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Abstract
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Introduction

Extensive investigations in Lie algebras theory have to lead to the appearance of more
general algebraic objects - Mal’cev algebras, binary Lie algebras, Lie superalgebras,
Leibniz algebras and others.

Lie superalgebras have been studied as the fundamental algebraic structures be-
hind several areas of mathematical physics in the 1970s. The systematical exposition
of basic Lie superalgebras theory can be found in [16]. Leibniz superalgebras are
generalizations of Leibniz algebras, and on the other hand, they naturally generalize
Lie superalgebras [2].

According to the structural theory of Lie algebras, a finite-dimensional Lie al-
gebra is written as a semidirect sum of its semisimple subalgebra and the solvable
radical(Levi’s theorem). The semisimple part is a direct sum of simple Lie algebras,
which are completely classified in the fifties of the last century. At the same period,
the essential progress has been made in the solvable part by Mal'cev reducing the
problem of classification of solvable Lie algebras to that of nilpotent Lie algebras [20].
Since then all the classification results have been related to the nilpotent part.

The investigation of solvable Lie algebras with special types of nilradicals was
the subject of various paper [3, 4, 7, 21]|. In Leibniz algebras, the analogue of Levi’s
theorem was recently proved in [6], thus solvable Leibniz algebras also play a central
role in the study of Leibniz algebras. In particular, the classifications of n-dimensional
solvable Leibniz algebras with some restriction on their nilradicals have been obtained
(see [1, 10, 11, 12]).
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The nilpotent Lie algebras of a maximal index of nilpotency are called filiform,
and the filiform Lie algebras firstly investigated by Vergne [23|. From then on, fili-
form Lie algebras, especially naturally graded filiform Lie algebras L,,, Q),, and their
deformations have been central research objects. This type of nilpotent Lie algebras
have important properties; for example, every filiform Lie algebra can be obtained
by a deformation of the filiform Lie algebra L,.

In works [13], [14] the problem of the description of some classes of nilpotent Lie
superalgebras have been studied. In particular, the classification of nilpotent Lie
superalgebras with maximal index of nilpotency is obtained in [14]. For nilpotent
Leibniz superalgebras, it turned to be comparatively easy and was solved in [2]. The
distinctive property of such Leibniz superalgebras is that they are single-generated
and have the nilindex n 4+ m + 1. The next step — the description of Leibniz super-
algebras with dimensions of even and odd parts, respectively equal to n and m, and
with nilindex n + m were classified by applying restrictions the invariant such called
characteristic sequences in [5], [8], [9], [15]. Leibniz superalgebras with a semisimple
even part are studied in [17].

The works of V. Kac, M. Rodriguez-Vallarte, G. Salgado and , O. A. Sanchez-
Valenzuela are devoted to the solvable Lie superalgebras [16], [22]. In paper [22],
solvable Lie superalgebras with a Heisenberg nilradical are considered. In this pa-
per, we classify solvable Leibniz superalgebras whose even part is a Lie algebra and
nilradical is a nilpotent Lie superalgebra with maximal nilindex. In addition, some
facts have been proved for the solvable Leibniz superalgebras.

Throughout this work, we shall consider spaces, algebras and superalgebras over
the field of complex numbers.

1 Preliminaries

In this section, we give necessary definitions and preliminary results.

Definition 1. [19] An algebra (L,[-,]) over a field K is called a Leibniz algebra if
it is defined by the Leibniz identity

[LIZ', {yVZH = Hl',y],Z] o H:E,Z],y], fOT all x,Y,z € L.

In fact for Leibniz algebra L the ideal I = span{[z,z] | + € L} coincides with
the space spanned by squares of elements of L. Moreover, it is readily to see that
this ideal belongs to the right annihilator, that is [L, I] = 0. Note that the ideal I is
the minimal ideal with respect to the property that the quotient algebra L/ is a Lie
algebra.

Definition 2. A Zy-graded vector space G = Gy @ Gy is called a Lie superalgebra if
it is equipped with a product [—, —] which satisfies the following conditions:

1. [z,y] = —(=1)*F[y, z], for any x € Gq, y € Gg,

2. (=), [y, 2]l + (=D)[y, [z, 2]] + (=172, [2,y]] = 0 ~ for any x € G,
y € Gg, z € G, (Jacobi superidentity).
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Definition 3. A Zy-graded vector space L = Lo @ Ly is called a Leibniz superalgebra
if it is equipped with a product [—, —] which satisfies the following condition:

[3:, [y, ZH = [[.7:, yl, z} —(=1)*# [[:1:, 2], y] — Leibniz superidentity
forallz € L,y € Lo, 2 € Lg.

Note that if in Leibniz superalgebra L the identity

[1‘7 y] = _(_1>QB [y7 [L’]

holds for any « € L, and y € Lg, then the Leibniz superidentity can be transformed
into the Jacobi superidentity. Thus, Leibniz superalgebras are a generalization of Lie
superalgebras.

The vector spaces Ly and L; are said to be the even and odd parts of the su-
peralgebra L, respectively. It is obvious that Ly is a Leibniz algebra and L, is a
representation of L.

Denote by Lie,,, and Leib, ,, the sets of Lie and Leibniz superalgebras with
dimensions of the even part and the odd part, respectively equal to n and m.

For a given Leibniz superalgebra L the lower central and derived series are defined
as follows:

L'=1L, LF =[L* 1], k>1,
L= L, Lt — [L[S],L[S]], s> 1,

respectively.

Definition 4. A Leibniz superalgebra L is said to be nilpotent (respectively, solvable ),
if there exists k € N (s € N) such that L* = {0} (respectively, LI¥¥ = {0}). The
minimal number k with such property is said to be the index of nilpotency or the
nilindex of the superalgebra L.

In the following theorem, we describe of Lie superalgebras with a maximal index
of nilpotency.

Theorem 1. [8/ . Let G € Lie,,, be a Lie superalgebra with nilindex n+ m. Then
n = 2, m—is odd and there exists a basis {e1,€2,y1,Y2,.-.,Ym} of superalgebra G
such that its multiplications in this basis have the following form:

N { Wi, e1] = iy1, 1<i<m-—1,
2,m : i . m
Ymt1-i> yi) = (—1) ey, 1<i < TH

Definition 5. The set
R(L)={2€ L |[L,z] =0}

15 called the right annihilator of the superalgebra L.
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Using the Leibniz superidentity it is easy to see that R(L) is an ideal of the
superalgebra L. Moreover, the elements of the form [a, b] + (—1)**[b,a], (a € Ly, b €
Lg) belong to R(L).

The linear operator ad, : L — L, x € L such that ad,(y) = [y, z] is called a right
multiplication operator.

It is obvious that:

T € L()7 adw Lo — L()7 adw Ly — L17
IL‘ELh adw ZL0—>L17 adw Ly — L.

Note that Engel’s Theorem and its direct consequences remain valid for Lie su-
peralgebras. Moreover, a Lie superalgebra is nilpotent if and only if R, is nilpotent
for any homogeneous element x € L.

2 Main part

It should be noted that Lie superalgebra G = G ® G is solvable if and only if G
is solvable. But there exist non-nilpotent Lie superalgebra such that Gy is nilpotent,
i.e., from the nilpotentcy of Gy the nilpotentcy of GG is not implied in general. By
the Engel’s theorem for Lie superalgebras we can conclude that Lie superalgebra is
nilpotent if and only if the operator ad, is nilpotent for any homogeneous element
z e q.

Since the Engel’s theorem also holds for the Leibniz superalgebras, then for the
nilpotency of the Leibniz superalgebra, it is necessary to show the nilpotency of the
operators

ady : Lo = Lo, ady : Ly — Ly, ad,:L — L, forallzec Ly, ye€ L.

Let L = Lo ® Ly be a Leibniz superalgebra, then for the operator ad, we have the
following lemmas.

Lemma 1. Let L = Lo @ Ly be Leibniz superalgebra such that Ly is a nilpotent. If
y € Ly is an eigenvector of ad, for x € Lo, with non-zero eigenvalue X, then [y,y] = 0.

Proof. By the condition of the lemma ad,(y) = [y, ] = Ay, with X # 0.
From the Leibniz superidentity:

ly, [y, z]] = [ly, v, 2] — [[y, ], y],

we have that 2\[y, y] = [y, y], z]. Thus, ad.([y,y]) = 2A[y, y]. Since Ly is a nilpotent,
we derive that the operator ad, is nilpotent of Ly by the Engel’s theorem. Then we
have 2\[y, y] = 0, which implies [y, y] = 0.

O

Lemma 2. Let L = Ly&® Ly be a Leibniz superalgebra such that Lg is nilpotent. Then
ad,, 1s nilpotent for any y € L.
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Proof. Suppose that the operator ad, is non-nilpotent, then there exists an eigenvalue
A # 0, such that

ady(z' +y') = AN2"+y), 2 € Lo, y € L.

Since y € Ly, we have that [2/,y] = N/, [¢/,y] = A2/,
Consider the following Leibniz superidentity:

[, [y, yl] = 2[[, yl, y] = 2X°[y/, y] = 2\%.

On the other hand [/, [y, y]] = ady,,(z’), which implies adp, 4 (2') = 2A%2.
Since [y,y| € Lo, then adp,,,) is a nilpotent of Ly, which implies A = 0. This is a
contradiction, hence ad,, is a nilpotent for any y € L. O]

Recall that, the maximal nilpotent ideal NV of a Leibniz superalgebra L such that
[L,L] C N is called a nilradical. We investigate solvable Leibniz superalgebras such
that nilradical is a Lie superalgebra with a maximal index of nilpotency.

From Lemma 2, we have that if L = Ly & Ly is a solvable Leibniz superalgebra
with nilradical N = Ny @ N, then dimL, = dimNj.

Let L = Ly ® Ly be a solvable Leibniz superalgebra with nilradical Ny ,,. Then
from the previous consideration we obtain that dimL; = m and dim(Ly) < 4. Thus,
we consider the cases when dim(Ly) = 3 and dim(Lg) = 4.

In case of Ly is a Lie algebra we have the following Lemma.

Lemma 3. Let L = Ly ® Ly be a solvable Leibniz superalgebra whose nilradical is
isomorphic to Na,, and let Ly is a Lie algebra. Then L is a Lie superalgebra.

Proof. Let dimLo = k and dimL; = m. Then there exits a basis {eq, e, ..., ek, y1, Y2, - - -

of L such that
(1)

i, e1] = —[er, il = yiy1, 1<i<m—1,
Y1, vi] = (=1)T ey, 1 <i<m.

Since Ly is a Lie algebra, then [e;, e;] = —[ej, e;] for all 1 <14,j <k.

Moreover, the multiplications [e;,y;] and [y;,e;] for 3 < i < k, 1 < j < m
belong to the Ly and [e;, y;] + [y, €] € R(L). Since L1 N R(L) = 0, we have that
lei, y;] = —[yj, ei]. Thus, L is a Lie superalgebra.

O

2.1 Ly is a three dimensional Lie algebra.

Proposition 1. Let L = Ly® Ly be a solvable Leibniz superalgebra whose nilradical is
isomorphic to Ny ,,. Let dim(Lg) = 3 and Ly is a Lie algebra, then Ly is not nilpotent.

Proof. Let us suppose the contrary, i.e. Lg is a nilpotent Lie algebra. Then L is
either abelian or isomorphic to the algebra ns : [f1, fo] = f3.

7ym}
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Case 1. First we consider the case when Ly is an abelian. Then Ly = {eq, s, 2},
Li ={v1,v2,...,yn} and

i, e1] = it 1<i<n-—1,
[yn+1—i7yi] - <_1)i+1627 1 S 1 S nT—H

Assume
[Z/b x] = a1y1 + Aoy + -+ - + QY.

Then for 2 < i < n, inductively, we have

[yi7 x] = Hyi—lv 61]7 95] = [yi—lv [61; 1’]] + [[yi—lu x]a 61] =01y + agYit1 -+ Gp_it1Yn-
Consider
[z, [yn+1,yn-2u]] = 2“1‘,ynT+1],yn-2H] =
n+1

= 2aynp + aynp g A Anp Yo, Yun ] = 2(=1)72 ares.
On the other hand:

[z, [y"Tﬂy?JnTH]] =[z,(=1) = F

which implies a; = 0.

Thus, we have that ad, : L1 — L is nilpotent, which derives that L is nilpotent.
It is a contradiction.

Case 2. Now we consider the case when L is isomorphic to the algebra ns. Then
Lo has a basis {f1, f2, 2} such that [fi, 2] = fo, where

fi=auer +ages,  fo = Bier + Paea.

Case 2.1. Let ay # 0, then e; = 71 f1 + 72 f2 and we have

[fh SL’] = f27

Wi, [1] = aayiya, 1<i<n—1,

[Ynt1-i Uil = (_1)Z+1(’Ylf1 +72f2), 1<i< HTH

where 7, # 0. Making the change 3/ = o' 'y;, 1 <i < n we may suppose a; = 1.
Put
[y, 2] = a1y1 + azyz + - - - + AnYn-

Using the Leibniz superidentity, we have

[y27 .Z'] = [[?/17 f1]7 .Z'] = [yla [.fla .T]] + Hyb ZE], fl] =
= [y1, fo] + [aryn + agyo + -+ + anYn, f1] = (a1 + %)yz +agys + - 4 An_1Yn.

2

Considering the superidentity [[y;_1, f1], 2] = [yi_1, [f1,2]] + [[yi—1, 2], f1], induc-
tively we obtain

[y, x| = (ay + (i — 1)%)%‘ + aoYiy1 + as3Yivo + - F Apgi—iYn, 2 <1< n.
2
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Now consider

2 2

(n—=Dm
= —2[(&1 + Z—W)y%ﬂ + AoYntl g 4+ a"THy”’y"TH] =
ntl n—1
2 1) (o + S0y 4 2

On the other hand,

n+1

[z, [y"T“’y"T“H = [z, (_1)%““(71]01 +72f2)] = =(=1)"2 T fa,

Comparing the coefficients at the basis elements, we have v; = 0, a; = 0. Therefore
we get that ad, : L1 — L7 is nilpotent, which derives that L is nilpotent. It is a
contradiction.

Case 2.2. Let a; = 0. Then ay # 0 and making the change ¢} = o4 y;, 1 <i <n
we may assume oy = 1, i.e.,

[flax] = f27
Wi fo] = Yita, 1<i<n-—1,
Wni1-i, 9] = (1) (nfi +72f2), 1<i< HTH

where v # 0.

Put [y1, 7] = a1y1 + agyo + - - + AnYn.

USng the 1dent1ty [[y’i*hf?]’x] = [yi*h [fg,ﬂ?“ + Hyiflax]va] for 2 <1< n, we
obtain

i, x] = ary; + aglis1 + -+ + An—it1Yn-

Consider following Leibniz superidentity:

[l‘, [y”T'Ha y"T‘HH = 2[['T7 y"T“]v y%] = _2[a1y"T+1 + A2Ynil q +oot A1t Yn, y"T‘H] =

=2(=1)"F a0 fi + 2/2).
On the other hand,

n—+

(2, [yns1, ynir]] = [z, (=1)F T (N fr + o)) = (=1)F 1 fo.

2 2

Comparing the coefficients at the basis elements, we have ; = 0. This is a con-
tradiction. O

According to Proposition 1, we obtain that if L = Ly @ L, is a solvable Leibniz
superalgebra whose nilradical is isomorphic to Ny, and dim(Ly) = 3, then Ly is a
solvable Lie algebra. It is well-known that there exist two three-dimensional solvable
Lie algebras:

r [fnxl = fi+ fa, [fez] = fo
ro(a) : [fi, 2] = fi, [f2, 2] = afy, a€C.
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Proposition 2. Let L = Ly & Ly be a solvable Leibniz superalgebra whose nilradical
is tsomorphic to Na,, and Lo = ry. Then L is isomorphic to

( le1, ] = e1 + e,
le2, 2] =
M - [y, e1] = Yiy1, 1<i1<n—-1,
a1 yi) = (—1) ey, 1< <2
| il = (0 = 5)s, 1<i<n.

Proof. From the condition of the proposition, we have that there exists a basis
{f1, f2,x} of Ly such that

fi,z] = fi+ fa. [fo, 2] = fo

Moreover, from Theorem 1, we have that there is a basis {e1, €2, 41,2, ..., Yyn} Of
Ny, such that

[Yi, e1] = Yira 1<i<n-—1,
[ns1—is yi] = (1) ey, 1 <i < 2HL
where f1 = A1€1 + A2627 f2 = 3161 —+ BQGQ.
Case 1. Let A; # 0, then we have:

[fi,2] = fi+ fa,

[fz iC] fa,

i, fil = A1yi I1<i<n-—1,

[Ynt1-i, 0] = (1) fi + aafo), 1<i<2H

where as # 0.
Making the change of basis f] = A%fla fa= A%fg, we may suppose A; = 1.
Put

[y1, ] = a1ys + agys + - + apyn.

Considering Leibniz superidentity, we have

[y2, 2] = [[y1, f1], ] = [ya, [f1, 2]+, 2, fi] = [y, At fol ey +azyet - +anyn, fi] =

o
=(a1+1-— a—l)?ﬂ T+ agy3z + 0+ An_1Yn-
2

Similarly, from the Leibniz superidentities [[y;—1, f1], ] = [vi—1, [f1, ]| +[[yi-1, x], f1]
inductively, we have

(Z — 1)&1

iy L] = -1 -
lyi, x] = (a1 + 1 o

VUi + aoYiv1 + -+ Qnoit1Yn, 1 <i<n.

Consider
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n+1 —-Qq
~ 2+ T 1= T g+ g o] -
ntl n+1 n__lal
=2(-1) 2 (a1 + 5 —1—2—)(oufi + arfa).
2

On the other hand,

(@, [yag, yos]] = [, (<1)F T an fi + anfo)] = (<1)

Thus, we have

n+1

> (arfi + (a1 + a2) f2).

—1 -1
—(n )al )Oél = O, (2&1 +n — 2 — —<n )051

(201 +n —2—
(%) (&%)

)Oég + o = O,

which implies a; = 0 and a; = 2_7"
Considering Leibniz superidentities for the triple {x,y;,y;}, where 1 < i < ”T’l,

we have
0= [, [ys, yil] = 2[[x, i), yi] =

2—n i
= —2[(T +i— 1)y + agyiy1 + - + any1-iYn, vil = (—1) 2%72(171)042]02,
which implies
.. n—1
azi1 =0, 1<:1< 5
Thus, we have the following product
([fi,z] = fi+ fa
[fg,[E] = f?a
[yis fil = Yiv1, I1<i<n-—1,
[yn+1—i7yi] = (_1)1—}-1&2‘}(27 1 S 1 S nTH7
» |25 '
Wi, o] = (@ —5)yi+ > awliror—1, 1 <0< 0.
k=1

\

Making the change v = \/%yi, 1 <4 < n, one can assume oy = 1.
Now we consider the following change of basis

fi=h, fo=/f, o=un
n+1—:
Yi = yi + Z Ayirjo1, 1<i<n.
=2
Consider
oA L5

2 n
[y, 2] = (1 - %)yl + kz_:l A2kY2k + > Aj ((] - %)yj + kX_)l aZkijerfl) =

J

n—1

5 k
=(1-=%)n+ > (G% + Age(2k — 5) + > A2(k—j)+3a2j72)y2k+
k=1 =2

n—1
= k

+ 3 (A2k+1(2k; +1-5)+> AQ(k—j)+2a2j>y2k+1-
k=1 Jj=1
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On the other hand,

n—1

2
[, y1) = (1 = S)vi + X ayys, =
n nTil = n+1-2k
1=+ ZzAjyj) + kzl ay (Yar + 22 Ajakij1) =
J= = J=

n—1
nol k

=(1-2%)y + kz <a’2k + Ay (1 —5) + ZzAQ(kj)+3a/2j—2> Yor+
=1 j=

J

n—1
N k

+ > <A2k+1(1 -3+ Az(kfj>+2a'2j)y%+1'
k=1 j=1

Comparing the coefficients at the basis elements for 1 < k < ”T_l, we have

k
ab, = gk + (2k — 1) Aoy, + Z Az(k—j)+3(a2j—2 - a,Qj—2)
=2
k
2k Aok + Z Age—jy42(ag; — al2j) = 0.
j=1

Thus, taking

k
1 1
Agp = Ao -
2%k 1_2ka2k+1_2ka:; 2(k—j5)+3025-2;

k
1
Agpy1 = — 7 Z A2(k—j)+2a2ja

we may suppose

Therefore, we have the superalgebra M.
Case 2. A; = 0. Then B; # 0 and instead of e; we can take f5. Thus,

[f1, 7] = fi+ fo,

[f2>l’] = fo,

[Yi, fo] = Vit 1<i<n-—1,
[

Yni1—in¥i) = (1) onfi + aofa), 1<i< nTﬂa

where oy # 0.
Similarly to case 1, putting [y1,z] = a1y1 + asys + - -+ + @Yy, using the Leibniz
superidentity we obtain

i, @] = (a1 + 17— D)yi + ag¥iv1 + -+ Gnit1¥Yn, 1 <i<n.

10
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Now consider

n—1
2[(a; + T)y%l —|—a2ynT+1+1 + ... +a"T+1y"’ynTH] =

n+1 n—1

=2(=1)7 (a + —;
On the other hand,

)(a1€1 + CYQBQ).

n+1

[, [ynss, yosa]] = [z, (—1)"F T arer + ases)] = (—1)"F (arer + (a1 + az)es).

2 2

Therefore we get
(2a1 +n —2)a; =0, (2a; +n —2)ag —ag = 0.

which implies a; = 0. This is a contradiction with the condition that the nilradical
is N2,m-

]

Proposition 3. Let L = Ly & Ly be a solvable Leibniz superalgebra whose nilradical
is isomorphic to Ny, and Ly = ro(a). Then L is isomorphic to one of the following
two Lie superalgebras:

(le1, 2] = ey,
[62’1‘] = Qe2, a € C,
My(a) : Q [yire1] = it 1<i<n-—1,
Wni1-i,¥i] = (1) ey, 1<i < ”T“,
( [y, 7] = 2H2n=dy,, 1<i<n.
[e1, 2] =
M, - Mmﬂ—%ﬂ, | l<isn—1,
Wni1-i i = (1)1 er, 1<i< 2
i, 2] = 39i, 1<i<n.

Proof. From the condition of the proposition, we have that there exists a basis
{f1, f2,x} of Ly such that

[fl:m] = f1, [f2,$] = afy,

and a basis {e1, e, Y1, Y2, ..., Yn} of Na,, such that

i, e1] = Y1, 1<i<n-—1,
[yn+1—i7yi] - (_1)i+1627 1 S ) S nT—H7

where f1 = A1€1 + A2627 f2 = 3161 —+ BQGQ.

11
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Case 1. If A; # 0, then instead of e; and ey we can take f; and aqf; + asfa,
respectively.

Put [y1, 2] = a1y + asys + -+ + bpyn.

Using the Leibniz superidentities, we obtain

i,z = (a1 + i — D)y; + ag¥iv1 + -+ + Qpip1¥n, 1 <i<n.

Now consider

n—+1

[, [y, yus || = 2[[2, yup ], you ] = 2[(1—a1 - JympHaaynin g+ Hna Y, Yun | =

L‘H+1 n_l_l

Y1 fi + aaf),
On the other hand

n41l
2, [yags o)) = [, (—1)F 4 (@ fy + )] =
ntl g
=(=1) 7 " (—aufi — acafa),
Comparing the coefficients at the basis elements, we have
(2a1 +n—2)a; =0, (2a1 +n—1—a)ag =0.

Since ay # 0, we obtain a; = MT_” and (o — 1)y = 0.

If « # 1 then a; = 0. In case of & = 1, making the change f; = ay fi + asfs one
can suppose a; = 0. Therefore, we always get that a; = 0.

Considering the following Leibniz superidentities for the triples [yi, [z, 71]] and
[, [y, 3] for 1 < i < 254 we obtain

Ap =0p_o=---=a3=0, b,=0.

Therefore, we have Lie superalgebra with the following multiplications:

;

le1, 2] = e
[ea, 2] = arey,
[Yi, e1] = Yit1, 1<i<n-1,
[yn—i-l 'L7yz] = (_1)i+1€27 1 S 1 S nTHa
1, 2= )
[y, x] = (a_;_ +0)yi+ Y, aowYiror—1, 1 <i<n.
\ k=1

Making the change of basis

/ / /
€, =¢€1, €y==¢€, T =1,

n—+1—:

Y=y + Z Ajyivj—1, 1<i<n,
=2

12
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with
1 1 <

Ag = Ao .
2k 2k—1a2k+2k‘—1; 2(k—j)+3025j—2,

k
1
Aogpy1 = % 21 Ad(k—j)+202;
‘7:

we may suppose

a’2k:07 1§k§ 9

Therefore, we have the superalgebra M.

Case 2. If Ay = 0, then A;B; # 0 and instead of e; we can take f;. Then
similarly to case 1, using the Leibniz superidentities and making the basis change we
obtain the following multiplications

( [fhx] = f1,
[f2, 7] = afa,
Wi, fo] = Yit1, I<i<n-—1,
Wni1- 9] = (1), 1<a <2

[ [y 2] = 2By, 1<i<n,

If a # 0, then making the change 2/ = éx, we obtain the algebra Mg(i) In case
of @ = 0, we obtain the algebra Ms;.
O

Thus, we have the follofing theorem

Theorem 2. Let L = Ly ® Li be a solvable Lie superalgebra whose nilradical is
isomorphic to No,, and dim(Ly) = 3 Then L is isomorphic to one of the following
three non-isomorphic superalgebras:

M17 M2<Ck)7 MS-

2.2 Ly is a four dimensional Lie algebra.

Theorem 3. Let L = Lo ® Ly be a solvable Lie superalgebra whose nilradical is
isomorphic to Ny, and let Ly is a four dimensional solvable Lie algebra. Then L is
isomorphic to the following superalgebra:

[61@1] = €1,
[62,$2] = €2,
Wi, e1] = it 1<i<n—1,
M4 i+1 - n+1
[Yni1-i,vi] = (1) Tley, 1<i< o
i, o] = (i = )y, 1<i<n,
L [yis 2] = Sui, 1<i<n.

13
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Proof. From the condition of the theorem, we have that there exists a basis { f1, f2, 1, T2}
of Ly such that
[fl?xl]:fh [f27x2]2f27

and a basis {e1, €2, Y1, Y2, ..., Yn} of Na,, such that

Wi, e1] = Yit1, 1<i<n-—1,
[Wns1—is yi] = (1) ey, 1<d < 2HL
where f1 = A1€1 + AQGQ, fg = 3161 —+ 3262.
If A; # 0, then we have
[fl,ifl] = f1,
[f2,$2] = fa,
Wi, f1] = A1yisa, 1<i<n-—1,
Wni1—i,vi] = (1) o fi + oo fo), 1<i <2
If A; =0, then we get By # 0, and obtain
[fl;xl] — fla
[f?;xQ] — f2a
Wi, f2] = Biyita, 1<i<n-—1,
Wnt1—i, 0] = (1) Hoa fi + anfo), 1<i <™

In the second case, making the change f| = fo, fi = fi1, 2} = xo, 2, = x1, we
have the first case. Thus, we can always assume A; # 0, more exactly A; = 1.
Put
(Y1, 1) = a1y1 + asyo + - - - + QpYn,

W1, T2] = biyr + bayz + -+ + bpYn.
Using the Leibniz superidentity, we obtain that

i, z1] = (a1 + i — D)yi + ag¥iv1 + -+ + Qpp1—iYn, 1 <i<mn,

[Yis Ta] = b1y + boyir1 + -+ + bp—ivaYn, 1 <i<n.

Consider
(21, [yngr, yna ]| = 2[[w1, Y], ynin ] =
n+1
= 2@+ 5= = Dyap +a2ynp g + -0+ @apryn, Yup ] =
ntl n+1
= 2(—1) 2 ((ll + — 1)(0&1]01 -+ Oégfg).

On the other hand,

n+1 n+1

21, [y%“?y%“” = [z1, (‘UTH(alfl +anfo)] = (=1)2 aufi,

14
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which implies
(2a1 +n—2)a; =0, (2a1+n—1)ay =0.

Since ay # 0, we have a; = 1_7” and a; = 0.
Similarly, considering the equality [z, [ynT—O—l,ynTH )] = 2[[$2,ynT+1 ],ynTH ], we have
b = 3.
Thus, we obtain following multiplications
( [flaxl] = f1,
[f2,1172] = fa,
[y, [1] = Yita, I1<i<n-—1,
Ynt1-i: 9] = (1) F s fo, 1<i<2H
i, x1] = (1 = )i + aayipr + - + Gngp1—iYn, 1< i <.
| [Yis 2] = 3Yi + boyirn + o+ b1 Yn, 1<i<n.

Moreover, making the change f; = asfs, we can suppose as = 1.
Now, we consider Leibniz superidentity for the triples [x1, [y, vi]] and [x2, [y;, vil]
when 1 <4 < =L Then we have

0 = [21, [y, vil] = 2[[z1, vl il = (—1)""2a,_9(—1)e2,

0 = [22, [y, vil] = 2[[2, vil, wi] = (—1)"2b,,_9(i_1)e2,

which implies
n—1

2

agiy1 =0, b1 =0, 1<0<
Making the change of basis

/ / / /

n+1—1
Y =yi+ Z AjYirj—1, 1<i<n,
=2
with
1 1<
Ay = 2 — 1G2k + 5% — 1 ZAZ(k—j)+3a2j72a

j=2

K
1
Aopy1 = o5k > Asjysa0z;,
j=1

we obtain that

—1
g = 0, 1§k§”2.

Now consider

1—n

2

(21, [22, 91]] = [[21, 22, 1] — [[71, 9], 72] = [y1, 2] =

15
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l1—-n/1
= 5 (52/1 + boyo + bays + -+ - + bnflyn71>-

On the other hand,

1
(21, [x2, y1]] = —[21, §y1 + boya + bays + -+ + bp1yn] =
_1—n +3—nb . —nb n +n—36
- Y1 5 2Y2 5 4Y4 5 n—1Yn—1-

From this equalities, we obtain

—1
by =0, 1<k<—
Thus, we obtain the algebra M. O
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