six-dimensional one-generated nilpotent Novikov
algebras

The multiplication tables of five-dimenensional one-generated nilpotent Novikov alge-
bras are given in Table A2 presented in Appendix. All the necessary information about
coboundaries, cocycles and second cohomology spaces of five-dimensional one-generated
nilpotent Novikov algebras is given in Table A3 presented in Appendix.

3.1. Central extensions of N3,

Let us use the following notations
Vi=1[Awul, Va=2[Ap]l+[Axn]l+[Aul, V3=2[A15] —[Axi]—[As].

The automorphism group of Ny, consists of invertible matrices of the form

x 0 0 0 0

y x* 0 0 0

p=z x 0 O

vooxy 0 0

w 0 —x¥y xXy x*

Since
0 0 20y a1 23 oo 20 + ot o« 20
0 a —a3 0 O o —o} 0 0
o'l o 0o o 0 0 |p=]|-a* O 0 o o |,

o) 0 0 0 0 otik 0 0 0 0
—az 0 0 0 0 —ot;k 0 0 0 0
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we have that the action of Aut(N/3,) on the subspace (3";_, @;V;) is given by (37| a'V;),
where

of = xtay + 23 yas, o = xtay — KPyas, o) = Xas.
We assume a3 # 0, since otherwise we obtain algebras with two-dimensional annihilator.
Then we have the following cases:

(1) ifa; = —2a3,then choosing y = asx/a3, we have the representative (V3), which gives
an algebra with two-dimensional annihilator;

(2) ifag # —2a, then choosing y = azx/a3,x = (1 + 2a2) /a3, we have the represen-
tative (V1 + V3).

Hence, we have only one new algebra:

N163 . €1€] = ey €1 = ey €163 = é5 €1€4 = €6 €165 = 266
€26] = €3 €263 = —€¢ €361 = —€5 €56] = —€6

3.2. Central extensions of/\/(;"2 (M)axo
Let us use the following notations
Vi =[Aul —[Aal, V2 =[A13] — AlAal,
Vi =03 —=20)[A15] + 12 — M) [Ai] + A[As2] + A[A5].

The automorphism group of NG, (1) consists of invertible matrices of the form

X 0 0 0 0
y x? 0 0 0
p=|z (+1Dxy x° 0 0
v xy 0 x° 0
w A +2xz (=A2 2042y AP(v—DxPy
Since
0 0 (0% o (3 — 2)»)0[3
0 0 AX2—XNasz 0 0
o7 0 A3 0 0 0
—0] — )LOtz 0 0 0 0
Ao3 0 0 0 0
o ™ oy + 2 —-MNa* af (3—20)a3
o™ Ao A2 = Naj 0 0
¢ = Ao Aoy 0 0 0 s
—af — i} 0 0 0 0
ray 0 0 0 0

we have that the action of Aut(Ng,(A)x.0) on the subspace <Z?:1 a;V;) is given by
<Z?:1 az*vl>a Where

of = xta; + Py (0 — DG — 20)as,
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* — xtay + CyA(h — DL — Doz, o = x°
0y =xay+xy a3, 03 = X 03,

We assume a3 # 0 and (o1, @2) # (0,0). Then we have the following cases

(1) A =1.Then

(a) a2 # 0, then choosing x = ay /a3, we have the family of representatives («V; +
Va2 + Vi)
(b) a3 = 0, then choosing x = a1 /a3, we have the representative (V; + V3).

(2) A =3.Ifay # 0, then choosing x = &2 /a3, y = xa1 /54a3 we have the representative
(V2 + V3). If o, = 0, then we have an algebra with two-dimensional annihilator.

(3) A ¢ {1,3}. Theninthecaseof o; # aaA(3 — 21)/(A — 3),choosingx = (1 (A — 3) —
a2 (3 —21))/a3(A — 3), y = —xaz/o3A (X — 1)(A — 3), we have the representa-
tive (Vi + Vs3). If o; = axA(3 — 24)/(A — 3), then we have an algebra with two-
dimensional annihilator.

Thus, we have three representatives of distinct orbits («V] + Vo + Va)—1, (Va2 +
V3)a=3, (V1 + V3) ¢(0;3}))> which give the following algebras:

164(01) i ele1 = e eley = e3 ele3 = es + eg eleq = aeg
€165 = €6 ee1 =e3+es exey =es €63 = €¢
ese] = es e3ey = eg ese; = —(a + 1)es ese; = e
165 . e1ep = e €1ep = e3 €163 = —e€s5 + e6 e16s = —366
ee) = 363 + ey €e) = 365 €63 = —366 ese] = 365
e3ey) = 366 €461 = —366 ése] = 366
NE(Wago3) 0 erer = e eje; = e3 ere3 =(2—MAes ejeq = e

eres = (3 —2X)eg ere1 = Aes + eq exer = Aes
exe3 = )»(2 — }»)6‘6
esze; = )L65 e3ey) = )\.eé €41 = —¢€¢ e5e] = )»66

3.3. Central extensions of/\/(;"2 0)

Let us use the following notations

Vi =[Aul = [Aul, V2=2[Au]+[Axn]+[As3],
Vi =[A15],  Vi=2[A] —2[A3]+ [As].

The automorphism group of N/j, (0) consists of invertible matrices of the form

x 0 0 0 0
y x¥* 0 0 0
p=1z x ¥ 0 o0
vooxy 0 X 0
w 2xz 2x%y 0 x4
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Since

0 0 0 061+2(¥2 o3

0 oy 204 0
¢ an —204 O 0
—a; 0 0 0
agy 0 0 0

0

0
0
0

skekokok skskok

k% %k ko k
o™ ay + 205 ag

o o
af o) 205
p=1 of 205 0
—af 0 0
o 0 0

0

(=]

0
0
0

(=R ]

we have that the action of Aut(NOSZ(O)) on the subspace <Z;‘:1a,-v,-> is given by

(Z?:l ] V;), where

af = oy, o = oy, o = Xaz, @ =xay.

We assume (o1, @2) # (0,0) and (a3, s) # (0,0). Then we have the following cases:

(1) ifap = 0,04 =0, then o1 # 0, 3 # 0 and choosing x = o /a3, we have the repre-

sentative (V] + V3);

(2) ifay = 0,04 # 0, then 3 # 0 and choosing x = o /a4, we have the family of repre-

sentatives (V] + a V3 + V4);

(3) ifay # 0,04 = 0, then a3 # 0 and choosing x = a3 /a3, we have the family of repre-

sentatives (@ V] + V, + V3);

(4) if o # 0,004 # 0, then choosing x = oz/0r4, we have the family of representatives

(@V1 + Vo + BV3 + Vy).

Hence, we have the following new algebras:

(0) :oelep = e
€165 = 366
167(05) T elep =e
€165 = Ueg
€re3 = 266
€5€1 = €6
Nfs((x) :oelep =e
€165 = €¢
€261 = €4
Ny, B) : eter=e
eres = Pes
€262 = €6
€41 = —Ueg

eie
eel
eie
eeél
ese]

eie

€e;
eie
ee]
ees
ese]

3.4. Central extensions of N3 (A, p)

Let us use the following notations

e3 e|e3 = 265
€4 €461 = —€¢

€3 e1e3 = 265
€4
€6 e3ey = —266

€3 e1e3 = 265

€6 €3€] = €6
€3 eje3 = 265
€4

2e eze] = eg
€6

Vi=[Ai], Vi2=[Au]—[Au]
Vi =Q2u—D[A15] + A2 — w)[Ax] + 12 — u)[Ax]

+(3- 0+ D =) [Ax]+ @ - W[An]+ @ - W(As].

€164 = €5

€164 = €

€41 = —¢€¢

eres = (o +2)eg
€41 = —Ueg
eres = (o +2)eg
€36y = —266
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The automorphism group of N, (A, i) consists of invertible matrices of the form

X 0 0 0 0
y x? 0 0 0
=1z Xy x° 0 0
v xy 0 x° 0
w A+ Dxz+2xv+y> A+p+Dxly @4—wxly
Since
0 0 o %) (2 — Das
0 0 A2 — was n(2 — pos 0
o7 0 (3 — G+ D2 - M))(x3 0 0 0 ¢
—a3 2 —was 0 0 0
Q2 — was 0 0 0 0
o e af +ra®  of +pat 2u — Daj
o™ ot A2 — wyay w2 — pwoaj 0
= o (3--G+DC=w)a; 0 0 0 ,
2 —wa* —oj 2 — i 0 0 0
*
2 — wea; 0 0 0 0

we have that the action of Aut( &(k, 1)) on the subspace (Z?=1 a;V;) is given by
(32, &} V), where

of = oy + Pyas(u+ (20— 14+ 2 - 2),

of = xtoy + Cyaz(u — D —2)%, o = xXas.
Assuming o3 # 0, we have the following cases:

(1) if u ¢ {1,2}, then choosing y = —xaz/(n — 1)(p — 2)%a3, we get oy =0 and
have the representatives (V3) and (V) + V3), depending on whether «o; —
(w4 1DQu—1+Au —2))/(n — D — 2)*az = 0 or not;

(2) if p = 1, then we consider following subcases
(a) if A # 1, then choosing y = xa1/2(A — 1)z, we have the representatives (V3)

and (V, + V3), depending on whether o = 0 or not;
(b) if A =1, then we geta} = x4a1,a§" = x4012,ot§k = x°a3 and have the representa-
tives (V3), (V1 + Vi) and (vV] + V; 4+ V3);

(3) if u = 2, then choosing y = —xa;/9a3, we have the representatives (V3) and (V, +
V3), depending on whether a; = 0 or not.

Thus, we obtain the following representatives of distinct orbits

(Va), (Vi+V3)uzs, (Va+ Vi)u=1, (VVi1+ Vo4 V)i u=1v20 (V2 + V3)u=2,
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Hence, we have the following new algebras:

A/;GO(A’M) oeer =6 erey =e3 ejes = Aes
ejeq = jes eres = 2 — Des
exe; = ey €16 = €5
exes = A2 — p)es exes = (2 — pes
ese] = es eqe; = (2 — wes

ez =3 — (A +1)(2— p)es eser = (2 — wes
ese; = (2 — ues

Ni o uza:  erer = e e1e; = e3
ejez3 = Aes + eg ejeq = Ues
eres = 2 — 1)es
€261 = €4 €6 = €5
eze3 = A(2 — es exes = (2 — pes
eze] = es eqer = (2 — wes
ese; =3 — A+ 1)(2— w)es
eser = (2 — pes ese; = (2 — ues

./\/’262()») : e|e = e €16y = €3 €163 = )»65
ejeq4 = e5 + e ejes = eg
€261 = €4 €26 = €5
€e3 = )»66 €284 = €g
ese] = es eqe] = es5 — €g eze; = (2 — Aes
€46y = €4 €561 = €¢

NeWhzo @ eter =e eje; = e3 e1e3 = e5 + veg
ejeq = es5 + eg ejes = eg
€261 = €4 €262 = €5
€263 = €6 €264 = €6
€3€] = €5 €4€] = €5 — €6 €3€) = €6
€462 = €6 €5€1 = €6

o) 1 oeler =e ejey = €3

ejez = Xes €164 = 265 + €6 €165 = €¢
€261 = €4 €26 = €5
€3e] = €5 €362 = €6

3.5. Central extensions of N3, (M) 0

Let us use the following notations

Vi
Vs

[As] = [Au], Vo =[An]+[As1] +2[A4],
—2[A15] + [A23] + A[Az] — [As] + [As].
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The automorphism group of N, (1) consists of invertible matrices of the form

x 0 0 0 0
y x* 0 0 0
o=z xy x® 0 0
vooxy 0 x? 0
w xz (A+Dx%y —axly x*
Since
0 0 0 o 203
0 a; o3 Aos 0
o7 o —a3 0 0 0
200 — o 0 0 0 0
o 0 0 0 0
a** oy o ray 0
¢ = o —a; 0 0 0 ,
205 —af — ra* 0 0 0 0
al 0 0 0 0

we have that the action of Aut(N3,(1)) on the subspace (3 ;_; a;V;) is given by
(Z?:l ] V;), where

of = xtog + 2y (A + 23, @F = xtay + Fyras,  af = Xas.
Assuming o3 # 0, we have the following cases:
(1) ifo; = 2(A + 2)az, then choosing y = —xwz /a3, we have the representative (V3);
2 if o1 # 2(A + 2)ay, then choosing x = (1 — 2(A + 2)az) /a3, ¥y = —xaz/Aaz, we

have the representative (V; + V3).

Hence, we have the following new algebras:

6 . — — — — — —
st (M0 :e1e1=ey ejex=e3 ejes=es  ejes=Aes eres= — 2eg exe1=¢e4
er2e3=€g ere4=A€g €362= — €5 €46]= — A€5 ese1=eg
6 . — — — — — —
Nzé()\)k;éo . ejep=ey e1ep=e3 eje3=e;s 6164—)»65 + e €1es= — 266 ere1=e4
€263=¢€¢ 6264:}»66 €36)= — € €461= — )»65 — € €561=¢€¢

3.6. Central extensions of Njs

Let us use the following notations

Vi =[A1n], Vi2=3[A15] —2[Ax] 4+ [A33] — [As1].
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The automorphism group of Ny consists of invertible matrices of the form

x 0 0 0 0
0 x> 0 0 0
p=1y 0 0 0
z 0 0 x* 0
v xz —x}y 0 x
Since
0 o O 0 30 o af  —af 0 303
0 0 0 —2w O «* 0 0 —2af O
T 0 0 @ 0 o0 |ep=]a 0 o 0o o0 [,
0 0 0 0 0 0 0 0 0 0
—a; 0 0 0 0 —af 0 0 0 0

we have that the action of Aut(\;) on the subspace <Z;‘2: 1 «;V;) is given by <Z;‘2: Lo Vi),
where
af = oy + 3x%zas, o = xPas.

It is easy to see that we have only one non-trivial orbit with the representative (V,) and
obtain the algebra:

./\/'267 : e1e] = e €163 = e4 e1e4 = 265 €1es = 366 €61 = e3 epe3 = —é5

€64 = —266 €3€] = —€4 €363 = €5 €4€] = —€5 €5] = —¢€4

3.7. Central extensions of N3

Let us use the following notations
Vi=[An], Vy=3[A15] = [An] = 2[Axn] = 2[Az1] + [Assz] — [Asi].

The automorphism group of N consists of invertible matrices of the form

1 0 0 0 O -1 0 0O 0 O
01 0 0 O 0 1 0O 0 O
dpr=|x 0 1 0 o], &a=|x 0 -1 0 o0
y 0 0 1 0 y 0 0 1 0
z y —x 0 1 z -y —x 0 -1
Since
0 o 0 0 3 o™ af o 0 3]
0 —azy 0 -2 O o** —205 0 =205 O
dF | —200 0 2 0 0 |pi=|-22f—a* 0 of 0 0 [,
0 0 0 O 0 0 0O 0 0 0
—ay 0 0 O 0 —0{5k 0o 0 0 0
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we have that the action of Aut(\) on the subspace (Y 7, @;V;) is given by (Y7, a'V;),
where

o] = (=D'a; + 3ya, o = .

It is easy to see that we have only one non-trivial orbit with the representative (V,) and
obtain the algebra:

6
‘/\[28 : €1e] = ey e€1ep = e;5 €1e3 = ée4 €164 = 265 e1es = 366
€e] = e3 €)e6) = —€¢ €263 = —€5 €284 = —266 €3e] = —€4 — 266
€363 = €5 €4€] = —€5 €56] = —€¢

3.8. Central extensions of./\/(;';7 Magro,1)
Let us use the following notations
Vi=[Axnl, Va=@-=30)[A15] + A3 = 20)[Az] + A (2 — M) [A33]
+ A[Agp] + A[As].

The automorphism group of N, (A);.¢(0,1) consists of invertible matrices of the form

x 0 0 0 0
0 x? 0 0 0
p=10 0 X 0 0
y 0 0 x* 0
z B=Mxy 0 0 x>
Since
0 0 0 0 (4 — 30
ar 0 0 A =20 0
Tl 0o 0 rA2-Mx 0 0 é
0 Ao 0 0 0
0 0 0 0
a** ot 0 0 (4 —30)a3
af +ra* 0 0 A3 —=20)a; 0
= 0 0 A2-Mai 0 0 ,
0 rak 0 0 0
rak 0 0 0 0

we have that the action of Aut(Ng,(4)ig(o,1)) on the subspace (37, @;Vi) is given by
<Z?:1 o} V;), where

af =Ko —3PyA(h — DL — 2, o = x°s.

Assuming o, # 0, we have the following cases:

(1) if A # 2, then choosing y = xa;/3A(A — 1)(A — 2)ar2, we have the representative
(Va)s
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(2) if A = 2, then we have two representatives (V) and (V] + V) depending on whether
o1 = 0 or not.

Hence, we have the following new algebras:

N (Wagony : ere1 = e eje; =e3 ejez = (2 — A)egejeqg = (3 —20)es
€165 = (4 — 3)»)66 ee)] = )\63 €e) = )»64 exe3 = )\(2 — )»)65
€64 = )»(3 — 2)»)66 esze] = )\64 €36y = )»65 esze3 = }\(2 — )»)66
€41 = )»65 €46y = )\66 ése] = )»66

360 : e1ep = e €1ep = e3 ej1e4 = —e;5 ejes = —266
exe; = 263 + e6 erey) = 264 €264 = —€4 ese; = 264
e3ey) = 265 eqe1 = 265 €46y = 266 e5e] = 266

3.9. Central extensions of N,(0)

Let us use the following notations
Vi=1[Ai5], Va=[An], V3=2[A3]—-2[An]+[Au].

The automorphism group of N, (0) consists of invertible matrices of the form

x 0 0 0 0

y x* 0 0 0

p=|z x X 0 0

v 2xz 2x%y  x 0

w 3xv 6x’z 3x%y x°

Since
o) 0 203 0 O o 0 20 0 0
Tl 0 —20s 0 0 0|p=] 0 —220 0 0 0],

a3 0 0 0 O oy 0 0 0 0
0 0 0 0 0 0 0 0 0 0

we have that the action of Aut(Nj,(0)) on the subspace (Y; ,;V;) is given by
(Z?zl o} V;), where

6 3 2 5
af =xa1, o = X0y +2xQ2xz — y)as,  of = xa3.

Assuming o) # 0, we have the following cases:

(1) ifoas # 0, then choosing x = a3/a;, y = 0,z = —xwp/4a3, we have the representative
(V1 + Vs3);

(2) ifas = 0,02 # 0, then choosing x = /a2 /a1, we have the representative (Vi + Va);

(3) ifas = ap = 0, then we have the representative (V).
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Hence, we have the following new algebras:

361 : €161 = ey e1ep =e3 e1es = 264 €164 = 365 €165 = €¢

€xe3 = 266 e3ey = —266 €461 = €

32 €161 = ey e1ep =e3 e1es = 264 €164 = 365 €165 = €5 €261 = €4
./\[269(0) . €161 = ey e1ep =e3 e1ez = 264 €164 = 365 €165 = 466

6

3.10. Central extensions of \; 057 1)

Let us use the following notations
Vi=[Anl, Va=[A5]+ [Awu] + [Ass] + [Agp] + [As].

The automorphism group of N, (1) consists of invertible matrices of the form

x 0 0 0 0

y x? 0 0 0

o=z 2xy x° 0 0

v 2xz+y? 3x%y x* 0

w 2xv+2yz 3x’z+3x) 4%y x°

Since
0 0 0 0 o a**** a*** Ol** a* Ol;
ap 0 0 ay O af +a™* o™ a* ) 0
6Tl o 0 an 0 0]|op= o** af af 0 0],

0 oo 0 0 O o o 0 0 o0
a 0 0 0 O o 0 0 0 0

we have that the action of Aut(./\/057(1)) on the subspace (Zleaivi) is given by
(37, &} V), where

of = Par,  of = xPas.
Assuming o, # 0, we have the following cases:

(1) ifa; = 0, then we have the representative (V,);
(2) ifa; # 0, then choosing x = /& /a2, we have the representative (Vi + Va).

Hence, we have the algebras:

6

20(1) 1 ele1=e eje; =e3 eje3 =ey4 e€1e4=e5 e1es = €
ee; = e3 €6) = e4 €263 = €5 €264 =€ €3] = €4
e3e) = é5 €363 = € €4€] = €5 €46 = e €e5e] = €4

6

33 : e|er = e €1€p = e3 €163 =e4 €164 =€5 €165 = €4

ere; = e3 + €6 €2€6) = €4 €2€3 = €5 €req4 = € €3] = €4
€3y = é5 €363 = €5 €4€]1 = €5 €4€) = €5 €561 = €¢
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3.11. Central extensions of N3,

Let us use the following notations
Vi=[Anl, Va=2[A;5]+[An]+[As1], Vi =[Ax]—[Azn]+[Aul]

The automorphism group of Ny, consists of invertible matrices of the form

1 0 0 0 O —1 0 0 0 0
X 1 0 0 O X 1 0 0 0
o=y x 1 0 0, =1y —X -1 0 0
z y x 1 0 z —y x 1 0
v x+z y x 1 v —x—z y —x -1
Since
0 0 0 0 2m e O A ) 4
ap a; a3z 0 0 af +a* of oaf O 0
¢Flay —as 0 0 0 |4i= al —af 0 0 o0 [,
o3 0 0 0 O a; 0 0 0 0
0 0 0 0 o0 0 0 0 0 0

we have that the action of Aut(NOSS) on the subspace (Zf’: 1 «;V;) is given by (Z?: 1o Vi),
where

fori=1: af =) — (x> = 2y)as, o =, af =as,
fori=2: af = —a1 + (% + 2y)as, oy =0, o) = —a3.
Assuming o> # 0 and using ¢; we have the following cases:
(1) ifaz = 0, then we have the family of representatives (AV; + V3);
(2) if az # 0, then choosing y = (x*a3 — a1)/2a3, we have the family of representatives

(V2 4+ AV3)5.40.

Hence, we have the following new algebras:

6 . — — — —
./\[34()») . e1ep = e €1ep = e3 €163 = €4 €164 = €5
€1e; = 266 ee1 = es5 + )\.@6 €26y = €¢ e3€e] = €¢
6 . — — — —
Nes(Wzo @ erep=e; eex=e3 eje3 =e4  ejeq = es
ejes = 2eg exe; = es ere) = e ere3 = Aeg
e3e] = €p ezey) = —Ae6 €41 = )»66

Moreover, using the action of ¢, we have that N5, (1) = N5, (=) and N5 (1) =
6
35(=4).
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3.12. Central extensions of /\/150
Let us use the following notations
Vi=[An], Vo=-=2[A1]+ [A5] + [Axu] + [Asz] + [Ap] + [As].

The automorphism group of N}, consists of invertible matrices of the form

1 0 0 0 0
x 1 0 0 0
=1y 2x 1 0 0],
z x? + 2y 3x 1 0
v 2xy+x+2z 3x2+3y 4x 1
-1 0 0 0 0
x 1 0 0 0
Pr=1y —2x -1 0 0
z x? —2y 3x 1 0
v 2xy—x—2z —3x*+3y —4x -1
Since
0 a1 202, 0 o ool ™ 20 F o™ a* o
0 o0 0 a 0 o o™ o ay 0
pF10 0 a 0 0]¢g=]| o™ o % o o],
0 o 0 0 0 o* o 0 0 0
ay O 0 0 0 o 0 0 0 0

we have that the action of Aut(NV: 150) on the subspace <Zi2: 1 @;V;) is given by <Zi2: 1o Vi),
where

of = (=D'a; — 4xez, o = az.

It is easy to see that we have only one non-trivial orbit with representative (V,). The
corresponding algebra is

6 . — — — — —
'/\/'36 : ejep = e €1ep = e3 €163 = e4 — 266 €1e4 = €5 €15 = €¢
ere; =e3+es ey =e4 ee;=¢es ees =€ e3e] = eq
€3e) = é5 €363 = € €4€] = €5 €4e) = €5 €51 = €p

3.13. Central extensions of N3, (1)
Let us use the following notations
Vi=T[Ai], Va=[Ais]+[As], Vi=[A] =2[Ax3]+2[An] - [Au].

The automorphism group of N7, (1) consists of invertible matrices of the form

1 0 0 0 0
X 1 0 0 0
o=1y x 1 0 0
z x+2y 2x 1 0
v 24+ Gh+Dy+2z A+3)x+4y 2x 1
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Since
0 0 o] a3 o
0 0 a3 0 0
6Tl 0 ax+2a3 O 0 0
—a3 0 0 0 0
0 0 0 0 0
o o af +20™ + ra* af +2a% o)
a** a* —203 0 0
p=\| o of+2} 0 0 0|,
—aj 0 0 0 0
0 0 0 0 0

we have that the action of Aut(N7 (1)) on the subspace <Z§:1aivi) is given by
<Z?:1 o} V;), where

of =a; + Gx 44y — 2xP)ay + By + 2x — 4Pz, o = a, o3 = 3.
Assuming o, # 0, we have the follofing cases
(1) if oy # —2a3, then choosing y= —(a;+ x(3az + 203) — 2x%(oy + 2a3))/
4(az + 2a3), we have the family of orbits with the representatives (V, + uV3) - 1/2;
(2) if oy = —2a3, then choosing x = —«; /202, we have the family of orbits with the

representatives (V, — %V3).

Thus, we obtain the family of algebras:

NEL ) @ eter=er erer=e3 eje3 = 2eq + Aes  ejeq = 2es + [eg
e1e5 = eg €361 = €4 ere) = es eyes = —2eg
ese; = es  esex = (1 +2u)es  ese; = —ues

3.14. Central extensions of/\/'153 )

Let us use the following notations

Vi=1[Anl, Vo= -=20)[A13] —2[An] + [A15] = [A23] 4+ [An] + [Az3]
+ [Asu] + [Agp] + [As].

The automorphism group of N7 (1) consists of invertible matrices of the form

1 0 0 0 0
b 1 0 0 0
o= 1y 2x 1 0 0
z x? 4+ x+2y 3x 1 0
v Ax+2xy—2y+2z 3x*—3x+3y 4x 1
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Since
0 (02] (1 — 2)»)0(2 —20(2 (0%
0 0 —0) (0% 0
Tl o o o 0 0]¢
oy O 0 0 0
oy O 0 0 0
o af +a™* (1 =20a; +a™ = 2a* 205 +a* o
= (x** (X* Ol;( 0 0 >
oy +a* o 0 0 0
o 0 0 0 0

we have that the action of Aut(N7;(1)) on the subspace (Zlea,-vi) is given by
<Z?:1 o'V;), where

o] = — (A — x> F x4 pay, o = .

It is easy to see that we have only one non-trivial orbit with the representative (V) and
obtain the family of algebras:

./\/’368()0 T oelep =e elep = e3 eje3 =eq —2e5 + (1 —2A)eq
ejeq4 = e5 — 2eq e1es = eg
ee; =e3+eys+Aes exep =eq4 ee3 =e5 — e
€264 = €6 €361 = €4
ezey = es eze3 = e eqe] = es5+ eg
€4€) = €6 €5€] = €6

Summarizing the results of the present section and using the information from
Tables A2 and A3 from Appendix, we have the following theorem.

Theorem 3.1: Let N be a six-dimensional complex one-generated nilpotent Novikov alge-
bra. Then N is isomorphic to]\ff, wherej = 01,. .., 38 (see Table A4 presented in Appendix).
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Appendix

Table A1. The list of cohomology spaces of four-dimensional one-generated nilpotent Novikov alge-
bras.

Z2NGD = (A1, A12,A21, 813, Mg — Agp, Apa + Az + 2A47)

BZ(Ng) = (An, A An)

HX (NG = ([Ai][A1] — [An) [A2] +[Az3] 4+ 2[An])

(NG = (A1, A2, A13 = A31,821,2814 — Az — Agr)

BZ(Ngh) = (An, Az — Az, Ap)

H2(NGy) = ([A12], 2[A14] — [A23] — [Ap])

NG Wago) = (A1, A2, 801, 2 — M A1z + AAz +AA31, 3 — 2M) Ara + (2 — MAA3 + AA3; + AAs)
B2WNgs(Magio) = (A1, Az +AAx, 2 — VA3 4+ AAx + AAsz)

HWNGEMago1) = ([An], G —20) A+ (2 — MAA3 + AA3; + AAg)

Z2(Ng(0)) = (A1, A2, A3, A14, A0, 2023 — 2A33 4+ Agq)

B2 (N35(0) = (A1, A1, A3)

H (NG5 (0) = ([A1] [An],2[A%] = 2[A3] + [Ax])

(NG (D) = (A1, A1, A2, A3+ Axp + Az, Arg + Axz + Azp + Agr)

B2(Ng5 (1) = (An, A+ Az, Az + An + Asp)

H2 NG5 (D) = ([Anl[A14] 4+ [A23] +[Az2] + [As])

(NG = (A, A2, A13,821,2804 + A + Az, Ara — 2853 + 243 — Asr)
BZ(Ngy) = (An,A12,2A13 4+ Ay)

HZ(NGy) = ([A13,2[A14] + [A%] + [A31], [A14] — 2[A%3] + 2[A] — [Ag])
(NG = (An, A1, A0, A3+ A + Az, —2A13 + Aa + Az + Az + Agr)
B2(Ng5) = (An, A+ An, A3+ An + An + Asi)

H2(NGs) = ([Anl,—2[A1] + [Ara] + [An] + [Az] + [An])
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Table A2. The list of five-dimensional one-generated nilpotent Novikov algebras.

Noy
Ny

NE; 0 )
N3, O)ito
N(?-S

NOSG

Noy ()

Nos
Ny

Ny
N33
N0

N ()

ere
ere

eeq
ei1eq
ezeq
erer
€261
e1ée
exes
ei1eq
€261
ereq
eyey
ei1er
ei1eq

ee3

eier =

€82
ei1eq
€6
ere
€8
ere

€€

=e
=e
=Aie3+eq
=e
=ey
=€
=ey
=e
= —e5
=e
=e3
=e
= Ae4
=e
=e
= 2es5

=ey

=ey

:ez

= \es

€1
e1e

eyey
e1e
ee)
erey
€se1
eiés
eseq
e1e
€263
ei1ey
exes
e1e
e1e
=19
e1é
exes
e1e
ee)
e1ey
€e3
e1ey

€263

=ey
=e3
= \es

=e3

es

€3

= —A\es
=ey

= —ey
=e5

= —e5
=e3
=A(2—A)es
=e3
=e3

= —2es5
=e3
=e5
=e3
=e5
=e3

= —2es5

€3

=e5

eje3 = es

eje3 = (2 —Mes
e3e] = Aes

e|e3 = )\65

e3e] = és

eje3 = es

ei1e4 = 2es

€461 = —€;5

eje3 = ey

ese] = —ey

eie3 = (2 —A)ey
ese] = Aey

eje3 = ey

ere3 = 2ey

ese1 = es

e|e3 = ey

es3e1 = ey

eie3 = 2e4 + \es

€3€e1 = €5
e1e3 = 2e4
e3e) = Aes

e1e3 = e4 — 2es

es3e1 = ey

ee] =e3

€164 = |es

eser = (2 — ues
e1es = Aes

ee] =e3

ejes = 2es

€41 = —€s5

e1e4 = (3 — 2)»)65
e3e) = Aes

€164 = €5

e1és = )\,85

e1e4 = ées

€36y = €5

e1e4 = 26‘5

eres = QA+ 1)es

e3e; = 2es
e1e4 = és
€3e = €5

ese; = —es

ere) = Aes

ese1 = Aes

e =és

ee; =e3+es

€461 = €5

ee1 = ey

€41 = —€s5

ee] =e3 +e4 + Aes
€461 = €5
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61(0) = NG 0).

Table A3. The list of cohomology spaces of five-dimensional one-generated nilpotent Novikov alge-

bras.

2(NG) = (A1, Ar2, A1z — Az1, Avg, A1, 2813 + A + A1, 2815 — Az — Asy)

B2(\G1) = (A1, Arz, Az — Asi, Agr)

H2G) = ([A14],2[A13] + [Ag2] + [Ag1], 2[A15] — [Ag3] — [Asy])

22 (NG, (M) 20 = (A1, Az, A21, Ara — Ay, Az — AAs, Ay + Az + 2 — D) An, B — 20 A +
A2 —X)Ax3 + AA3 + AAsy)

B2 (NG (M)0) = (An, Avg, Ag, 2 — W) A1z + 1Az + A A1)

H2 (NG, (Mas0) = ([A14] = [Aq] [A13] = A[A#], B = 20)[A15] + A2 — M)[A23] + A[Az2] + A[As])

2 (N3 (0)) = (A1, Ar2, A1, Avg — Agr, A3, 2014 + A + Azt Avs, 2023 — 243 + Asy)

B2 (WG, (0)) = (A1, Avg, A1, Avs)

B2(NG,(0) = ([A14] = [Am], 2[A14] + [A2] + [A31], [A15], 2[A23] — 2[A35] + [As])

Z2(NG 0. 1) = (A1, Ar2, A1, Avz, Ara — Agr, Aoy + Azt + 2484, Qe — D A5 + A2 — ) Az +
HR=—pw)Au+GB-A+1NHQ2—u)An+ Q- wlAn+ Q2 —uAs)

B2 (NG (A, 1) = (A1, Avz, A21, AA13 + A + A + Az + (2 — ) Agr)

H2Z (NG5 (A, 1)) = (A1), [A14] — [Am], Qu — DIA]+ AQ2 — WAl + 1@ — )[An]+ B — (A +
D@ = w)lAznl+ 2 — wlApnl + 2 — wlAs])

2 (NG (Mazo) = <A1A1, ?12, A13, A21, A1g — Ag1, App + Azt + 2041, —2A15 + Agz + AAy — Ay +

51

B2 (NG, (Miasz0) = (A1, Ar2, A, Az + A(A1a — Agr))

H2 (N3, (M)i20) = ([A14] — [Aa1] [A2] + [A31] 4 2[A41] — 2[A15] + [A23] + A[A24] — [Az2] + [As1])

2 (N3 (0)) = (A11, A12, A1z, Ats, A1, Ay — Ay, 2814 + Apa + Az1,2A23 — 2A3; + Asy)

B2 (WG, (0)) = (A1, Avg, Avz, Agr)

H2 (N3, (0) = ([A15), [A14] — [Am], 20A14] + [A] + [An],2[A2] — 2[As] + [Asy])

Z2(NGy) = (A1, Ar2, A1z — A31, 2814 — Agz — A1, A1, 3A15 — 2A24 + Azz — Asy)

B2(Ngs) = (A1, Az1, A1z — A31,2A14 — Az — Agy)

H2(NGs) = (IA12],3[A15] — 2[A24] + [A33] — [Asy])

2(NGy) = (A1, D12, A1z — A31, 821,201 — Az — Agq, 3015 — App — 2004 — 2A31 + A3z —
As)

B2(Ng) = (A11,A21, A1z — Az1, A1 +2A14 — Az — Agy)

H2(NGs) = ([A12],3[A15] — [A%] — 2[Az4] — 2[A51] + [As3] — [Asy])

Z2 (N (W)10) = (An, Avg, Ag, 2 — W) A3 + 1A + AA31, (3 = 20) Arg + A2 — M)Az + 1Az +
AA41, (4 —30)A15 + A3 —20)Axa + A(2 — M) Azz + LA + AAs7)

B2(NG; (M)a0) = (D11, Mg + 2001, (2 = M) A1z + 2A% + 2A3, 3 = 20 A1g + 12 — M)Az +
AA3p 4+ AAy1)

H? (NG; (M)a0) = {[An], (4 = 30)[A15] + 13 — 20)[A2] + A2 — M)Azl + A[Ap] + A[As])

22 (N (0)) = (A1, A1z, A1z, Ava, Ars, A1, 2803 — 243 + Agr)

B2(N5,(0)) = (A1, Ara, Arz, Avg)

H2 (NG, (0) = ([A15],[A21], 2[A 23] — 2[A3] + [Am])

2(NGy) = (A1, D12, A13, A4, A1, 2005 + A + A3, A2z — Azp + Agy)

B2 (NGp) = (A1, Ar2, A1z, Mg + Apr)

H (NGp) = ([A21],2[A15] + [Az] + [An] [Az] — [Az] + [Aa))

Z2(NG () = (A11, A1, A3, Ava, A1, 2003 — 203 + Asr)

B2 (Nge (1)) = (A1, Av2, A13, A A4 + 2003 — 2A3; + Agr)

(continued).
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Z2(Ng)

H2 (N
22N

50 (A)
)

B2\
H2 WG, O)

2N
BZ(N]
H2 (N

2(N;

7 ()
7))

709
50
B2,
H

2N 0))

)
)

B2 (W)

H2ZWN ()

(A11, D12, A1z — Az1, A14, A1, 2813 + App + A1, 2A15 — Axz — Asy)
([A14] [AN])

(A11, D12, A1, A13 + Apa + A3z1, Arg + Az + Azz + Agr, —2A13 + A5 + A +
Azz + Agy + Asr)
(A1, A2 + A1, Az + A + Azg, Ag + A + Az + Azp + Agr)

([A12], =2[A13] + [A15] + [A2a] + [A33] + [Ag2] + [As1])

(A1, A2, A3, Ars + Az, A1, 2814 + Apa + A3y, Ay — 283 + 2A3; — Agr)
(A1, A12,2013 + A1, A3+ 2A14 + A + Aszq)

([A13], [A15] 4+ [A32], [A14] — 2[A23] + 2[A3] — [As])

(A11, A12, A13, A1, Mg — 2023 4+ 2A3) — Agy, App + Az 4+ 2A14)

(A11, 12,2013 4+ A1, (1 + 20) Ag + Ay — 2A23 + AA31 + 2A3; — Agq)
([A13], [A14] = 2[A23] + 2[A3] — [Am])

{

A1, A12, A1, Az + Agp + Az, —2A13 + Ag + Az + Asp + Agr, (1 — 20) Agz —
2A14 4+ Ars — Agz 4 Agg + Azz 4 Agy + Agp + Asy)

(A1, Ar2 + A1, Az + A + Ay + Az, —2A13 + Mg + AA21 + Az + Az +
Agr)

([A12], (1 = 20)[A13] — 2[Aq4] + [A15] — [A23] + [A2a] + [As3] + [As] + [Ag] +
[As])
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Table A4. The list of six-dimensional one-generated nilpotent Novikov algebras.

A
NG
NGO
Nea

Ngs ()
N
Ney

N 068

N 069
N
N

6
N

6
Ny

M64 (@)

6
Nis

NEMWsz3

M67 ()

Mﬁs ()

Ny(a, B)

Nzﬁo (A )

L ee

€eq

L ee

€

L ere

eeq

L e1e

€eq

L e1e

€263

L e1e

ee3

L ee

€261

L ere

€x€e3

L ee

€6

L ere

€2

L e1e

€2

L ele

€6 =
L ee =

€eq

L e1e

eés
eseq

L e1e

ee1
e3ey

L ere

e1és
=]

L ee

eiés
e3e;

L ere

€eq

L e1e

eiés
€3é

L ere

€
eseq

=e
=ey
=e
=ey
=e
=ey
=e
=e3
=e
= Aéy
=e
= 2es5
=e)
=e5
=e
= 2e4

=ey

= \es
=e
=eg
=e

=e5

=€
=3e3+e4
= 3eg
=e

=3 —-2))es
= \es
=e

= g

= —265
=e

=e4

=e

= Bes
=eg

=e

=ey
=e5

e|ey
e4€
eje
(51
e|e
€
ere;
exes
€1
exes
e1e
e3e;
eje;
ezes
€&
e3e
e|ey
[51]
e|e
exes
ere;
exes
eje;

eeé3
e1e
ees
e1e
€€
e3e
e
€26
eseq
e|e
€€
e3e
€&

e =

=e3

= —eg

=e3

=eg

=e3

=g

=es

= —eg

=e3

=12 — Mes

:e3

—2es
=e3
= 2eq

:e3

—2eg
=e3
=e5
=e3
= —285
=e3
= —2es5
=e3

=e5
=e

= —eg
=e3
=e3+es
=6
=e3

= 3es

= —3eg
=e3
=Ae3+e4
= Aeg

=63

€461 =

e|e
€6
e1e
€é1
€3e

e
€26
eseq

= e

=e3

=ey

= —265
=e3

=e5

=2 —pes

€1é3 = és

€1é3 = és

€381 = €&

eje3 = Aes + jieq
€3€ = €

e1e3 = é4

e3e] = —ey

ere3 = (2—Aey
ee] = Aey

eje; = 264

€481 = €5

e1e3 = 2ey

e3e; = —2eq
eje; = 264

€481 = €¢

e1e3 = 2e4 + €¢
€3e1 = €5

ere3 = 2e4 + €
eze] = Aes

e1e3 = 2e4 + Aeg
€3e1 = €6

eje3 = eq — 2e5
e3e] = é4

e1e3 = €s

e = —és

e1e3 =es5 + e
ee); = €5

eqer = —(a + 1eg
e1e3 = —e5 + €
e)e3 = —3eg
eser = 3eg

ere3 = (2 —Aes
ee) = )»65

€481 = —6€4

e1e3 = 2e;s

eye3 = 2eq

é5e1 = €

e1e3 = 2es

e3e1 = €p

e1e3 = 2es

€8 = €¢

€461 = —Weg
e1e3 = Aes

ere3 = A2 — pn)es
ese=C—(A+1
(2 —w))es

e1e4 = €g

e1es = Aeg

€461 = (2 — )\)ee

€1€4 = €5

ese1 = —es + 2eq

e1e4 = 2eq

ese1 = —eg

eiea = (3 —2))es ee; =Aes + e

e3e) = Aeg €461 = Ae€s

e1e; = Aes €1 = €

e1é4 = ég

€461 = €p

e1e4 = €5

eie4 = 2es

eres = (21 +1)es  ee1 =e4

ese; = 2es €461 = —€5

e1es = e5 + 2e¢ ee] = ey

ese; = 2es €461 = —és

eje4 = s ey =e3+e4+
€6

€36 = €5 €61 = €5

€164 = €g ejes = 2e¢

ese1 = —€

€164 = (ég

ee3 = €g

€581 = €¢

ejes = —386

ese; = 3es

€164 = €¢

ee3 = )\.(2 — )»)65

ese1 = Aeg

e1e4 = €g

€3e1 = €6

eres = (0 +2)eg  eres = eg

€461 = —eg

eres = (a + 2)eg

ere3 = 2eg

€581 = €¢

ere4 = jes eres = (2u — 1)eg

exes = (2 — [1)es

eqey = (2—p)eg  eser = (2 — p)es

(continued)
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6 .

N O ) uz2 @ €161 =€ e1e; =e3 ere3 = Aes + e e1e4 = [es eres = 2u — 1)eg
ee) =eq4 ee; = es ee3 =A2—p)es exeq=pu(2— e
eser =es eser = (2—p)es ez =03 —(A+1) eser =(2—pleg eser = (2— pues

(2—w)es

./\/’262()\.) L e1e1 =6 e1e) =e3 eje3 = Aes e1e4 = €5 + eq e1e5 = €¢
exe1 = ey €87 = €5 ee; = )»6‘6 €284 = €¢
ese) =es e4e1 = es — e ese; = (2—A)eg  ese) =€ ese; = eg

6 .

NZ(Wheo  :ere1 = e1e; =e3 e1e3 = es + veg ei1es = es5 + € e1es = e
ee1 = ey €6y = és eye3 = €g €64 = €g
ese|] = es €461 = €5 — €g e3e; = €g €46y = €¢ e5e1 = €¢

N264()\,) . eep =e e1ey =e3 eje3 = Aes eie4 = 2es5 + eg e1es5 = €¢
ee1 = ey €87 = €5 e3e1 = €5 e3e) = €g

6 .

NZS ()»)A#o . e1e1 =6 e1e) =e3 eje3 = eg ei1e4 = Aes e1es = —2eq
ee1 = ey €63 = €¢ eyes = A€g e3e) = —€4
ese1 = —Aes €581 = €¢

6 .

NygOizo  :erer =e eje; = e3 eje3 =es e1es = Aes + e e1es = —2e
ee)] = ey €63 = €g eres = Aég e3e) = —é€g
ese1 = —Aes — e €561 = €

N267 . e1e1 =6 €163 = €4 ejeq = 2es e1es = 3eg
ee; = e3 €63 = —e€s5 €64 = —266 eze] = —é4
€363 = €p €461 = —€5 é561 = —€p

/\/‘258 reje1 =e e1e) =eg eje3 =es ejes = 2es eres = 3eg
ee1 = e3 €6y = —6€4 €63 = —€5 €64 = —296 €361 = —€é4 — 296
e3e3 = €g €461 = —e€s5 é5e1 = —€p

./\/’269()») L eep =e e1e; =e3 ere3 =(2—A)es e1e4 = (3 - 2)»)65 e1e; = (4 —3))eg
ere) = Aes ere) = Aey ee; = )»(2 — )»)65 ees = A(3 — 2}»)66 e3e] = Aey
e3e) = Aes ese; = )\.(2 — )»)86 €461 = Aeés eqe) = Aeg ese1 = A€g

./\[360 . e1e1 =6 e1e) =e3 e1e4 = —é€5 e1es = —2eq
eer =2e3+e5  exe; = 2ey e)es = —eq ese] = 2ey
e3e; = 2es eser = 2es esey = 2eq ese; = 2eq

./\/'361 L e1e1 =6 eje; = e3 eje; = 294 e1é4 = 3@5
eijes = eq ere3 = 2eq e3e; = —2eq ese) = eg

./\/'362 L e1e1 =6 eje; = e3 eje; = 264
ereq = 3es ees = e ee] = €g

6 .

M3 L e1e1 =6 eje; = e3 e1e3 = é4 €164 = €5 €165 = €p
ee) =e3+eg e = €4 €63 = €5 €64 = € €361 = €4
es3ey = es e3e3 = €g €461 = €5 €46y = €g e5e1 = €¢

6 .

N3 () teer=e e1e; =e3 e1e3 = ey eles = es

e1es = 2eg ere; = es + Aég eye; = €g e3e] = €g
6 .

N0t ere1 =8 eie; =e3 e1e3 = ey er1eq = es
e1es = 2eg ee] = es ee; = €g ere3 = Aeg
e3e] = €g e3e) = —Aeg e4e1 = A€g

./\/’366 . e1e1 =6 e1e) =e3 eje3 = e4 — 266 e1e4 = ég e1e5 = €¢
ee1 =e3 + €5 €6 = €4 e)é3 = éeg €264 = €g e3e1 = é4
esey =és €3e3 = €6 €161 = €5 €4€) = €6 €561 = €6

A/367(A, 1) P eer =6 eje; = e3 ejez = 2e4 + es eje4 = 2es5 + ueg
€1 = €6 €81 = €4 €e; =és e)e3 = —2ueq
eser =es ese; = (1+2p)es eser = —pies

./\/‘368()0 rejep =e eje; =e3 e1e3 =e4 — 265+ ejeq = es — 2eq e1es = eg

(1 —2))es
ee) =e3+es+ ee)=es €63 = €5 — € ee4 = €g e3e] = &4
Aes
e3e) = es e3e3 = € eze1 =es5+ e €4€) = €g ese] = €p
NEB) = NGB NEO.2) NS (ML,2),  NE0) =N NE(0) = NG (-2
16( )= 05( ) 21( ,2) = 20( ,2), 23( ) = 22( ) 25( ) = 066( )
NE©) = NE(=2), N0 =N, 0), NG ZNZ (=L, NEQR) = N3 (=),
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