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1. Introduction

Deforming a given mathematical structure is a tool of fundamental importance in most parts of mathematics,
mathematical physics and physics. Deformations and contractions have been investigated by researchers who had different
approaches and goals. Tools such as cohomology, gradings, etc. which are utilized in the study of one concept are likely to
be useful for the other concept as well.

The theory of deformations originated with the problem of classifying all possible pairwise non-isomorphic complex
structures on a given differentiable real manifold. Formal deformations of arbitrary rings and associative algebras, and
related cohomology questions, were first investigated by Gerstenhaber [1]. Later, the notion of deformation was applied to
Lie algebras by Nijenhuis and Richardson [2]. Because various fields in mathematics and physics exist in which deformations
are used, we focus on the study of Leibniz superalgebras. One-parameter deformations were studied and established
connection between Lie algebra cohomology and infinitesimal deformations.

Deformation is one of the tools used to study a specific object, by deforming it into some families of “similar” structure
objects. This way we get a richer picture about the original object itself [3]. But there is also another question approached
via deformation. Roughly speaking, it is the question: can we equip the set of mathematical structures under consideration
(may be up to certain equivalence) with the structure of a topological or geometric space.
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The theory of deformations is one of the effective approaches in investigating solvable and nilpotent Lie algebras and
superalgebras [4-7], etc.

Recall that Leibniz algebras are a generalization of Lie algebras [8,9] and it is natural to apply the theory of deformations
to the study of Leibniz algebras. Particularly, the problems which were studied in [4,7] and others can be considered from
point of Leibniz algebras view. Due to a results of [ 10] we can apply the general principles of deformations theory to Leibniz
algebras.

It is well known that Lie superalgebras are a generalization of Lie algebras. In the same way, the notion of Leibniz algebra
can be generalized to Leibniz superalgebras. Lie superalgebras with maximal nilindex were classified in [11]. In fact, there
exists a unique Lie superalgebra of maximal nilindex. This superalgebra is a filiform Lie superalgebra. For nilpotent Leibniz
superalgebras the description of the maximal nilindex case (nilpotent Leibniz superalgebras distinguished by the feature of
being single-generated) was easily done in [12].

Let V = V,y @ V; be the underlying vector space of the Leibniz superalgebra L = Ly & L; of dimension n + m (where n
and m are dimensions of Ly and Ly, respectively) and let GL(V) be the group of the invertible linear mappings of the form
f = fo + f1 such that fy € GL,(F) and f; € GL,,(F) (where GL(V) = GL,(F) & GL;,(F)). The action of the group GL(V) on the
variety of Leibniz superalgebras induces an action on the Leibniz superalgebras’ variety: two laws pq and w; are isomorphic
if there exists a linear mapping f, f = fo 4+ f1 € GL(V), such that

12X, y) = fil(ua (0, f5 @) forallx € Vo, y € Vg, o, B € Zs.

The orbit under this action, denoted by Orb(u), consists of all superalgebras isomorphic to the superalgebra p. Therefore
the description of (n + m)-dimensional superalgebras with dimensions of even and odd parts equal to n and m, respectively
(further denoted by Leib™™) can be reduced to a geometric problem of classification of orbits under the action of the group
GL(V).Note that nilpotent Leibniz superalgebras N™™ form also an invariant subvariety of the variety Leib™™ under the above
action. From algebraic geometry it is known that an algebraic variety is a union of irreducible components. The superalgebras
with open orbits in the variety of Leibniz superalgebras are called rigid. The closures of these open orbits give irreducible
components of the variety. Therefore studying the rigid superalgebras is a crucial problem from the geometrical point of
view. The problem of finding such algebras is crucial for the description of the variety Leib™™.

The structure of the paper is as follows: in the section Preliminaries we give the necessary definitions and results for
understanding the main parts of this paper. In Section 3 we calculate the second group of cohomology of the null-filiform
Leibniz algebra and show that the set of single-generated Leibniz algebras forms an irreducible component of the variety of
Leibniz algebras. Moreover, it is established that any single-generated algebra is a linear integrable deformation of the null-
filiform algebra. In the last section we extend the calculations of the previous section for the case of Leibniz superalgebras.

Throughout the paper we consider finite-dimensional vector spaces and superalgebras over a field of zero characteristic.
Moreover, in the multiplication table of a Leibniz superalgebra the omitted products and in the expansion of 2-cocycles the
omitted values are assumed to be zero.

2. Preliminaries
In this section we give necessary definitions and results for understanding the main parts of the work.

Definition 2.1 ([12]). A Z,-graded vector space L = Ly & L, is called a Leibniz superalgebra if it is equipped with a product
[—, —] which satisfies the following conditions:

[x, [, 1] = [[x, y], z] — (=) ¥I[[x, 2], y]-Leibniz superidentity
forallx e L,y € L,z € L.

Let L be a Leibniz superalgebra. We call a Z,-graded vector space M = My & M; a module over L if there are two bilinear
maps
[-,-]:LxM—->M and [—,—]:MxL—>M
satisfying the following three axioms:

[m, [x, y1] = [[m, x],y] = (=D"V'[[m, y1, x],

[x, [m, y11 = [[x, m], y] — (=DY1™[[x, y], m],

[x, [y, m]] = [[x, y], m] — (=)™ [[x, m], 1,
forany m € My, x € Ly, y € Ly,

Given a Leibniz superalgebra L, let C"(L, M) be the space of all super skew-symmetric F-linear homogeneous mapping
L®" — M, n > 0and C°(L, M) = M. This space is graded by C"(L, M) = Gy (L, M) & C{(L, M) with

]:
]:

L M) = QB Hom(Lg™ @ L¥™, M;).

ng+ny=n
nq+r=p mod 2
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Letd" : C"(L, M) — C"t1(L, M) be an F-homomorphism defined by
n+1
@)1, ..o xXnp1) = X1, (X2, oo Xns )] + Z(—l)i+‘xi‘(V|+‘xi+l|+'"+|x”+‘D[f(X], e Ky e Xng1)s Xi
i=2
+ Z (=R =D f ey X [ X X« e Xy e s X,
1<i<j=<n+1
where f € C"(L, M) and x; € L. Since the derivative operatord = ) ,_, d' satisfies the property d o d = 0, the cohomology
group is well defined and a
HLY(L, M) = ZL} (L, M)/BLy(L, M),
where the elements ZLj (L, M) (BL§(L, M)) and ZL{(L, M) (BL}(L, M)) are called even n-cocycles (even n-coboundaries) and odd
n-cocycles (odd n-coboundaries), respectively.
It is a remarkable fact that the formula for d" can be obtained from the derivative operator for color Leibniz algebras [13].
Note that the space ZL!(L, L) consists of derivations of the superalgebra L, which are defined by the condition
d([x, y)) = (=D"V[d(x), y] + [x, dW)].
For a given x € L, R, denotes the map R, : L — L such that Ry(y) = [y, x], Vx € L. Note that the map Ry is a derivation.
A deformation of a Leibniz superalgebra L is a one-parameter family L; of Leibniz superalgebras with the bracket
He = Ho +tor + g+
with o being the original Leibniz bracket on L and ¢; are L-valued even 2-cochains, i.e., elements of Hom(L ® L, L)
C2(L, L)o.
Two deformations L;, L, with corresponding laws u, u; are equivalent if there exists a linear automorphism f; =
id + fit + fot? + - - - of L, where f; are elements of C'(L, L), such that the following equation holds:

pexy) = £ (i), fi @) forx,y € L.
The Leibniz superidentity for the superalgebras L; implies that the 2-cochain ¢; is an even 2-cocycle, i.e. d®¢; = 0. If ¢4
vanishes identically, the first non-vanishing ¢; will be a 2-cocycle.
If oy is an equivalent deformation with cochains ¢/, then ¢} — ¢ = d'fy; hence every equivalence class of deformations
defines uniquely an element of HL?(L, L),.
Note that the linear integrable deformation ¢ satisfies the condition

P, 9, 2) — 99, ), 2) + (=)"Flo(p(x, 2),y) = 0. (2.1)
It should be noted that a Leibniz algebra is a superalgebra with trivial odd part and the definition of cohomology groups
of Leibniz superalgebras extends the definition of cohomology groups of Leibniz algebras given in [9].
For a Leibniz superalgebra L consider the following central lower series:

=1, =% 1Y, k> 1.

Definition 2.2. A Leibniz superalgebra L is said to be nilpotent if there exists p € N such that [’ = 0.
Now we give the notion of null-filiform Leibniz superalgebra.
Definition 2.3. An n-dimensional Leibniz superalgebra is said to be null-filiform ifdimL' = n4+1—i, 1<i<n4+1.

Similarly to the case of nilpotent Leibniz algebras [ 14] it is easy to check that a Leibniz superalgebra is null-filiform if and
only if it is single-generated. Moreover, a null-filiform superalgebra has the maximal nilindex.

Theorem 2.4 ([12]). Let L be a null-filiform Leibniz superalgebra of the variety Leib™™. Then L is isomorphic to one of the following
non-isomorphic superalgebras:

i, y1l = x;, 1<i<n,
NFn:[X,‘,X]]=X,‘+], 1515”_1’ NFn.,m: [Xia)’1]:5}’i+1, 1515"1_1,
i, x1] = yj41, 1<j<m-—1,
X, x1] = %1,  1<i<n-1
where {x1, X2, ..., xp} and {y1, y2, ..., ym} are bases of the even and odd parts, respectively.

Remark 2.5. Note that the first superalgebra is a null-filiform Leibniz algebra [ 14] and from the assertion of Theorem 2.4 we
conclude that in the case of non-trivial odd part of the null-filiform Leibniz superalgebra NF™™ there are two possibilities
form,namelym =norm=n+ 1.

3. Deformations of the null-filiform Leibniz algebra

In this section we calculate infinitesimal deformations of the algebra NF" and we show that any single-generated Leibniz
algebra is a linear integrable deformation of NF".
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Note that any derivation of the null-filiform Leibniz algebra NF" has the following form [15]:

a a as s ay

0 2(11 a ces Op—q
0 0 3(1] e Ap—2
0 0 0o --- naq

From this we conclude that dim BL>(NF", NF") = n?> — n.
In general, a 2-cocycle is a bilinear map from NF" ® NF" to NF" such that d’>¢ = 0, i.e.,

ox,y,2) =[x, 0. 2] — [p&, y), 2] + [p(x, 2), y] + ¢(x, [y, 2]) — @([x, Y], 2) + ¢ (Ix, 2], y).

Proposition 3.1. The following cochains
Pk, x1) =x, 1=<j=n, 2=<k=n,
Vid=j=n-D= {%&:2‘131)23’—&“, 1<i<n-1,
form a basis of ZL>(NF", NF").
Proof. Using the Leibniz 2-cocycle property (d?¢)(x;, X1, X;) = 0, we have
Pxi, X)) = =[x, (x1,x)], 1=i=n—1 @, x)=0. (3.1)
The conditions (d*@) (i, x1, X)) = 0, (d?¢)(x;, X;, X;) = 0for 1 <i < n,2 <j < nimply
[xi, @(x1, %) + [@(Xi, X)), x1] — @([xi, %11, %) = 0,
[%i, @), x1)] = [9 i, X)), X1] + @ (X, [X}, X1]) + @([xi, 1], %) = 0.

Summarizing the above equalities, we derive

@ (Xn, Xj41) = 0, 2<j<n-1, (3.2)

{w(xf,xm) =—[xi, p(x1, %) + o(x,x))], 1<i<n—-1,2<j<n-1,
[xi, (X1, Xn) + @ (X, X1)] = 0, 1<i<n

Set p(xj,X1) = Y p_; Gxxfor 1 <i <n.
Using inductively method from equalities (3.1) and (3.2) we get a,; = 0 and

O, Xjip1) = —Gj1Xip1, 1<i<n—-1,1<j<n-1

Therefore, we obtain that any infinitesimal deformation of NF" has the following form:

©(Xn, X1) = ApaXay + -+ ap nXn,

@Xj,X1) = Aj1X1 +AjaXp + -+ AjaXy, 1<j<n-—1
©(Xi, Xj41) = —0j 1Xi41, 1<i<n—-1,1<j<n-1

Therefore, ¢; x and ; form a basis of ZL2(NF", NF"). O

Corollary 3.2. dim(ZL?>(NF", NF")) = n? — 1.

Below, we describe a basis of the subspace BL?>(NF", NF™) in terms of @ 1 and ;.

Proposition 3.3. The cocycles

&1 =Yi-1— 92, 25]:5”,
k18 = Y1k 2<j<k=n,
ik =01k — Pikr1, 2=<k<j=<n

form a basis of BL>(NF", NF™).
Proof. Consider the endomorphisms f; ; defined as follows:
fikx) =x, 2<j<n 1<k=<n

Itis easy to see that f; , are complement of derivations to C' (NF", NF"). Therefore, the elements of the space BL*(NF", NF™)
are d'fj such that d'f; x = fi.e([x, y]) — [, ¥1 = [X, i @)].
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Then we obtain
d'fia(xi—1, x1) = x1,
d1f},1 (2 S] < Tl) = dl_f}‘J(Xj,Xl) = —Xy,
d'fi1(xi, %) = —Xip1, 2<i<n-—1,
d'f 2<j=n, ) _ [dfi®io1,x) = x
H\zsk=n-1 d'f; k(. X1) = —Xit1,
d1fk,n 2<k=<n) = {dlfk’n(xk,],xl) = Xp.
It should be noted that

d'fi1 = Vi1 — @2 2<j<n,
d'fik =01k —@Gikr1, 2<j<n 2<k<n-1,
d'fin = @1, 2<j<n.

From the condition d'fi s + d'fiy1.501 + -+ + dfoskesn = @r_1s for2 < k < s < n, we conclude that the maps
&s» 2 <k <n, 1 <s < n,form abasis of BL2(NF", NF"). O

Corollary 3.4. The classes gnx (2 < k < n) form a basis of HL*(NF", NF"). Consequently, dim HL?(NF", NF") = n — 1.

In the following proposition we describe infinitesimal deformations of NF" satisfying the equality (2.1).

Proposition 3.5. A 2-cocycle of NF" satisfies the equality (2.1) if and only if it has the form

E i kPj k-
jk

Proof. It is easy to check that 2-cocycles of the form Zj’ « G k9j k satisfy the equality (2.1).

If g € ZLX(NF", NF"), then ¢ = 3, , Gjues + S0y by
From the condition

(X1, 9(x1,x1)) — @(@(x1, x1), X1) + @(@(x1,X1),x1) =0,
we get b; = 0.
The following chain of equalities
P(Xi, o(xj, X141)) — @ (@ (Xi, X)), Xj+1) + @(@(Xi, Xj11), X))
= X, ¥i(X;, Xi11)) — (i1 (X, X)), Xjr1) + @ (Y (X3, Xj41), X))
= — (X, bixip1) + ¥i(bji—1Xip1, Xjir1) — Yim1(biXit1, X))
= bj2Xi+1 — bjbj_1xi12 + bjbj_1Xiyo = bjsz—l
impliesb; =0, 2<j<n-1 0O
Consider the linear integrable deformations p; = NF" + t Zj.k a; kj k of NF".

Since every non-trivial equivalence class of deformations defines uniquely an element of HL?(L, L), due to Corollary 3.4
it is sufficient to consider u,(az, as, ..., a,) = NF" +t Z,’:zz axen,r, where (az, as, ..., ap) # (0,0,...,0).
Thus, the multiplication table of u,(a,, as, ..., a;) has the form

X, x1] =xi11, 1<i<n-—1,

n
o, x1] =) @i
k=2

Putting a;< = tay, we can assume t = 1.
Proposition 3.6. An arbitrary single-generated Leibniz algebra admits a basis {x, X», . . ., Xp} such that the multiplication table
has the form of wi(ay, as, ..., ay).
Proof. Let L be a single-generated Leibniz algebra and x a generator of L. We put
x1=%  X=[xxl, x3=[XxLx],....x =[x, x],...,x].

Since x is a generator, {X1, X2, . . ., X;} form a basis of L. Evidently {x,, ..., x,} belong to the right annihilator of L. Hence,
we have [x;, %] =0, 2 <j<n—1Let[x,, x1] = ZZ=1 ApXp.

From the Leibniz identity [x1, [x,, X1]] = [[X1, Xa], X1] — [[X1, X»], x1] = 0, we conclude that a; = 0. Therefore, we obtain
the existence of a basis {x1, X2, ..., X;} in any single-generated Leibniz algebra such that the multiplication table in this
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basis has the form

X, x1] = %11, 1<i<n-—1,
n

. x1] =) ax. O
k=2

Let g; be the first non-vanishing parameter in the algebra p(a,, as, . . ., a,); then by scaling x; = <i<n,

%X', 1
n—]+\1/a>} !
we can assume g; = 1, i.e., the first non-vanishing parameter can be taken equal to 1.

Note that the set of single-generated Leibniz algebras is open. Indeed, if a g-generated (q > 1) Leibniz algebra has a basis
{e1, ez, ..., ey}, then for any e; € L the elements e;, eiz, ..., el are linearly dependent. That is, determinants of the matrices
A;, 1 < i < n, which consist of the rows e;, eiz, ..., e} are zero; hence we get n-times of polynomials with structure
constants of the algebra. Therefore, g-generated (q > 1) Leibniz algebras form a closed set. Taking into account that the set
of all single-generated Leibniz algebras is a complemented set to a closed set, we conclude that the set of single-generated
Leibniz algebras is open.

It is easy to see that an algebra w1(az, as, . . ., a,) is a linear deformation of an algebra w1(a}, a;, . . ., ay).
Since dim(Der(u+(ay, as, ..., ay))) =n—1, (az,as,...,a,) # (0,0, ...,0), then by arguments used in [16] for non-
isomorphic algebras p1(az, as, ..., a;) and pq(a5, aj, .. ., a,) we derive j11(az, as, . .., a,) & Orb(uq(dj, aj, ..., a))).

Summarizing these results on single-generated Leibniz algebras, we obtain the following theorem.

Theorem 3.7. Uaz a Orb(uq(ay, as, ..., ay)) is an irreducible component.

,,,,,

4. Cohomology of Leibniz superalgebras

In this section we describe all infinitesimal deformations of the Leibniz superalgebra NF*™ and we prove similar results
as in the previous section.
In the next proposition the description of even derivations of NF™™ is given.

Proposition 4.1. Any derivation of Der(NF™™)q has the form

m+1-j
d(y]) =(2j— 1)015/; + Z aYitk—1, 1 <j<m,
=2
n4-1—i
d(x) =2iaxi + Y axiger, 1<i<n,
k=2

wherem=norm=n-+ 1.

Proof. For d € Der(NF"™), we put d(y;) = Z,Tzl axyx. Then using the properties of derivation and multiplication in the
superalgebra NF™™ we obtain d(x;) = 2a;x; + ZZ:Z AyX.
Using induction, we deduce

m—j
dyi1) = [, x1] + [yj, dx0)] = 2j + Dajer + Y @y
k=2
n+1—i
d(x)) = [d@), y1] + i, dy1)] = 2iar1x; + Z QpXirk—1-
k=2

The verification of the derivation property on other elements does not give any additional restrictionond. O

Similarly, we describe odd derivations of Der(NF™™).

Proposition 4.2. Any derivation of Der(NF™™), has the form

n+1—j

dy) = Y bixir, 1<j<n,

k=1
1 m—i
dxi) = - <b1.Vi+1 - Zb/<Xi+k> , 1=i=m-—1,
k=2
wherem =norm=n-+ 1.

Now we shall consider infinitesimal deformations of the superalgebra NF™™, i.e., elements of the space ZL(Z) (NF™™ NF™™),
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4.1. Thecasem =n
In this case we give the description of the infinitesimal deformations of the superalgebra NF™".

Proposition 4.3. An arbitrary infinitesimal deformation ¢ of NF™" has the following form:

n
PULYD) = ) i, 1<j<n,
=1
n
005, y1) = D Bk I<j=n-1,
k=1
n
©Xn, Y1) = Zﬁn,k}’k’
k=2
n
(X, X1) = —og 1Xip1 + Z(aj+1,k + 28,10k, 1<j<n-1,
=1

n
©Xp, X1) =2 Z B kXks
=2

n
e x1) = 2By1 — vy + ) (@re1 + 2800y 1<j<n—1,
k=2

n
©Wn, X1) = Z(an,kfl + 2Bn.1)Yk
k=2

0 X, X1 1) = — (41,1 + 2Bj,1)Xi41, 1<i<n—-1,1<j<n-1,
O, Xi41) = —(@jr1,1 + 2Bj,1)Yix1, 1<i<n—-1,1=<j<n-1,
0, Yir1) = —Bj1Yir1 1<i<n-1,1<j<n-1,
Wi, Yir1) = —2B51%, 1<i<n 1<j<n-1

Proof. Let ¢ € ZLZ(NF™", NF™"). We set
n n
PULY) = Y e 9.yD) =Y By 1<j<n.
k=1 k=1
Applying the multiplication of the superalgebra and the property of cocycle for d?¢(x;, y1, y1) = 0, we obtain

n n
©(Xj, X1) = —011Xj41 + Z(aj+1,k—l +2Bj)xk, 1<j<n-—1, ©(Xn, X1) = 2 Z,Bn,kxk~
k=2 k=1

Analogously, from d2<p(yj, y1,¥1) = 0 we get

n
P x1) = 2B1y1 — a1yier + Y (@Guc1 + 2By 1<j<n
k=2

The equations d?¢(x;, x1, x;) = 0 and d?¢(y;, X1, X1) = 0 imply
OXi, X2) = =[x, (X1, x1)] = — (@21 +2B1,1)%i41, 1<i<n-—1,
Wi, X)) = —yi, (X1, X1)] = — (021 +2B1,1)Yip1, 1=5i<n—1.
Using the conditions d?¢(x;, X1, X;) = 0and d?p(x;, Xj,Xx;) =0for1 <i<n,2 <j<n,wederive
[Xi, o (x1, %)] + [o (i, %), X1] — o([Xi, 1], %) = 0,
[xi, (x5, 1)1 — [0 (i, X)), X1] + 0 (%, [, x11) + @[, x1], %) = 0.
Summarizing these equalities, we deduce
O, Xip1) = =[x, (X1, %) + 9%, X)] = — (@411 + 2B, 0)%ip1, 1<i<n—1,2=<j<n-1,

and 0 = [xi, (X1, Xp) + @ (xn, X1)] = Bn 1Yit1, which implies B, 1 = 0.
Similarly from d?¢(y;, x1, %)) = 0 and d*@(y;, x;, x;) = 0 we obtain

Wi, Xit1) = — (31,1 +26,1)Yi41, 1<i<n—-1,2<j<n-1
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Considering the properties (d?¢) (x;, y1, X)) = 0and (@) (x;, X;,y1) = 0for 1 <i,j < n, we have
[xi, o1, )] — [0 i, y1), X1 + [, %)), Y11 + o i, [y1, 1) — @([xi, y11, %) + @ ([x:, X1, y1) = 0,
X, (x5, y)I — Lo (i, X)), y1] + [o(xi, y1), X1 + o (%, [%, y1]) — o([%i, %1, y1) + o([%:, y11, %) = 0.

Again, summarizing these equalities, we get ¢ (x;, [y1, %] + [x;, y1]) = —[xi, 9 (1, X)) + ¢(¥;, y1)], from which we have

P04, 72) = =5 [85 0 07X + 901,y = B, 1=i=n—1,
e yir1) = =20, V1, %) + 0¥, y)] = —PraYipr, 1T<i=n—-1,2<j<n-1

Applying the above arguments to the equalities (d?¢) (yi, y1, X)) = 0and (%) (v;, Xj,y1) =0for1 <i,j < n, we get
Wi, Yji+1) = —2Bxi, 1<i<n 1<j<n-1

Checking the general condition of cocycle for the other basis elements we get the already obtained restrictions. O

Using the assertion of Proposition 4.3 we indicate a basis of the space ZL% (NE™", NF™M),

Theorem 4.4. The following cochains ¢; .., V.«

010, Y1) = X1,

01,101, Y1) = X1, . ©i1(Xi—1, X1) = X1,
011 1011 X)) = =X, 1= l=n-— 1, 12 <j<n): {910 x1) =Y, ‘
011V, X1) = —Yir1, 2=<i<n-—1, @i1(Xi, X) = —Xit1, 1<i<n-—1,
@1V X) = —Yiy1, 1<i<n-—1,
©1.kV1, Y1) = X,
2<k<n-1): ’ : Y1) = Xn.
@ <k = ) {(ﬂl,k(l/l,?ﬁ) = Y+ o1n o0y =%,

; 0k Vj> Y1) = Xk, _
2<j<n, . ini, = Xp,
®ik (2 <7<]<_n ” 1) : :wj,k(xj'l,m) = Xk, pin2<j=<n): {g’ng’ 3]’13{1) :nx
- - ik Vjs X1) = Y1, G w
Yi1(X5, Y1) = Y1,
Wj,](xj,xl) = 2xq,
i1, X1) = 2y1,

Yir(1<j<n—1): V1, Xp1) = —2%4q, 1=<i<n-—1,
Vi1 Xje1) = —2Yip1, 1<i<n-—1,
Vi1 (X, Yir1) = —Yiy1, 1=<i<n-—1,
Via Wi, Yir1) = —2Xi, 1<i<n,

1<j<n Yik(¥j: 1) = Yie
Vik (2 <k < n) 2 Yia(Xi, X1) = 2xg,
- Vik Wy, X1) = 2Y.

form a basis of the space ZL% (NE™", NF™™M),

Applying the same arguments as used in the proof of Proposition 3.3 we prove the following result.

Proposition 4.5. The 2-cochains &, and g, defined as follows

§ik = Piks 1<j=<n,j<k=n,
Sj,kzwj,k—ilﬁj,kﬁ, 2<j<n 1<k<j—1,
fj,k:qu,k, 2§J§nvjfk§nv

1 . .
Gk = ijq,k—ﬁﬂj,k, 2<j=n 1=<k=<j—1,

form a basis of BLZ(NF™", NF™™).

Corollary 4.6. {{/2, Yn 3, - - ., Yn.n} form a basis of HLZ(NF", NF™).

Consequently,
dim ZL3(NF™", NF™") = 2n® — 1,
dim BL3(NF™", NE"") = 2n* — n,
dim HL2(NF", NF") = n — 1.
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In the next proposition we clarify that the basis element of ZL% (NF™™, NF™™") satisfies the condition (2.1).

Proposition 4.7. The infinitesimal deformations ¢j (1 <j < n,2 <k < n)and ¥j, (1 <j < n,2 < k < n) satisfy the
condition (2.1), but the 2-cocycles ¢; 1 (1 <j < n) and y;1 (1 <j < n — 1) do not satisfy the condition (2.1).

Proof. The proof of this proposition is carried out by applying similar arguments as in the proof of Proposition 3.5. O

4.2. Thecasem =n+ 1

The results of this case we give without proofs since they can be easily proven similarly to those of case above.

Proposition 4.8. Any 2-cocycle ¢ € ZL3(NF™"+1, NF""+1) has the following form:

n
oy, Y1) = Z a;j Xk,
=1

n+1

o, y1) = Zﬂj,k}’k,
k=1
Ont1,1 1
n+1,
Xn, = - y
©(Xn, Y1) e + ;ﬁn,k}’k
n
(), X1) = —og 1Xip1 + Z(aj+1,k + 28,10k
=1
n
Q. x1) = Y (@ns1k + 2Bni)Xee
k=2

n+1

o), 1) = 2Bj1¥1 — @1,1Yj+1 + Z(Olj,k—l + 2B5.10¥k;
=2

n+1
©Wns X1) = Ony1,1Y1 — 011 Ynt1 + Z(Oln,k—l + 2Bn.1)¥k
=2
n+1
OWnt1,X1) = Zan+1,k—1yk»
k=2

0, Xip1) = — (41,1 + 265, 1)Xi41,
©Wi, Xj11) = — (1,1 + 285,1)Yir1s

o, Yir1) = —Bj1Yir1,
Ont1,1
©Xi, Yni1) = —TM‘H,
o i, Yir1) = =21,
O, Ynr1) = —Qny1,1Xi,

1<j<n+1,

1<j<n-1,

1<j<n-—1,

1<j<n-1,

1<i<n-—-1,1<j<n-1,
1<i<n 1<j<n-1,
1<i<n 1<j<n-1,
1<i<n,

1<i<n 1<j<n-1,
1<i<n.

Using the assertion of Proposition 4.8 we indicate a basis of the space ZL% (NFm+1 NEmHL)

Theorem 4.9. The following cochains @; k., ¥k

010, Y1) = X1,
©j1(Xj-1, X1) = X1,

011, %) = —Xip1, 1=<i<n-—1, 012 <j<n:19.10)X) =2,

01,11, Y1) = X1,
P11

0110, X1) = —Yit1, 2=<1iZn,

Onr11Wnr1, Y1) = ?1<1,
Ont1,1(Xn, Y1) = _Eyh

Ont1.1Wn, X1) = —Y1,
Ont1,1Wns1, X1) = Y2,

On1,1Xi, Ynt1) = —Ey,'“, 1<i<n,

$n+1,1 -

Oni1.1 Wi Ynr1) = —Xi, 1<i<n,

i, x) = —Xip1, 1=
(/)1,1(.3’1'; Xj) = _yH»]a 1 S
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_ : @ik (Yj> Y1) = Xk,
P11, Y1) = X, 2<j=<n+1,
P12 =k =n): { v X1) = Pj.k < 2 <k<n )19k x) = X
01,01, X1) = Yt 1 <k= Gk %) = Yies1,

V1%, y1) = y1,
Vi1 (xj, X1) = 2xq,
Vi1, X1) = 21,

Yii(1<j<n—1): %1, X51) = —2x41, 1<i<n-—1,
Vi1 Wi, X)) = —2yip1, 1<i=<n,
Vi1, Yig1) = —Yiq1, 1=<i=<n,
Vi1 Wi, Yir1) = —2x;, 1<i<n,

; Yik(Xi, Y1) = Vs
1<j=<n, ' . Yinte1 X, Y1) = Yar1s
Yk (2 = ) 1 {ij(xj»xﬂ =2 Y (1 =j=n): { "
k <n ’ i i X1) =2 s
=Kk= Wj.k(yj, X1) = 2y, 1;//],n+l(_y] 1) Yn+1

form a basis of ZL3(NF™"+1 NFmn+T),

Proposition 4.10. The cochains &; x and gj  defined as
§ik = Piks 1<j<n,j<k=<n,

1 . .
Eik=Qjk— EWj,k-H’ 2<j=<n 1<k<j—1,

1 .
g1 = 51/0—1,1 -1, 2=<j=<n,

Cnt1,1 = —@nt1,1s
Gk = Vi-14 2<jsn+1,j<k=<n+1,
1

Gk = ij—l,k_(Pj,b 2<j<n+1,2<k=<j—-1,

form a basis of BLZ(NF™™1, NF™"+1),

Corollary 4.11. {@ni12, Pni13s - - - » Pnitn} form a basis of HL3(NF™"+1 NFmntl),
Therefore
dim ZL3(NF™™ 1, NF™"1) = 2n? 4 2n — 1,
dim BL2(NF™"1 NF™"1) = 2n* 4 n,
dim HLZ(NF™" 1 NF"™1) = n — 1.
The proposition below specifies basic infinitesimal deformations satisfying the condition (2.1).
Proposition 4.12. The infinitesimal deformations ¢;x (1 <j <n+1,2 <k <mand ¢, (1 <j<n,2 <k <n+ 1) satisfy
the condition (2.1), but the 2-cocycles ¢; 1 (1 <j <n+ 1) and ¥, (1 <j < n — 1) do not satisfy the condition (2.1).

Since ZZ:Z bx¥rnx and Zﬁ:z Cx@ns1.x define linear integrable deformations of NF™" and NF™"*!, respectively, we
consider two families of superalgebras v;(b,, bz, ..., b,) = NF™" + tZZ:z be¥n and ne(cz, €3, ..., ¢;) = NF®AFT 4
t ZZ:z Ck®Pn+1.x With the multiplication tables

Wi, y1] = xi, 1<i<n, [xi, x1] = Xit1, 1<i<n-—1,
1 . n
%, y1] = ¥, 1<i<n-—1, [ x1] =) i
n k=2
[XmJ’l]:bekka [yisx1]:yi+1f 1 Ejfnv
k=2 n
Wi, x11 = yiy1, 1<i<n-—1, d D’”“’Xl]:tzc"y"“’
n an k=2
[yn, 11 =26 ) by, [y y11 = %, 1<is<n,
k=2 n
[xi, x1] = xi11, 1<i<n-1, Wnr1, 31l = fZCka,
n k=2
[Xn, x1] = 2t bixy, 1 .
o ; g [xi, y1] = 5)’:‘4—1, 1<i<n

respectively.
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Putting bj, = tby and ¢}, = tcy, we can assume in both multiplications t = 1.

From the description of single-generated Leibniz superalgebras it is deduced that they have multiplication tables of the
form of the superalgebras v (b, b3, ..., by) and ny(cz, c3, ..., Cp).

Similarly to the case of Leibniz algebras for superalgebras we obtain the following theorem.

Theorem 4.13. sz,.“,bn Orb(vy(b,, b3, ..., by)) and UCZMCH Orb(ni(cy, c3, ..., Cy)) are irreducible components of the
varieties Leib™" and Leib™"*, respectively.
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