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1. INTRODUCTION

The notion of Leibniz algebra was introduced at the beginning of 90’s of the last century as a
"non-antisymmetric" generalization of Lie algebra [9]. Therefore, it emerges the problem of establishing
results similar to these from the theory of Lie algebras. The investigation of nilpotent Leibniz algebras
shows that many properties of nilpotent Lie algebras can be extended to nilpotent Leibniz algebras.
Nevertheless, the study of inherent properties of non-Lie Leibniz algebras also attracts the attention of
researchers.

From the theory of Lie algebras, we know that the description of finite-dimensional Lie algebras
reduces to the description of nilpotent ones [5, 10]. Many works are devoted to the description of nilpotent
Lie algebras. Namely, the classification of complex nilpotent Lie algebras up to dimension 8 is obtained
[2]. Concerning Leibniz algebras, we have their classification up to dimension 4 and the classification of
nilpotent ones up to dimension 5, see[1, 3] and [4].

Recall, there are only two types of algebraically closed fields of zero characteristic. One of them is a
field of complex numbers and the other one is algebraic closure of p-adic numbers [6, 11, 12]. Mostly,
algebras are described over the fields of real and complex numbers, or over field of finite characteristic.
This is due to the relationship between algebraic and differential geometries. Only a few works are
devoted to the description of algebras over the field of p-adic numbers [7, 8].

The classification up to isomorphism of any class of algebras, even in low dimensions, is a funda-
mental and a very difficult problem. It is one of the first problems that one encounters while trying to
understand the structure of the algebra in a certain class. In this work we describe p-adic solvable three-
dimensional Lie algebras and then continue the classification for the case of Leibniz algebras. It should
be noted that non-Lie Leibniz algebras of dimensions less than 4 over the field of zero characteristic are
solvable.
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208 KHUDOYBERDIYEV, KURBANBAEYV, OMIROV
2. PRELIMINARIES

Let Q be the field of rational numbers. For a fixed prime number p every rational number x can be
presented in the form x = p” - :l, where r,n € Z, m € N and ged(p,n) = 1, ged(p, m) = 1. The p-adic

norm of x is given by

p~" for x#0
0 for z=0.

‘$|p =

The completion of @ with respect to p-adic norm defines the p-adic field which is denoted by
Qp. It is known that any p-adic number x (x # 0) is uniquely represented in the canonical form

z=p'®) (zo + x1p + 2p® + ...), where v = y(z) € Z and x; are integers such that 0 < z; <p—1,
20>0,(j=0,1,...).
p-Adic numbers, satisfying the condition |z|, < 1 are called integer p-adic numbers. We denote by
Zyp the set of all integer p-adic numbers. Integers « € Z,, with the property |z|, = 1 are called units.
Recall, that a number a € Z, is said to be quadratic residue modulo p if the equation 2% = a(mod p)
has a solution z € Z,; otherwise a is called quadratic non-residue modulo p.

Let a be a non zero p-adic number with the following canonical form a = p"(® (ag + a1p + ...).

Lemma 2.1. [12] The equation x* = a has solution x € Q, if and only if the following conditions
hold:

1) ~(a) is an even number,
2) ag is a quadratic residue modulo pif p # 2 and ay = as = 0if p = 2.

Let n be a p-adic unit not being the square of any p-adic number. Lemma 2.1 implies the following
corollaries.

Corollary 2.1. [12] Any p-adic number (p # 2) x can be presented in one of the following forms:
T = Ejyjz-, 0 <j<3,wherey; € Qp,e0 =1andey =n,e2 = p,e3 = pnarenot squares of any p-adic
numbers.

Corollary 2.2. [12] The numberse; € {1,2,3,5,6,7,10,14} (1 < j < 8) and their mutual products
are not squares of any 2-adic numbers. Therefore, any 2-adic number can be presented in the form
ejys, where y; € Qp, 1 < j < 8.

Now we give the definitions of Lie and Leibniz algebras.

Definition 2.1. An algebra G over a field F'is called a Lie algebra if for any x,y, z € G it satisfies the
following identities:

[ZL‘? ZL‘] =0, [[:Ea y]7 Z] + [[y7 Z]v ZE] + [[Z, ZE]) y] = 0 — Jacobi identity,
where [, ] is a multiplication in G.

Definition 2.2. An algebra L over a field F'is said to be a Leibniz algebra if for any x, y, z € L it satisfies
the Leibniz identity [z, [y, z]] = [[x,y], 2] — [[, 2], y], where [, | is a multiplication in L.

[t should be noted that Leibniz identity along with the identity [z, z] = 0 implies Jacoby identity.
Thus, Lie algebras are particular case of Leibniz algebras.

For a given Leibniz algebra L we define the following sequences:
a)L' =L, L™ = [L", L], n > 1;
by LM = L, LIr+1) = [L7] L] > 1.
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Definition 2.3. An algebra L is said to be nilpotent (solvable) if there exists £ € N (m € N) such that
LF =0 (L™ =0).

The set R(L) = {z € L : [y, z] = 0} is called right annihilator of the Leibniz algebra L. Note that
R(L) is an ideal of L and right annihilator under an isomorphism of algebras transforms to a right
annihilator.

We call a Lie algebra perfect if its all derivations are inner and the center of the algebra is zero.

Proposition 2.1. [5] Let R be an ideal of Lie algebra G and R be a perfect algebra. Then
G =R ® B, where B is a centralizer of R in algebra G and B is an ideal of G.

[t is not difficult to check that the descriptions of p-adic Lie algebras and complex Lie algebras of
dimension less than three coincide, i.e. if dimG = 1, then [z, 2] = 0, and if dimG = 2,then G is either
abelian or [z, y] = .

Moreover, for the three-dimensional p-adic Lie algebra with the condition dimG? = 1, similar to the
case of the complex Lie algebras, we obtain the algebras [z,y] = z and [z,y] = =.

Theorem 2.1. [8] Let G be a three-dimensional solvable Lie algebra over Z, with condition
dimG? = 2. Then G is isomorphic to one of the following pairwise non-isomorphic algebras:

[z, 2] = <, lv.2] =y,

(2,2 =z +p'dy, [y,2] =px+y, reNdeZ,
[z, 2] = dy, ly, 2] =2 +p'y,  r€No,dEZy,
[, 2] = pp"y, ly,z] =z, 7€ Ny,

where p is a p-adic number, which is not a square of any p-adic number.
Below we present the list of complex three-dimensional solvable Lie algebras.

Theorem 2.2. [5] An arbitrary complex three-dimensional solvable Lie algebra G with condition
dimG? = 2 is isomorphic to one of the [ollowing non-isomorphic algebras:

[z,2] =z, ly, 2] = ay, o #0;
[x,2] =2z +y, [y,2] =¥,

1
where only algebras with parameters — and « of the first family are isomorphic.
«@

However, the description of p-adic Lie algebras with condition dimG? = 2 differs from the complex
ones. The next sections are devoted to the classification of such algebras.

3. CLASSIFICATION OF THREE-DIMENSIONAL p-ADIC SOLVABLE LIE ALGEBRAS

Let G be a three dimensional solvable Lie algebra over the field F'. Evidently, dimG? < 2. Since the
case of dimG? = 1 coincides with the complex one [5], further we will investigate the case of dimG? = 2.
Put # = G2. If R is non-abelian Lie algebra, then by Proposition 2.1 we have G = R ® B and G? =

2 = R. Due to solvability of G we obtain 2 C R, which is a contradiction with 2 = R. Therefore, R
is an abelian algebra.

Let {x,y, z} be a basis of G such that G? = {z,y}, i.e. G2 = Fx + Fy. Then G* = Flx, 2] + Fly, 2]
and operator R, (the operator of right multiplication on an element z defined as R, (z) = [z, z]) induces a
one-to-one linear mapping in G2. Therefore, the algebra G has the basis {x, y, z} with the multiplication

[,y] =0, [z,z] =ax+ By, [y,z]=yz+ dy, where o B is a non-degenerated matrix.
v 0
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Theorem 3.1. Let G be a three-dimensional p-adic solvable Lie algebra with condition dimG? =
2. Then G is isomorphic to one of the following pairwise non-isomorphic algebras:

where 0,y € Qp; only algebras with parameters _ and § of the family I are isomorphic; 1+ 4~

does not have a square root in Q, and ¢; € {2,3,5,6,7,10,14} (1 <j <8)ifp=2,¢; € {n,p,pn}
ifp£2(1<j<3).

Proof. Let G be a Lie algebra satisiying the conditions of the theorem. Then there exists a basis {z, y, z}
with the multiplication: [z, 2] = ax + By, [y, 2] = vz + dy.

If (a,d) # (0,0) then due to symmetry property of the elements = and y we can assume « #
0. If (ov,0) = (0,0), then B # 0,7 # 0. So, we have multiplications [z, z] = By, [y, 2] = ya. Making
the change of the basic elements in the form z=x+y, y =y, 2 =2z we obtain [z,z] = az +

Oy, where « # 0. Thus, one can always assume « # 0. Putting z = 2 into the products [z, z] =
ax + By, |y,z] =yx+dyyieldsa=1and [z,2] = 2+ By, [y,z] =~z + dy.
Case 1. Let 3 = 0. Then multiplication has the form [z, 2] =z, [y, 2] =y + 0y (0 # 0). Now let
us check an isomorphism inside this family. For this purpose we consider two algebras from the family:
[z,2] =, [y.2]l=vz+0y; [z.2]=a, [y,2]=72+0dy

and take the general transformation of the basis in the form = = a1z + asy + asz, y = byz + boy +
bgz, Z=Cx + cy + c3z, where a1b2 — b1a2 75 0.

[t is not difficult to check that ag = b3 = ¢; = 5 = 0.

Consider the multiplication [z, z] = [a12 + a2y, 2] = (a1 + a2y)r + a2dy. Since [z, 2] = z = a1z +
a2y, by comparing coefficients at the corresponding basic elements, we obtain a1 = a1 + a2y, as = a2d.

Consider the product [y, z] = [bix + bay, z] = (b1 + bay)x + body. Similarly, [y,z] =~ x 4+ dz =
v(a1x + agy) + 6(b1x + boy) which implies ya; + by = by + bay, yas + dba = byd.

Thus, we obtain the following restrictions

yaz =0
ag = 5&2

yai + dby = by + b2

~Yag + dby = dbs.

Let v # 0. Then ag = 0 and from (1) we derive
yai + 0by = by + yby
dby = 0by.

bay + (1 —0)by
aq '

Hence, v =

b
If 6 #1 then putting b; = 2_71 yields v =0. As a result we obtain the algebra: I’ : [z, 2] =

)
x, [y,z] =0dy,(6 #1).1f6 =1,thend = 1. Taking a; = bey implies v = 1, i.e. we obtain the following
algebra: I : [z,z] =z, [y,z]=x+y.
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Let v = 0. Then restriction (1) transforms to
ax(6—1)=0
vyay + 6by = by (2)
~Yag + dby = dbs.

(1 —20)by
ai

If § # 1, then ay = 0. Consequently, we have by # 0,a1 # 0 and v = by =0theny =0

and we obtain the algebra I. If § = 1, then the equalities in (2) are

~yai + dby = by
Yas + dba = bo.

3)

Multiplying the second equation of (3) by a1 and the first one by as, then subtracting the first obtained
equation from the second one yields d(a1by — byas) = a1by — agby. Hence, § = 1.

Similarly, multiplying the second equation of (3) by b; and the first one by b9, then subtracting the
first equation from the second one, we obtain v(agb; — a1b2) = 0. The last one implies v = 0. So, we
obtain the algebra I" : [x, 2] =z, [y,z] =v.

[t should be noted that the algebra I” is the algebra of the family I when § = 1.

Summarizing the family of algebras I’ and algebra I”, we deduce the family of algebras I.

Note that, the algebras I and I are not isomorphic even in the case of complex one [5] and two
algebras from the family I are isomorphic if and only if (1; =J.

Case 2. Let g #0. Applying y = By we obtain =1 and therefore, we can assume that the
multiplication is in the form [z, z] =z + vy, [y,2z] =~vx +dy, ~#0.

Taking the change x = a2 + asy, consider the multiplication [z, z] = [a12 + a2y, 2] = a1(z + y) +
az(yx + dy) = (a1 + agy)z + (a1 + a2d)y. Note that, if the equality (a1 + a2y)as = (a1 + azd)aq, holds,
i.e., the quadratic equation a? + a1(6 — 1)ag — a3y = 0 has a solution in Q,, then choosing as =

—(0—-1 d—1)2+4 140 d—1)2+4
1, a1 = ( )+\/2( )+7wehavethat[x,z]: + +\/(2 V4

the condition ~y # 6, it is not difficult to deduce 1+ & + /(8 — 1)2 + 47 # 0.

Therefore, we conclude that, if (§ — 1)? + 4+ has a square root in Q,, then we can assume [z, 2] = z
which implies that case 2 is reduces to the case 1.

Let us check the isomorphism inside the family [z, 2] = x 4+ vy, [y, 2] = v& + 0y, when v # ¢ and
(6 —1)% + 47 does not have a square root in Q,.

Consider the general change in the following form: x = a1 + agy + a3z, y = byjx + boy + b3z, z =
1T + ey + c32.

Similarly to the case 1 from the multiplications [z, z], [y, ], [x,y], [y,y] and [z, z], we obtain
a3:b3201202:0.

Consider the product [z, z] = [a12 + a2y, c1x + coy + c32] = (a1c3 + agczy)x + (ai1cs + azcsd)y. On
the other hand, [z, 2| =  +y = (a1 + b1)x + (a2 + ba)y. Comparing the coefficients at the correspond-
ing basic elements we obtain

x. According to

a1 + by = aic3 + azezy
as + ba = aics + agcesd.

Similarly, from the products [y, z] = [b1x + by, c12 + coy + c3z] = (bics + bacsy)x + (bics + bacsd)y,
[y, 2] = vz + 0y = (a1 + agy) + d(bi1z + bay), we derive

~yai + db1 = bics + bacsy
~ag + §by = bicg + bacsd.
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Thus, we obtain the following restrictions:

p
a1 + b1 = aics + asc3”y

as + by = ajcs + asezd

~yai + dby = bics + bacsy

L Va2 + 0by = bics + bacsd.

Now if we subtract the fourth equation multiplied by a1 from the third one multiplied by a9, we obtain
5(&11)2 — agbl) = 03(a1b1 — agby — yashy + 5&1()2).

Analogously, if we subtract now the second equation multiplied by b from the first one multi-
plied by by we obtain ajby — agby = c3(a1be — a1by + yagbs — dazby). Summarizing these equalities
we conclude, that (§ + 1)(a1be — asby) = c3(a1ba — agby + dajby — dagby), (d + 1)(a1be — agby) =
03(a1b2 —a2b1)(5—|—1), (5—1—1) 203(5—1—1).

Now subtracting the fourth equation of (4) multiplied by b; from the third one multiplied by by we
obtain "}/(albg — agbl) = 63((1 — 5)b1b2 + b%’y — b%)

By putting ajcs + ascsy — a1, and ajcs + age3d — ap instead of by and bo, respectively, we obtain
7=y — 0) + es(1+0) — 1).

Therefore, we have the following restrictions

5—1—1:63(5—1—1)
Y+1=c3(y—3) +c3(+1).

Note that, the equality (§ — 1)? + 4y = c3((6 — 1)? + 4v) holds. It means that, if (§ — 1) + 4 does
not have a square root in Q,, then (§ — 1) + 4+ also does not have a square root in Q.

1 )
0+1 (1+6)2
parametric algebra II] : [z,z] =2 +y, [y,z] =~yz, where v € Q, such that 1 + 4~ does not have a
square root in Q.

Case 2.2.let6 = —1.Thend = —landy+ 1 = cZ(y + 1).
If § # v, then v # —1 and v+ 1 does not have a square root in Q,. Then, taking into account

Case 2.1. Let 6 # —1. Then taking ¢ = we obtain § =0, v = and we have the

1

Corollary 2.1 and 2.2 v + 1 is presented in the form v 4+ 1 = sjyjz-. Taking c3 = y ,we havey =¢; — 1,
J

wheree; € {2,3,5,6,7,10,14} (1 <j <8)ifp=2,ande; € {n,p,pn}ifp # 2 (1 < j < 3). Therefore,

we obtain the algebra with the multiplication [z, 2] =z +y, [y, 2] = (¢; — 1)z —y.

Note that, the list of algebras of Theorem 2.1 is included into the list of algebras of Theorem 3.1.

Also, the first and the second families of Theorem 3.1 coincide with the corresponding families of
algebras of Theorem 2.2. The algebras I11 and I'V are different from the complex one. Thus, the list of
algebras in the case of the p-adic numbers is larger then respective list in the case of complex field.

4. CLASSIFICATION OF THREE-DIMENSIONAL p-ADIC NON-LIE LEIBNIZ ALGEBRAS

Let L be a three-dimensional p-adic non-Lie Leibniz algebra and let {z,y, z} be a basis of L. Since
L is non-Lie, then R(L) # 0. In the case R(L) = L the algebra L is abelian. It remains to consider the
cases dimR(L) = 1 and dimR(L) = 2.

The following theorem gives the classification of three-dimensional p-adic non-Lie Leibniz algebras
with the condition dimR(L) = 1.
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Theorem 4.1. Let L be a three-dimensional p-adic non-Lie Leibniz algebra with the condition
dimR(L) = 1. Then it is isomorphic to one of the following pairwise non-isomorphic algebras:

Ly: [zz] =2z, [y,yl =2, [zyl =y [y,2]=-y
Ly(a): [z,2l =am, [z2]=w [zyl=y, [y,2]=—y;
L3(a) : [yy]l ==, [22]=ax, [y,2] =z, (a#0);
Li(e): [y,yl ==,  [2,2] =ex,

wheree € {1,n,p,pn} ifp#2and e € {1,2,3,5,6,7,10,14} if p =2, a € Q,,.

Proof. Let dimR(L) = 1. Then without loss of generality we can assume that R(L) = (z) and taking
into account that R(L) is an ideal in L we obtain the following multiplication in the algebra L:

[2,y] = [z, 2] = asz,

[yvy] = Q2T, [27 Z] = T,

[2,y] = Bz + Bay + B3z, [y, 2] = mz — Boy — B3z

(omitted products are equal to zero).
Consider the case dimL? = 2. Then (82, 33) # (0,0). Since y and z are symmetric, without loss of

generality, one can set B2 # 0. If we substitute y = fBoy + (32, 2 = N , then we obtain 85 =1, B3 = 0,
2

B
which imply the following multiplications:
[z,y] = oz, [z, 2] = asz,
[y7 y] = 2, [Z, Z] = Qu,

[z,y] = iz + vy, [y,2] =z —y.

Checking the Leibniz identity for the given brackets, we obtain the following relations for the structural
constants:

200 = a1 — Qi3
o] = 0 (5)
aray = P14+ azfBi + 7.

Case 1. Let ag # 0. Then (5)yields a3 = —2,~; = (51 and therefore, multiplication is in the following
form:

[z,y] =0, [z, 2] = —2x,

[y7 y] = 2, [Z, Z] = Q4T,

[Z7y] = ﬁlx +y, [yv Z] = ﬁlw - Y.
B y+ ey — 37
a9 20&2
_2$7 [yvy] =, [Z,y] =Y, [y7 Z] = Y.

Case 2. Let ap = 0. Then multiplication is as follows: [z, 2] = asz, [z,2] = aux, [z2,y] = fro+

Y, [y,2] =611 +az)z —y.

Since we are in non-Lie case, then (ag, as) # (0,0). If ay = 0, then a3 # 0 and setting z = 5 + z,
3

Now substituting z = z — x, © = agx, y =y we obtain the algebra L;: [z,z] =

we can assume [z, z] = . And for the case ay # 0, substituting z = ayx, we obtain [z, z] = x. Thus, we
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can state that ay = 1 and the multiplication becomes as follows: [z, 2] =z, [z,y] =Bz +vy, [y,z] =
—Bl+a)x—y, [z2z2] ==

If in this multiplication we replace x = x, y = fx +y, z = 2z, we obtain one-parametric algebra:
Ly(a): [z,z]=ax, [22]=2, [zy]=y, [y,2]=-y.

Now we check whether the following algebras are isomorphic:

Ly: [ZL‘,Z] = —2z, [yay] =7, [Z7y] =Y, [y,z] =Y
LQ(a) : [ZL‘,Z] = ax, [Z,Z] =z, [Z7y] =Y, [y,z] =Y, (Oé e 0)

Let o : L1 — Lao(«) be the isomorphism defined as follows: p(x) = a1z + asy + asz, ¢(y) = bz +
ay az as
boy + b3z, @(2) = c1w + coy + c3z, where | 4, by by | isanon-singular matrix.
1 ¢ c3
For the sake of convenience, we introduce the notation v := ¢(u) foru € L and suppose that the base
x, y, z satisfies to the multiplication in Lo ().

Now consider the products [z, z] = (c3 — 2c1¢3)x, [2,y] = bacox + bacsy — 2bzerx — bycay, [y, y] =
biz. Since [z, 2] = x = ayx + agy + azz, then comparing coefficients at the corresponding basic ele-
ments, we obtain a; = ¢ — 2ci¢3, az =0, az = 0.

Similarly we obtain by = baco — 2b3c1, by = bacs — bzco, by = 0, bo = 0. But these equalities contra-
dict to non-singularity of the considered matrix. Hence, algebras L and Lo () are not isomorphic.

Now let us check isomorphism between the algebras of the family Lo (c).

Consider two algebras:

By similar argumentation as above, we obtain the following restrictions on coefficients for the matrix
of isomorphism : a1 = acics + cg, as =0, az3 =0, aay = aajcs, by = bacs, b1 =0, b3 = 0.

From these relations we obtain ¢3 =1, a« = «, a1 = acy + 1. Thus, for different values of the
parameter a we obtain non-isomorphic algebras.

Now we investigate the case when dimL? = 1. Then multiplication in algebra is as follows:

Checking the Leibniz identity for the given brackets, we obtain the following identities for structural
constants:

Q171 = Q03 (6)

aray = o3f.

Case 1. Let (a3, a3) # (0,0). Obviously, we can assume oy # 0. Indeed, if &1 = 0 then a3 # 0 and
substituting the basic elements y = z, z = y we obtain [z, y] = azz.
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Since oy # 0 then (6) implies y; = 4295 and oy = asff

! Therefore, multiplication has the form:
(&3] a1

[I’,y] = a1, [.ZE,Z] = a37,

[y7y] = QaT, [sz] = agﬁll‘v
aq
Qo203
[Z7y] = 51:1:7 [yaz] = xT.
aq

[t is not difficult to see that z — z?’y belongs to the right annihilator R(L) which contradicts to the
1

condition dimR(L) = 1.
Case 2. Let (a1, a3) = (0,0). Then multiplication has the following form:

It is clear that (ag, a4, 81 +71) # (0,0,0) (otherwise, the algebra is Lie algebra). Putting y =
Ay + Bz, we obtain [y, y] = [A%2as + B2ay + AB(B1 + 71)]z. One can show that there exist A, B such
that A%ay + B?ay + AB(B1 + 1) # 0. Thus, without loss of generality we can assume ag # 0.

il y we obtain ai; = 1 and 8y = 0. Then multiplication has the form:
2

lv,y| =z, [z,2] =z, ly,z| = Pz, where (o, 3) # (0,0) (if (e, B) = (0,0) then L is a decomposable
algebra).

If @ = 0 then 8 # 0 and one can show that the element Sy — z belongs to the right annihilator R(L),
which contradicts to the condition dimR(L) = 1.

Substituting z = agx, 2 = 2z —

Hence, a # 0. If 8 # 0 then substituting z = ; we obtain § = 1 and as a result the following algebra:

Ly(a): [y,yl =, [22] = az, [y,2] =2 (a #0).

If 8 = 0 then we have the algebra Ly(a) :  [y,y] =z, [2,2] = ax (a #0).

Now we show that the obtained two families of algebras do not intersect. Suppose the contrary that
they intersect. Then there exists an isomorphism ¢ : Ls(a) — L4(«) defined by p(z) = a1z + asy +

a; as as
agzz, o(y) =bix+boy +b3z, (z)=c1z+cay+c3z, where [ p, py by | isanon-singular ma-
C1 C2 C3

trix and (), p(y), p(z) satisfy the multiplication in L4(cr). Then the restrictions to the coefficients of
the matrix of isomorphism are the following:

p
CLQZO

CL3=O
a1 = b3 + babs + ab}

boco + bgco — abges = 0

L boco + bacg — abzes = 0.

Subtracting from the third equation the last one, we obtain bycs — bsco = 0 which contradicts to
non-singularity of the matrix. Hence, families of algebras L3(«) and L4(«) do not intersect.
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Now we investigate the class of algebras L3(«). Take two algebras from this class

ly,y] =z, [z,2] = ax, [y,z] = z;
v,y =z, [2,2] =z, [y, 2] =x

corresponding to different parameters o and «.
Applying similar arguments as above, we obtain the following restrictions to the coefficients of the
matrix of isomorphism for the given algebras:

a1 = b3 + babs + ab3
a1 = bacy + bacs + abses

0 = bycy + bgeo + abses

aa; = c3 + cacs3 + acl.

Subtracting the second equation from the third one, we obtain a; = bacs — bsca. Subtracting the first
equation multiplied by ¢3 from the second one multiplied by b3 we obtain by = ¢3 — b3. Subtracting the

first equation multiplied by ¢o from the second one multiplied by by, we obtain co = —abs. Doing the
same with the third and fourth equalities, we obtain abs = —co, aby = co + acs.
Thus, we obtain the following:
aby = co + acs,
aby = —abs + acs,
Oébg = —C9, Oébg = Oébg,
= Ozbg = abg, =
Cy = —abg, Oébg = Oébg.
b2 = C3 — b3.
bg = C3 — b3.

Since (ba, b3) # (0,0) the above mentioned equalities imply o« = o and hence, for different values of
the parameter we obtain mutually non-isomorphic algebras.
Now check isomorphism inside the family of algebras L4(«). Consider two algebras
ly,y] =z, [z, 2] = ax;
vy, y| =z [z,2] = az.

Analogously, we obtain the following restrictions on coefficients for the matrix of isomorphism ¢:

p
a; = b% +Oéb§

aa) = 3+ ac3
0= bQCQ + abgcg

a2:a3:b1:q:0.

\

OébgCg . 2
, we obtain a = 02)623 )
b 2

From Corollaries 2.1 and 2.2 the parameter « can be presented in the form of a = syjz-. If we take
by = yjc3, then we have o = ¢, where e € {1,n,p,pn} ifp # 2and e € {1,2,3,5,6,7,10,14} if p = 2.
2
It bp =0 then ¢3 =0 and a = 652. By Corollaries 2.1 and 2.2, the parameter can be presented
ab3
in the form of a = fsyjz-. If we take ¢z = ey;bs, then we obtain a = ¢, where € € {1,n,p,pn} if p # 2;
e€{1,2,3,5,6,7,10,14} if p = 2. Thus, we proved that an algebra from the class L4(«) is isomorphic
to one of the algebras from L4(g) and also for different £ non-isomorphic algebras are obtained.

[f by # 0, then putting ¢ = —
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The following theorem gives classification of three-dimensional p-adic non-Lie Leibniz algebras with
the condition dimR(L) = 2.

Theorem 4.2. Let L be a three-dimensional p-adic non-Lie Leibniz algebra and let dimR(L) = 2.
Then it is isomorphic to one of the following pairwise non-isomorphic algebras:

Ls . [y,z] =

L : [x,2] =z, [y,z] = x;

L:(e): [z,2] =y, [y, 2| = ex;

Lg(y): [w,2] =y, [y, 2] =yx+y, (v #0);
Ly [z,2] =2, [y, 2] = y;

Lio:  [zz]=u [r,7 =y

L1y [z,2] =z, [y,2z] =z +y,

wheree € {1,n,p,pn}t ifp # 2;e € {1,2,3,5,6,7,10,14} if p =2 and v € Q,,.

Proof. Let dimR(L) =2. Then R(L) = (z,y) and multiplication in this case is as follows: [z, z] =
a1z + agy, |z, z] = Bix + Bay, [y, 2] = M1z + 2y (omitted products are zero).

First, we consider the case of dimL? = 1, i.e., [2,2] = a12, [x,2] = awx, [y,2] = azx. It should be
noted that a3 # 0. Indeed, if ag = 0 then the algebra L is decomposable. Taking x = asgx, y =y, z =
PR y we obtain a; = 0, a3 = 1 and multiplication takes the form: [z, 2] =0, [z, z] = asz, [y,2] =

as
z.

If ag = 0 then we obtain the algebra Ls. If ace # 0 then substituting z = O’j and y = agy we obtain

2
ao = 1 and therefore, we derive the algebra Lg. Obviously, Lg is not nilpotent and therefore, it is not
isomorphic to the nilpotent algebra Ls.

Now consider the case of dimL? = 2, i.e., the multiplication has the following form: [z, 2] = ayz +
a1 Q9

oy, [r,2] = Bix+ By, [y, 2] = nx + vy, whererank [ 5, 3, | =2.

7172
Case 1. Let R, g be a non-singular matrix, i.e., 3172 — 7182 # 0 and let 32 # 0. Then, taking
y = (1x + B2y we obtain f; =0 and By = 1. Therefore, the multiplication is in the form: [z, z] =
1T + oy, [.’E, Z] =Y, [y7 Z] = 7MZ + 72y-
Since R gr(r) is non-degenerate v, # 0. Replacing z = <a172 — a2> z— N y + z we obtain the

M gt
following two-parametric families of algebras: [z, 2] =0, [z,z] =y, [y, 2] = 112+ 12y (71 #0).

Now we check isomorphism of algebras inside this family. In order to do that take two algebras

[z,2] =y, [y,2] =z + 72y, (1 #0);
[z,2] =y, .2l =nz+ 72y, (n #0).
Consider the general transformation presented in the form of a non-singular matrix
a; az as
by by b3

C1 C2 C3
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Let us consider the following multiplications: [z, z] = (@12 + a2y + asz)(c1z + cay + c32) = yascsx +
(arcs + y2a2c3)y. Since [z, z] = y = bix + bay + byz comparing the corresponding coefficients at basic
elements we obtain by = Y1a9c3, ba = aics + yeascs, by = 0.

[y, 2] = (b1 + bay + b32)(c17 + cay + c32) = Y1baczz + (brcs + Y2bacs)y. Similarly,

[y, z] = M1z + 2y = 71 (a1 + agy + asz) + y2(b1z + boy + bsz) and

[2,2] = (1 + oy + c32) (c12 + coy + c32) = Y1c2032 + (c103 + Y2c203)y. On the otherside, [z, 2] =
0 and Y1cac3 = 0, c1c3 + yacocy = 0.

[t is not difficult to see thaty; # 0 and b3 = 0 imply as = 0 and ¢3 # 0. Hence, ¢; = 0, co = 0. Thus,
we obtain the following relations:

a3:b3201202:0
b1 = mazes

bo = aic3 + Yoaocs (7)

Y1b2cs = y1a1 + 21

bicg + y2bacg = y1a2 + y2bo.
Subtracting from the fifth equation multiplied by a; the fourth one multiplied by a2 we obtain
arbics + y2arbacg — y1a2bacs = (a1by — azby)ya. (8)

Then putting the second and third equalities of (7) to (8) we obtain c3ya(a? — y1a3 + Y2a1a2) =
Yo(af — y1a3 + yoa1a2). Hence, yo = c37o.
Case 1.1. Let v = 0. Then v = 0 and
)
b1 = mazcz
by = ajcs

y1ibacs = y1a1

| bics = 71as.

Subtracting from the fourth equation, multiplied by bq, the third one multiplied by b2 we obtain
Y1¢3(arby — aghy) = yi(a1by — agbi) = y1 = 3.

By Corollaries 2.1 and 2.2 one can represent v = z—:y]?, Y; € Qp. Taking c3 = ylj we obtain y; = e.
Hence, we derive the algebra L~.

Case 1.2. Let v5 # 0. Then taking c3 = ’ylg , we obtain v = 1 and

)
b1 = y1azc2

by = ay1c3 + y20a2c3

Y1bacz = y1a1 + by

bic3 + y2bacs = y1az + ba.

Subtracting from the fourth equation, multiplied by b1, the third equation multiplied by b we have

n (b3 + yabiby — 1b3);

c3(b? + yab1by — y1b2) = 1 (azby — a1ba). Hence, c3(b3 + yabiby — 71b3) = vics

v = ’ylcg = fg. These equalities mean that the parameter v, cannot be cancelled, and we obtain the
72
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algebra Lg(y). Moreover, it follows that the family Lg () contains pairwise non-isomorphic algebras for
different values of the parameter.

Case 2. Let §; = 0. Then taking z = _ we obtain $; = 1 and the table of multiplication becomes

x
b
as follows: [z, z] = a1z + any, [z,z2] =z, [y, 2] = 112 + Y2u.

Similar to the case 1, from non-singularity of the operator R, gy it follows that 5 # 0.

Substituting z = (OM1

—ay)T — izy + z we obtain a; = s = 0. So we derive the following
2
parametric family of algebras: [z, 2] =0, [x,z] =z, [y, 2] = 12+ Y2y, (72 #0).
Substituting = ax + by, z = z we obtain [z, z] = [ax + by, 2] = ax + b(712 4+ Y2y) = (a+nb)z +
by2y.

b
If (v1,72) # (0,1) then we can choose y = (a + v1b)x + b3y, i.e., a =ab(y2 — 1) —

a+yb by
b%y1 # 0 and we have [z, 2] = y. Hence, checking multiplication [y, 2] = (a 4+ 1b)z + bya (V12 + Y2y) =

a+mb by

(a+ y1b + by1y2)x + bydy, it is not difficult to see that #0,ie.,y,z] =mx+

a+7yb+yib by
Y2y, 71 # 0.

This means that if (71, v2) # (0, 1) then it can be reduced to the case 1. If 71 = 0 and 7, = 1 then we
obtain an algebra: Lg: [z,z] =z, [y,2]=uy.

Now we check isomorphism between the following algebras:

Applying the standard methods we obtain the following relations:

az = b3 =0
aal = b101
aag = bQCQ

b1 = aics

b2 = a2Cs3.

Now, if we subtract from the fifth equation multiplied by a; the fourth one multiplied by as we obtain
a1by — azby = 0. This equality implies singularity of the matrix, which is a contradiction. Hence, algebras
L7(a) and Lg are non-isomorphic.

Now we check isomorphism between the following algebras:
Ly : [x,z] =2, [y,z] =y.

To this end let us make the general basis transformation in algebra Lo : * = a1x + agy + asz, y=
bix + boy + b3z, 2z =cix+ coy + c3z, and suppose that the base x, y, z satisfies to multiplication in
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ap az ag

Lg(vy), where | 4, by b3 | isanon-singular matrix. Analogously, we obtain the following relations:

Cl Cy C3

a3 =b3 =0
ya1 + by = bic.
yaz + by = bacs
b1 = ajcs

bg = ascCs.

Subtracting from the fifth equation multiplied by a; the fourth one multiplied by ay yields a1by —
azb; = 0. The obtained equality implies singularity of the matrix, which is a contradiction. Therefore,
the algebras Lg(v) and Lg are non-isomorphic.

Case 3. Let R, gy be a singular matrix. Then multiplication is as follows: [z, 2] = aqx +
@y, [r,2] =ki(B1z + B2y), [y, 2] = ka(Brz + Bay).

Since z and y are symmetric, one can assume k; # 0. Then taking y = ij — y we obtain ko = 0.
Therefore, the multiplication becomes [z, z] = anx + any, [z, 2] = 1z + Bay.

If iy # 0, then replacing x = ayx + asy we obtain multiplication [z, z] = z, [z, z] = Sz + S2y.

Since By # 0 taking y = oy we obtain the algebra [z, z] = x, [z,2] = fix + ¥.

But if in this algebra 51 = 0, we obtain the following algebra: L1g : [z,2] =z, [z,2] = v.

And in case [ # 0, taking x = 962, y= y37 z :; we obtain the algebra Liy: [z,2] =
1 1 1
x, [z,z]=x+y.

Obviously, these two obtained algebras are non-isomorphic:
[z,2] =z, [z, z] =y (nilpotent);
[z,2z] =z, y,z] =+ y(not nilpotent).

If oy =0 then as #0, 51 #0 and replacing y = agy, z= ; we obtain the algebra [z, z] =
1 1

Y, [z, 2] = x4 [oy.

[t is not difficult to check that substituting z = x + (1 4+ 32)y, y = —y, z = x + z in this algebra we
derive the algebra Lyy, i.e., [z,2] =z, [z,2] =z +y.Infact, [z,2] =[z+z, 2+ 2] =2+ (1 + [y =
T, [z =l+Q+B)yctzl=v+foy=a+1+Mh)y-y=v+y.

Comparing the classifications of non-Lie Leibniz algebras over the fields of complex and p-adic
numbers we conclude that the lists coincide except two algebras, Ly and L7. Namely, in the list of
classification over complex numbers in these algebras parameter ¢ is equal to 1.
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