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Abstract—1In this paper we consider a model with nearest-neighbor interactions and with the set
[0, 1] of spin values, on a Cayley tree of order & > 2. To study translation-invariant Gibbs measures
of the model we drive an nonlinear functional equation. For k = 2 and 3 under some conditions on
parameters of the model we prove non-uniqueness of translation-invariant Gibbs measures (i.e.,
there are phase transitions).
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1. INTRODUCTION

A central problem in the theory of Gibbs measures is to describe infinite-volume (or limiting) Gibbs
measures corresponding to a given Hamiltonian.

In order to study the phase transition (Gibbs measures) problem for a system on Z¢ and on Cayley

tree there are two different methods: Pirogov-Sinai theory on Z¢, Markov random field theory and
recurrent equations of this theory on Cayley tree.

The papers [1—5, 8—10, 13—15] are devoted to models with a finite set of spin values. It were
shown that these models have finitely many translation-invariant and uncountable numbers of the non-
translation-invariant extreme Gibbs measures. Also for several models (see, for example, [6, 8, 10]) it
were proved that there exist three periodic Gibbs measures (which are invariant with respect to normal
subgroups of finite index of the group representation of the Cayley tree) and there are uncountable
number of non-periodic Gibbs measures.

In [7] the Potts model with a countable set of spin values on a Cayley tree is considered and it was
showed that the set of translation-invariant splitting Gibbs measures of the model contains at most one
point, independently on parameters of the Potts model with countable set of spin values on the Cayley
tree. This is a crucial difference from the models with a finite set of spin values, since the last ones may
have more than one translation-invariant Gibbs measures.

This paper is continuation of ourinvestigations [3, 4, 11]. In[11] models (Hamiltonians) with nearest-
neighbor interactions and with the (uncountable) set [0, 1] of spin values, on a Cayley tree I'* of order
k > 1 were studied.

We reduced the problem to the description of the solutions of some nonlinear integral equation. Then
for £ = 1 we showed that the integral equation has a unique solution. In case & > 2 some models (with
the set [0, 1] of spin values) which have a unique splitting Gibbs measure are constructed. In our next
paper [3] it was found a sufficient condition on Hamiltonian of the model with an uncountable set of
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spin values under which the model has unique translation-invariant splitting Gibbs measure. In [4] we
have constructed several examples of models with uncountable set of spin values which have phase
transitions.In this paper we shall construct new models with nearest-neighbor interactions and with the
set [0, 1] of spin values, on a Cayley tree order k. We prove that each of the constructed model has a
phase transition.

2. PRELIMINARIES

A Cayley tree T* = (V, L) of order k > 1 is an infinite homogeneous tree, i.e., a graph without cycles,
with exactly k& + 1 edges incident to each vertices. Here V' is the set of vertices and L that of edges (arcs).

Consider models where the spin takes values in the set [0, 1], and is assigned to the vertexes of the
tree. For A C V a configuration o4 on A is an arbitrary function o4 : A — [0,1]. Denote Q4 = [0, 1]4
the set of all configurations on A. A configuration o on V' is then defined as a functionz € V — o(z) €
[0, 1]; the set of all configurations is [0,1]". We consider the (formal) Hamiltonian of the model is:

H = Hgﬁ(O‘) == Z ga(:c)a(y) (976)7 o€y (2.1)

(z,y)EL

where 6 € Ris a coupling constant, 3 = %, T > 0 is temperature and £ : (u,v) € [0,1]* — &, € Risa
given bounded, measurable function. As usually, (x, y) stands for nearest neighbor vertices.
Note that, a Gibbs measures for the model (2.1) with & ,,(J, 8) := J& ., are investigated in [3, 4, 11].
Let A be the Lebesgue measure on [0, 1]. On the set of all configurations on A the a priori measure
A4 is introduced as the |Alfold product of the measure A. Here and further on | A| denotes the cardinality
of A. We consider a standard sigma-algebra B of subsets of Q = [0,1]" generated by the measurable

cylinder subsets. A probability measure p on (£2, B) is called a Gibbs measure (with Hamiltonian H) if
it satisfies the DLR equation, namely foranyn = 1,2,... and o), € Qy;:

i ({a eN: O"Vn = O'n}> = /u(dw)V:j/"WnH(Un)’

Q
where I/L/TW is the conditional Gibbs density
n+1
1
Vi _
)= 5y (- ()
" (w‘WnH)
Here and below, W; stands for a ‘sphere’ and V; for a ‘ball’ on the tree, of radius I = 1,2, ..., centered at

a fixed vertex z¥ (an origin):
Wi={zeV:dzz")=1}, Vi={zeV:dxa") <}
and
L,={(z,y) € L:z,y € V., }5

distance d(z,y), z,y € V, is the length of (i.e. the number of edges in) the shortest path connecting
x with y. Qy, is the set of configurations in V,, (and Qyy, that in W,,; see below). Furthermore, 0|V

and w‘W - denote the restrictions of configurations o,w € Q to V,, and W, 1, respectively. Next,
On:x €V — op(x) is a configuration in V,, and H (Jn||w|W +1) is defined as the sum H (o,) +

U (an,w‘WnH) where

H (Un) = - Z éon(z)on(y)a

<$,y>€Ln

Ulonly, )== X fowew:

(z,y) :ZE€Vn,y€Wnt1
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258 ESHKABILOV et al.

Finally, Z ( |W > stands for the partition function in V,, with the boundary condition w|Wn+1

Zn (W|Wn+1) = / exp (—ﬁH (FMHW‘WTLH)) v, (doy,).

Qv,

Due to the nearest-neighbor character of the interaction, the Gibbs measure possesses a natural
Markov property: for given a configuration w,, on Wy, random configurations in V,,_; (i.e., ‘inside’ W,,)
and in V' \ V,,41 (i.e., ‘outside’ W,,) are conditionally independent.

We use a standard definition of a translation-invariant measure (see, e.g., [12]). The main object of
study in this paper are translation-invariant Gibbs measures for the model (2.1) on Cayley tree.

Write = < y if the path from z to y goes through z. Call vertex y a direct successor of z if y > z
and x, y are nearest neighbors. Denote by S(x) the set of direct successors of x. Observe that any vertex
x # 20 has k direct successors and z° has k + 1.

Let h:2 €V s hy = (hye,t €[0,1]) € RIOU be mapping of x € V'\ {z°}. Given n=1,2,...,
consider the probability distribution (™) on €y, defined by

umkan)::Zglaq>< BH(0n) + > hy ) (2.2)

IEGWTL

Here, as before, 0,, : € V,, — o(x) and Z, is the corresponding partition function:

Zn = /eXp< BH (oy) Z ha(z :c) Av, (doy). (2.3)

QVn CCEWTL

The probability distributions 4™ are compatible if for any n > 1 and o,,_1 € Qy;,_,:

/ 1 (01 V ) Mw (d(wn)) = 5D (). (2.4)

Qw,,

Here 0,,—1 V w,, € Qy;, is the concatenation of o,,—1 and w,,. In this case there exists a unique measure

.= a}> _ 1™(0).

Definition 2.1. The measure p is called splitting Gibbs measure corresponding to Hamilto-
nian (2.1) and function x +— hy, v # °.

The following statement describes conditions on h, guaranteeing compatibility of the corresponding
distributions p(™ (a,).

Proposition 2.2.[11] The probability distributions (™ (on),n=1,2,...,in (2.2) are compatible
iff for any x € V' \ {2°} the following equation holds:

won Qy such that, for any n and o, € Qy,, p <{a

H fo exp(B&w) f (u, y)du

: 2.5
yeS(z) JO eXP(ﬁfOu)f(u y)du (2.5)

Here, and below f(t,x) = exp(hty — ho ), t € [0,1] and du = X(du) is the Lebesgue measure.

From Proposition 2.2 it follows that for any h = {h, € RO, 2z € V} satisying (2.5) there exists
a unique Gibbs measure p and vice versa. However, the analysis of solutions to (2.5) is not easy. This
difficulty depends on the given function .

Let &, is a continuous function and we are going to construct functions &, under which the
equation (2.5) has at least two solutions in the class of translational-invariant functions f(¢,z), i.e
f(t,x) = f(t),forany z € V. For such functions equation (2.5) can be written as

SRR ) fu)du )"
ﬂw_(ﬁK&@ﬂ@@)’ (26)
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where K (t,u) = exp(8&w), f(t) > 0,t,u € [0, 1].
We put
CH0,1] = {f € C[0,1] : f(x) > 0}.

We are interested to positive continuous solutions to (2.6).

3. A REPRESENTATION OF SOLUTIONS

For every k € N we consider an integral operator Hj, acting in the cone CT[0,1] as
(Hpf)(t / K(t,u)f*(u) ke N.

The operator Hy, is called Hammerstein’s integral operator of order k. Clearly that, if £ > 2 then Hy,
is a nonlinear operator.

[t is known that the set of translational invariant Gibbs measures of the model (2.1) is described by
the fixed points of the Hammerstein’s operator ([11]).

Let & > 2 in the model (2.1) and

Con = E1u(0,8) = %m (1 + 9§/4(t _ %)(u _ %)) C tuelo]

where 0 < 6 < 1. Then for the kernel K (¢,u) of the Hammerstein’s operator Hy we have

1 1

K(t,u) = 1+9§’/4(t— 5)(u—§)

We define the operator Vi, : (z,y) € R?2 — (C1,C3) € R? by
o 3<(9: +y0V2)M T — (@ — g0 V2 (24 g0 V2 (z - g V2

B 29/2(k 4+ 1)yb VA(k + 1) (k + 2)y262

(z +y0 V2 — (@ — yo v

2(k+1)(k + 2)(k + 3)y363 ) 3.1)
_ 3((9: +yf V)R 4 (@ — yfV2)F T 3((x + yh V)R — (z — y#V2) ) '

V= 24k + 1)y0 A(k + 1) (k + 2)3262

3((z + yOv2)F 3 4+ (. — y8Y2)*3)  3((x + yhY2)F — (z — yhY2)F ) )

Vi :

2/2(k + 1) (k + 2)(k + 3)y363 2/4(k + 1) (k + 2)(k 4 3)(k + 4)y16*
Proposition 3.1. A function ¢ € C[0,1] is a solution of the Hammerstein's equation

(Hyf)(t) = f(1) (3.2)

iff o(t) has the following form
( =C1+ C29 t - =

where (C1,Cy) € R? is a fixed point of the operator Vi, (3. ])
Proof. Necessariness. Let ¢ € C|0, 1] be a solution of the equatlon (3.2). Then we have

o(t) = C1 + Cobl {1 4(t — = (3.3)
where
1
Cy = / o (u)du, (3.4)
0
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260 ESHKABILOV et al.

Cy = 0/1 {/ (u— %)g@k(u)du. (3.5)

Substituting function ¢(t) (3.3) into (3.4) we obtain
o — 3((01 + 029\3@’)’““ —(C — C20/2)F1 (G + 039%)k+2 + (Cy — C20+/2)k+2
23/2(k 4 1)Cq6 YAk 4+ 1)(k 4 2)0262
(Cy + C20V/2)F3 — (O — 029\3@)’”3)
2(k + 1) (k + 2)(k + 3)C363 '
Substituting the function ¢(t) (3.3) into (3.5) we get
C, = 3((01 + Co02)F L+ (C) — C2092)F  3((C1 + Co0/2)F 2 — (Cy — C20/2)%+2)

2V/4(k 4+ 1)Ca0 4(k + 1)(k + 2)C202
B((C1+ Caf V2)MH3 4 (C1 — CfV2)FF3)  3((Ch + Co8V/2)"H — (G — 029€/§)k+4)>
2/2(k + 1) (k + 2)(k + 3)C303 24k + 1) (k +2)(k + 3)(k +4)C304 )

Consequently the point (C1,Cs) € R? is a fixed point of the operator Vj, (3.1).
Sufficiency. Suppose that a point (Cy, Co) € R? is a fixed point of the operator V4, define the function
o(t) € C[0, 1] by the equality
. 1
o(t) = Cy + Ca0 ¢4 <t— 5).

Then

(Hkgp)(t)o/1<1+\%_19§/<t;> <u—%>> gpk(u)duo/lgok(u)du
+ﬁ9\/ ——/\/u——go du-/1<01+02913/4<u—%>)kdu

0

k
+\3/19§/t—%/§/u—%<C1+C’2913/4<u—%>> du
0

N ECE: Cof V2)MH! — (C1 — CofV2)M (O + CafV2)"12 + (C1 — CafV/2)F 2
29/2(k + 1)Cq0 YAk + 1) (k + 2)0392

(C1 + C202)F3 — (C1 — C20/2)F+3
T D+ 2)(k + 3)C36° > 3Vt - 5

. ((01 + CofY2RFL 4 (C) — CofY2RFL 3((Ch + CofY/2)R+2 — (C) — Cof/2)k+2)

2V/4(k 4+ 1)Cq0 4(k + 1)(k + 2)C262
3((01 + C20\3/§)k+3 + (Cl — C29\3/§)k+3) B 3((01 + 029{3/5)’”4 — (Cl — 029{3/5)’”4)
2v2(k + 1)(k + 2)(k + 3)C303 2V/A(Kk 4+ 1) (k + 2)(k + 3)(k + 4)Ci64

=) + cgem = (1),

i.e. the function ¢(t) is a solution of the equation (3.2).
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4. A PHASE TRANSITION FOR THE MODEL (2.1) AT k=2
For k = 2 the operator V5 : (z,y) € R? — (2/,%/) € R? (see (3.1)) has the form

(4.1)

Proposition4.1. (a) I[f0 < 0 < %, then the Hammerstein's operator Hy has unique (nontrivial)
positive fixed point in the C10,1].

(b) If % < 0 < 1, then there are exactly three positive fixed points in C|[0,1] of the Hammer-
stein’s operator.

Proof. Clearly, that in the case §# = 0 the Hammerstein’s operator Hy has unique nontrivial positive
fixed point () = 1. Let 6 # 0. We consider the system of equations for a fixed point of the operator V5 :

3V/4

2 2,2

+ —0%y* =z,

pURE R (4.2)

39:173/ =.

In the case y = 0 from (4.2) we have two solutions (0;0) and (1;0). By proposition 3.1 functions
P(t) =po(t) =0, w(t)=pi1(t)=1

are solutions of the equation (4.2).

Suppose y # 0 in the (4.2). Then from (4.2) we get x = % Consequently, from the first equation
of (4.6) we get
,_ 2 605
Y T 3Vae 3667

5 1 60 — 5
S T A i
VWS Egm sV s

Thus, in the case 0 < 4 < % operator V5 has two fixed points: (0;0), (1;0) and in the case g < 0 < 1the

Hence it follows, that 6 > g and

operator V3 has four fixed points: (0;0), (1;0), (x1, yf) and (x1,y; ), withzy = 6%
Note that, there is no any other fixed point for V5.
Consequently,

o1(

=1,
o(t) = 65—9 <1+\/@- {2 <t—%>> ,
= (152 o 3)

are non trivial fixed points of the Hammerstein’s operator Hy. Thus we have proved the following

Theorem 4.2. (a) If0 <60 < %, then for the model (2.1) on the Cayley tree T'? there exists a
unique translational — invariant Gibbs measure;

(b) lf% < 0 < 1, then for the model (2.1) on the Cayley tree T'? there are three translational —
invariant Gibbs measures.

LOBACHEVSKII JOURNAL OF MATHEMATICS Vol.34 No.3 2013
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5. A PHASE TRANSITION FOR THE MODEL (2.1) AT k=3
For k = 3 the operator V3 : (z,y) € R? — (2/,%/) € R? (see (3.1)) has the form

18 02
33‘,:1‘34-?‘3—\/5@@27 1
, 9 ) 6 93 3 ()
= a2y 4 0. s
V=gt Y

Proposition 5.1. (a) If 0 <60 < 8, then (in the C[0,1]) Hammerstein's operator Hs has a
unique nontrivial positive fixed point;

(b) If 8 < 6 <1, then there are exactly three positive fixed points of the Hammerstein's
operator Hs C|0, 1].

Proof. Clearly, that in the case # = 0 operator H3 has unique positive fixed point ¢(¢) = 1. Let 6 # 0.
We consider

3 92 2
9 ) 6 93 5 ()
sV Ry Y

For y = 0 from (5.2) we have three solutions of the system equations (5.2): (0;0), (—1;0) and (1;0).
By proposition 3.1 functions

p(t) = @o(t) =0, @(t) = ¢y (1) = 1

are solutions of the equation Hs f = f. Forz = 0from (5.2) we get three solutions (0;0), (0;y;"), (0; 37 ),

where
6
S
% o\ 6o

oF(t) = +V2- \/g- ¢4 <t - %)

are solutions of the equation Hsf = f.
Suppose that z # 0 and y # 0 in the (5.2). Then the system of equations (5.2) can be rewritten as

Hance the functions

Y = 17

5 V2 (5.3)
Hence it follows

and

Then
o105 V2 90-5
Y =164 202 99
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105 1 [99—5
S RN L
Y= =\ 16 g Vo oe

21 2L 95

164 0

Therefore 6 > g and

Consequently

Hence we conclude that

21 99-5
T = a:ic :l:\/l BT
Thus, the operator V3 (5.1) has five fixed points: (0;0), (—1;0), (1;0), (0;y;") and (0;y;),if0 < 6 < 3
and V3 has nine fixed points: (0;0), (—1;0), (1;0), (0,47), (0;y7) (mfay ), (z{397), (21397) and
(x7;y7), i3 <0 <1
Note that the above mentioned solutions are all possible solutions of V3.
Consequently by proposition 3.1 the operator Hs has unique positive fixed point ¢(t) = ¢1(t) = 1 if
0<6< 8. In the case 8 < 0 < 1 the functions

pr(t) =1, @o(t) ==y +y19\/4 — =), @t _a:1+y19,/4 t——

are positive fixed points of the Hammerstein’s operator Hs. O
From Proposition 3.1 and Proposition 5.1 it follows that

Theorem 5.2. (a) If0 <0 < g for the model (2.1) on the Cayley tree '3, then there exists a
unigie translational — invariant Gibbs measure;

(b) [f% < 0 < 1, then there exist there translational — invariant Gibbs measures.
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