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1 Introduction

Extensive investigations in Lie algebras theory have led to the appearance of more general
algebraic objects — Mal’cev algebras, binary Lie algebras, Lie superalgebras and others.

At the beginning of 90-th of the last century Loday introduced another generalization of
Lie algebras — Leibniz algebras [1].

Recall that Leibniz algebras are defined by the Leibniz identity:

[x, [y, z]] = [[x, y], z] − [[x, z], y].

It should be noted, that if a Leibniz algebra satisfies the identity [x, x] = 0, then Leibniz
identity and Jacobi identity coincide. Therefore, Leibniz algebras are “non antisymmetric”
generalization of Lie algebras.

In spite of that Leibniz algebras are defined by a single identity they generalize Lie algebras
in so natural a way that many properties of Lie algebras remain true also for Leibniz algebras
[2–10]. Nevertheless, the complementation of the variety of Lie algebras in the variety of Leibniz
algebras forms a Zariski open set (from algebraic geometry it is known that open sets in Zariski
topology are “large”).

As it was mentioned above the Lie superalgebras are generalizations of Lie algebras and
for many years they attract the attention of both the mathematicians and physicists. The
systematical exposition of basic Lie superalgebras theory can be found in the monograph [11].
Leibniz superalgebras are generalizations of Leibniz algebras and, on the other hand, they
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naturally generalize Lie superalgebras. In the description of Leibniz superalgebras structure
the crucial task is to prove the existence of suitable basis (the so-called adapted basis) in which
the multiplication of the superalgebra has the most convenient form.

In contrast to Lie superalgebras for which the problem of description of superalgebras with
the maximal nilindex is difficult, for nilpotent Leibniz superalgebras it turns to be comparatively
easy and was solved in [3]. The distinctive property of such Leibniz superalgebras is that
they are single-generated. The next step — the description of Leibniz superalgebras with
dimensions of even and odd parts, respectively equal to n and m, and with nilindex n + m

at this moment seems to be too complicated. Therefore, such Leibniz superalgebras can be
studied, for example, by applying restrictions on their characteristic sequences. Following this
approach in the present paper we investigate Leibniz superalgebras with the characteristic
sequence C(L) = (n− 1, 1 | m). and with nilindex equal to n+m. Since such Lie superalgebras
with these properties were classified in [12], we shall consider only non Lie superalgebras case.

2 Preliminaries

All over the work we shall consider spaces and algebras over the file of complex numbers.

Definition 2.1 [11] A Z2-graded vector space G = G0 ⊕ G1 is called a Lie superalgebra if it
is equipped with a product [−,−] which satisfies the following conditions :

1 [Gα, Gβ] ⊆ Gα+β(mod 2) for any α, β ∈ Z2,

2 [x, y] = −(−1)αβ[y, x], for any x ∈ Gα, y ∈ Gβ,

3 (−1)αγ [x, [y, z]] + (−1)αβ[y, [z, x]] + (−1)βγ [z, [x, y]] = 0 — for any x ∈ Gα, y ∈ Gβ,

z ∈ Gγ (Jacobi superidentity).

Definition 2.2 [3] A Z2-graded vector space L = L0 ⊕ L1 is called a Leibniz superalgebra if
it is equipped with a product [−,−] which satisfies the following conditions :

1 [Lα, Lβ] ⊆ Lα+β(mod 2) for any α, β ∈ Z2,

2 [x, [y, z]] = [[x, y], z] − (−1)αβ [[x, z], y] —for any x ∈ L, y ∈ Lα, z ∈ Lβ , (Leibniz

superidentity).

It should be noted that if in a Leibniz superalgebra L the identity

[x, y] = −(−1)αβ[y, x]

holds for any x ∈ Lα and y ∈ Lβ , then Leibniz superidentity can be easily transformed to
Jacobi superidentity.

Thus, Leibniz superalgebras are generalizations of Lie superalgebras. For examples of Leib-
niz superalgebras we refer to [3].

The set of Leibniz superalgebras with dimensions of the even part (L0) and the odd part
(L1), respectively equal to n and m, we shall denote by Leibn,m.

Definition 2.3 Let V = V0 ⊕ V1, W = W0 ⊕ W1 — be Z2-graded spaces. We say that a
linear map f : V → W has the weight α (deg(f) = α), if f(Vβ) ⊆ Wα+β for any β ∈ Z2.

Let us define the notion of homomorphism of Leibniz superalgebras.
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Definition 2.4 Let L and L′ be Leibniz superalgebras from Leibn,m. A linear map f : L → L′

is called a homomorphism of Leibniz superalgebras, if the following conditions are satisfied :
1 f preserve gradation, i.e. deg(f) = 0,

2 f([x, y]) = [f(x), f(y)] for any x, y ∈ L.

Moreover, if f is a bijection then it is called isomorphism of Leibniz superalgebras L and
L′.

For given Leibniz superalgebra L we define a descending central sequence in the following
way:

L1 = L, Ln+1 = [Ln, L1].

Definition 2.5 A Leibniz superalgebra L is called nilpotent, if there exists s ∈ N such that
Ls = 0. The minimal number s with this property is called index of nilpotency (nilindex) of the
superalgebra L.

Definition 2.6 The set R(L) = {z ∈ L | [L, z] = 0} is called the right annihilator of a su-
peralgebra L.

Using Leibniz superidentity it is not difficult to see that R(L) is an ideal of the superalgebra
L. Moreover, elements of the form [a, b] + (−1)ab[b, a] belong to R(L).

Let L be an arbitrary Leibniz algebra or superalgebra of dimension n and let {e1, . . . , en}
be a basis of the algebra L. Then the multiplication on L is defined by the products of the
basic elements, namely, [ei, ej ] =

∑n
k=1 γk

ijek, where γk
ij are the structural constants. Thus the

problem of classification of algebras or superalgebras can be reduced to the problem of finding
a description of the structural constants up to a non-degenerate basis transformation.

The following theorem from [3] describes nilpotent Leibniz superalgebras with maximal
nilindex.

Theorem 2.1 Let L be a Leibniz superalgebra of the variety Leibn,mwith nilindex equal to
n+ m + 1. Then L is isomorphic to the one of the following two non isomorphic superalgebras :

[ei, e1] = ei+1, 1 ≤ i ≤ n − 1;

{
[ei, e1] = ei+1, 1 ≤ i ≤ n + m − 1,

[ei, e2] = 2ei+2, 1 ≤ i ≤ n + m − 2

(omitted products are equal to zero).

Remark 2.1 From Theorem 2.1 we have that if the odd part L1 of the superalgebra L in
the theorem 2.1 is non trivial, then either m = n or m = n + 1.

Let L = L0 ⊕L1 be a nilpotent Leibniz superalgebra. For an arbitrary element x ∈ L0, the
operator of right multiplication Rx is nilpotent endomorphism of the space Li, where i ∈ {0, 1}.
Denote by Ci(x) (i ∈ {0, 1}) the descending sequence of the dimensions of Jordan blocks of the
operator Rx. Consider the lexicographical order on the set Ci(L0).

The following notion in the case of Lie algebras was introduced in [13].

Definition 2.7 A sequence

C(L) =
(

max
x∈L0\[L0,L0]

C0(x)
∣
∣
∣ max

x̃∈L0\[L0,L0]
C1 (x̃)

)

is said to be the characteristic sequence of the Leibniz superalgebra L.
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Similarly to [14, corollary 3.0.1] it can be proved that the characteristic sequence is invariant
under isomorphisms.

Let us introduce the analog of filiform Leibniz algebras in the case of Leibniz superalgebras.

Definition 2.8 A Leibniz superalgebra L is said to be of filiform, if C(L) = (n − 1, 1 | m).
Denote by Fn,m the set of filiform Leibniz superalgebras.

For non-Lie filiform Leibniz superalgebras the existence of adapted basis is given in the
following theorem, which follows from the results of [4], [15].

Theorem 2.2 Let L be an arbitrary non-Lie filiform Leibniz superalgebra. Then there exists
a basis {x1, x2, . . . , xn, y1, y2, . . . , ym} of the superalgebra L, in which the multiplication satisfies
one of the following three conditions :

a) [x1, x1] = x3,

[xi, x1] = xi+1, 2 ≤ i ≤ n − 1,

[yj , x] = yj+1, 1 ≤ j ≤ m − 1 and for some x ∈ L0 \ [L0, L0],

[x1, x2] = α4x4 + α5x5 + · · · + αn−1xn−1 + θxn,

[xj , x2] = α4xj+2 + α5xj+3 + · · · + αn+2−jxn, 2 ≤ j ≤ n − 2,

where the omitted products in L0 are equal to zero;

b) [x1, x1] = x3,

[xi, x1] = xi+1, 3 ≤ i ≤ n − 1,

[yj , x] = yj+1, 1 ≤ j ≤ m − 1 and for some x ∈ L0 \ [L0, L0],

[x1, x2] = β4x4 + β5x5 + · · · + βnxn,

[x2, x2] = γxn,

[xj , x2] = β4xj+2 + β5xj+3 + · · · + βn+2−jxn, 3 ≤ j ≤ n − 2,

where the omitted products in L0 are equal to zero;

c) [xi, x1] = −[x1, xi] = xi+1, 3 ≤ i ≤ n − 1,

[x1, x1] = xn, [x2, x1] = x3, [x1, x2] = −x3 + αxn, [x2, x2] = βxn

[xi, xj ] = −[xj , xi] ∈ lin〈xi+j , xi+j+1, . . . , xn〉, 2 ≤ i ≤ n − 2, 3 ≤ j ≤ n − i,

[yj , x] = yj+1, 1 ≤ j ≤ m − 1 and for some x ∈ L0 \ [L0, L0].

3 The Classification of Filiform Leibniz Superalgebras

of the Nilindex n + m (m 	= 0)

Let a superalgebra L ∈ Fn,m have the nilindex equal to n+m, and let {x1, x2, . . . , xn, y1, y2, . . . ,

ym} be basis of L.

From the restriction on the nilpotency index it is not difficult to see that the superalgebra L

has two generators, the first generator belongs to L0 and the second one belongs to L1. Indeed,
from Theorem 2.2 we have that y2, y3, . . . , ym are not generators. Therefore, the case when
both generators lie in L1 is impossible and the case when both generators lie in odd part is
degenerated, since m = 0 (i.e. we have filiform Leibniz algebra).
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Lemma 3.1 In the three cases of multiplication in Theorem 2.2 instead of the element x one
can choose the element x1.

Proof Without loss of generality we can assume that x has the form: x = A1x1 +A2x2, where
|A1| + |A2| 	= 0.

Let us investigate the first class of Theorem 2.2 and consider the three cases.

Case 1 Let A1(A1 + A2) 	= 0. Then applying the following change of basis:

x′
1 = A1x1 + A2x2, x′

2 = (A1 + A2)x2 + A2(θ − αn)xn−1,

x′
i = [x′

i−1, x
′
1], 3 ≤ i ≤ n, y′

j = yj , 1 ≤ j ≤ m,

we obtain that the first three multiplications in class a) do not change.

Case 2 Let A1 = 0. Let us take change of basis in the form:

x′
1 = x1 + aA2x2, where a 	= 0 and 1 + aA2 	= 0, x′

2 = (1 + A2)x2 + aA2(θ − αn)xn−1,

x′
i = [x′

i−1, x
′
1], 3 ≤ i ≤ n, y′

1 = y1, y′
j = [y′

j−1, x
′
1], 2 ≤ j ≤ m.

If we take sufficiently great value of the parameter a then we obtain that the first three
multiplications in the class a) also do not change.

Case 3 Let A1 	= 0 and A1 = −A2. Then taking the following change of basis:

x′
1 = A1x1 − A1x2 + ax2, x′

2 = ax2 + (a − A1)(θ − αn)xn−1, a 	= 0,

x′
i = [x′

i−1, x
′
1], 3 ≤ i ≤ n, y′

1 = y1, [y′
j , x

′
1] = y′

j+1, 1 ≤ j ≤ m − 1,

it is not difficult to check that for sufficiently small value of the parameter a the first three
multiplications in the class a) are preserved.

Thus, we have shown that in the first case of Theorem 2.2 instead of x one can choose x1,

i.e. the equality: [yj , x1] = yj+1, 1 ≤ j ≤ m − 1.

In the classes b) and c) for the same reason as in the first class and by using elementary
changes of basis obtained in [10], [16], one can show that the element can be replaced by the
x1.

Note, that in the case m = 1 we easily obtain contradiction to the condition m 	= 0 (because
we have Lie algebra).

3.1 The case of Fn,m (n = 2)

In case F2,2 we have the following result

Theorem 3.1 Let L be an arbitrary Leibniz superalgebra from F2,2 with nilindex equal to 4.

Then it is isomorphic to one of the following two non-isomorphic superalgebras :

L1 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[y1, x1] = y2,

[x1, y1] =
1
2
y2,

[x2, y1] =
1
2
y2,

[y1, x2] = y2,

[y1, y1] = x2,

L2 =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[y1, x1] = y2,

[x2, y1] =
1
2
y2,

[x2, y1] =
1
2
y2,

[y1, x2] = y2,

[y1, y1] = x2,

(omitted products are equal to zero).
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Proof Let {x1, x2, y1, y2} be a basis of the superalgebra L. Evidently, Leibniz algebra L0 is
abelian.

Suppose that the element x1 is the generator. Then L2 = {x2, y2}.
Let [x1, y1] = αy2.

If we suppose that L3 = {x2}, then [y2, y1] = cx2 where c 	= 0.

If α 	= −1, then sum [y1, x1]+ [x1, y1] = (1+α)y2 lies in R(L) ⇒ therefore, y2 ∈ R(L). And
since y2 ∈ R(L), then [y1, y2] = 0.

On the other hand, [y1, y2] = [y1, [y1, x1]] = [[y1, y1], x1]− [[y1, x1], y1] = −cx2. Hence, c = 0
and we obtain contradiction to the assumption c 	= 0.

If α = −1, then 0 = [x1, [y1, y1]] = 2[[x1, y1], y1] = −2[y2, y1] = −2cx2 ⇒ c = 0 and again
we obtain a contradiction, i.e. L3 	= {x2}.

Thus, L3 = {y2}, so [x2, y1] = βy2, where β 	= 0 and [y1, y1] = γx2, where γ 	= 0 (since
x2 ∈ L2 \ L3). Without loss of generality, we can suppose that is equal to 1.

From Leibniz superidentity we obtain the following multiplication in the superalgebra L :

L(α, β) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

[y1, x1] = y2,

[x1, y1] = αy2,

[x2, y1] = βy2, β 	= 0,

[y1, x2] = 2βy2,

[y1, y1] = x2

(omitted products are equal to zero).

Let us suppose the opposite case, i.e. the element x1 is not a generator. Then without
loss of generality we can suppose that x2 is a generator. Hence, L2 = {x1, y2}, L3 = {y2} and
[y1, y1] = τx1, where τ 	= 0. Using Leibniz superidentity and appropriate change of basis we
obtain the following multiplication in L :

L(δ, θ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

[y1, x1] = y2,

[x1, y1] =
1
2
y2,

[x2, y1] = δy2,

[y1, x2] = θy2,

[y1, y1] = x1

(omitted products are equal to zero).

Taking a transformation of the following form:

x′
1 = (θ + 1)x1 − x2,

x′
2 = x1,

y′
1 = y1,

y′
2 = y2,

we obtain the embedding of the family L(δ, θ) into the family L(α, β).
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Let us consider the isomorphism problem inside the family L(α, β), where

L(α, β) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

[y1, x1] = y2,

[x1, y1] = αy2,

[x2, y1] = βy2, β 	= 0,

[y1, x2] = 2βy2,

[y1, y1] = x2.

Take the general change of the generators in the form:

x′
1 = a1x1 + a2x2, y′

1 = b1y1 + b2y2, where a1b1(a1 + 2a2β) 	= 0.

Then expressing the multiplication in the new basis {x′
1, x

′
2, y

′
1, y

′
2} via the basic elements

{x1, x2, y1, y2} and comparing coefficients of basic elements, we obtain

x′
2 = b2

1x2, y′
2 = b1(a1 + 2a2β)y2,

α′ =
a1α + a2β

a1 + 2a2β
, β′ =

b2
1β

a1 + 2a2β
.

Besides, it is not difficult to see that the following equality holds
(

α′ − 1
2

)

=
a1

a1 + 2a2β

(

α − 1
2

)

.

Putting b1 =
√

a1+2a2β
β , we have β′ = 1. If α 	= 1

2 , then taking a2 = −αa1
β , we obtain

α′ = 0. If α = 1
2 , then α′ = 1

2 .

Thus, we have obtained superalgebras L(0, 1) and L
(

1
2 , 1

)
, which are not isomorphic.

In the case when a superalgebra from F2,m (m ≥ 3) has nilindex m + 2, the following result
is true.

Lemma 3.2 Let L be a Leibniz superalgebra from F2,m (m ≥ 3) and suppose that it has
nilindex equal to m + 2. Then L is Lie superalgebra.

Proof Let {x1, x2, y1, y2, . . . , ym} be a basis of superalgebra L. Put

[yi, y1] = βix2, 1 ≤ i ≤ m, [xj , y1] =
m∑

i=2

αj,iyi, j = 1, 2.

Let us prove that x2 can not be a generator. Suppose the opposite, i.e. x2 is a generator.
Then from Theorem 2.2 and conditions [Lk, L] = Lk+1, [Li, Lj ] ⊆ Li+j we have

L2 = {x1, y2, . . . , ym}, L3 = {y2, . . . , ym},
L4 = L5 = {y3, y4, . . . , ym} (since y3 = [y2, x1] and y2 ∈ L3, x1 ∈ L2),

i.e. we obtain a contradiction to the nilpotency of the superalgebra L. Therefore, we can take
the element x1 as a generator. Then L2 = {x2, y2, . . . , ym}.

Let s be a natural number such that x2 ∈ Ls \ Ls+1.

Suppose that s = 2. Then

Li = {yi−1, yi, . . . , ym}, 3 ≤ i ≤ m + 1, α2,2 	= 0, [y1, y1] = x2.

Consider the product

[x2, y2] = [x2, [y1, x1]] = [[x2, y1], x1] − [[x2, x1], y1] = [α2,2y2 + α2,3y3 + · · · + +α2,mym, x1]
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= α2,2y3 + α2,3y4 + · · · + α2,m−1ym.

Evidently, [x2, y2] ∈ L4 \ L5. On the other hand [x2, y2] ∈ L5 (since x2 ∈ L2 and y2 ∈ L3), i.e.
we obtain a contradiction to the condition s = 2.

Suppose that 3 ≤ s ≤ m. Then Li = {x2, yi, . . . , ym} for 2 ≤ i ≤ s, and Li = {yi−1, . . . , ym}
for s + 1 ≤ i ≤ m + 1. Note that α2,j = 0 for 2 ≤ j ≤ s − 1, α2,s 	= 0 and βs−1 	= 0.

Consider the product

βs−1[x2, y1] = [[ys−1, y1], y1] = 2[ys−1, [y1, y1] = 2β1[ys−1, x2].

Since α2,s 	= 0 and x2 ∈ Ls, ys−1 ∈ Ls−1, then 0 	= β1[ys−1, x2] ∈ L2s−1.

On the other hand, [x2, y1] = α2,sys + α2,s+1ys+1 + · · · + α2,mym ∈ Ls+1 \ Ls+2 and since
2s − 1 > s + 1, then we obtain a contradiction to the condition 3 ≤ s ≤ m.

Thus, s = m + 1. Therefore Li = {x2, yi, . . . , ym}, 2 ≤ i ≤ m, Lm+1 = {x2} and βm 	= 0.

Applying Leibniz superidentity we have:
⎧
⎪⎨

⎪⎩

[yi, yj ] = (−1)j−1βi+j+1x2, 1 ≤ i + j ≤ m + 1,

[yi, yj ] = 0, m + 2 ≤ i + j ≤ 2m,

[x1, yi] = α1,2yi+1 + α1,3yi+2 + · · · + α1,m+i−1ym, 1 ≤ i ≤ m − 1.

Suppose that the sum [y1, x1] + [x1, y1] = (1 + α1,2)y2 + α1,3y3 + · · · + α1,mym, which lies
in R(L) is different from zero. Then multiplying sufficiently times from the right side by the
element x1, we obtain ym ∈ R(L). Hence, [y1, ym] = (−1)m−1βmx2 = 0, i.e. βm = 0 and so, we
have contradiction to βm 	= 0. Thus, [x1, yi] = −yi+1. Furthermore, from

0 = [x1, [yi, yi]] = 2[[x1, yi], yi] = −2[yi+1, yi] = 2(−1)i−1β2ix2 ⇒ β2i = 0, 1 ≤ i ≤
[m

2

]
,

we have that m is odd and [yi, yj ] = [yj , yi].
Thus, we have proved the identity:

[a, b] = −(−1)αβ [b, a], for any a ∈ Lα, b ∈ Lβ.

The following theorem contains a classification of Lie superalgebras from the set Leibn,m

with nilindex equal to n + m.

Theorem 3.2 [12] Let G be a Lie superalgebra from F2,m with nilindex equal to m+2. Then
n = 2, m is odd and there exists a basis {x1, x2, y1, y2, . . . , ym} of the superalgebra G such that
its multiplication w.r.t. this basis has the following form :

[yi, x1] = yi+1, 1 ≤ i ≤ m − 1,

[ym+1, yi] = (−1)i+1x2, 1 ≤ i ≤ m + 1
2

(omitted products are zero).

Remark 3.1 It is easy to see that the superalgebra from Theorem 3.2 belongs to F2,m.

3.2 The Case of Fn,m (n ≥ 3)

Put [xi, y1] =
∑m

j=2 αi,jyj , 1 ≤ i ≤ n.

If x1 is a generating basic element, then put

[yi, y1] =
n∑

j=2

βi,jxj , 1 ≤ i ≤ m,
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In this notation we have

Lemma 3.3 The following equality holds :

[yi, yj ] =
min{i+j−1,m}−i∑

k=0

(−1)kCk
j−1

n−j+k+1∑

t=2

βi+k,txt+j−k−1, (3.1)

where 1 ≤ j ≤ m, 1 ≤ i ≤ m.

Proof The proof is found by induction on j at any value of i.

Lemma 3.4 Let L be a Leibniz superalgebra from Fn,m (n ≥ 3) with nilindex equal to n+m.

Then x2 can be supposed to be a generator.

Proof Obviously, we can take either x1 or x2 as a generator of the superalgebra L which lies
in L0. Suppose that x1 is a generator. Let s be such a number that x2 ∈ Ls \ Ls+1. Suppose
s = 2. Then L2 = {x2, x3, . . . , xn, y2, . . . , ym}, L3 = {x3, . . . , xn, y2, . . . , ym} and β1,2 	= 0.

From Leibniz superidentity we have

[xi+1, y1] = [[xi, x1], y1] = [xi, [x1, y1]] + [[xi, y1], x1]

=
[

xi,

m∑

j=2

αi,jyj

]

+
[ m∑

j=2

αi,jyj , x1

]

=
m∑

j=3

Ai+1,jyj , 2 ≤ i ≤ n − 1.

Hence, y2 ∈ L3 \L4, i.e. L4 = {x3, . . . , xn, y3, y4, . . . , ym}. Therefore there exists t ≥ 2 such
that βt,3 	= 0 and α2,2 	= 0.

Consider the products

[x2, [y1, y1]] = 2[[x2, y1], y1] = 2[α2,2y2 + α2,3y3 + . . . + α2,mym, y1], (3.2)

[x2, [y1, y1]] = [x2, β1,2x2 + β1,3x3 + . . . + β1,nxn]. (3.3)

Evidently, coefficient of the element x3 in (3.3) is equal to zero. Therefore, if β2,3 	= 0,

then from (3.2) we have the existence of t0 > 2 such that βt0,3 	= 0. Thus, x3 ∈ L5 and
L5 = {x3, . . . , xn, y4, . . . , ym}.

Consider the products

[y1, [y1, y1]] = 2[[y1, y1], y1] = 2
[ n∑

i=2

β1,ixi, y1

]

= 2
n∑

i=2

β1,i [xi, y1] , (3.4)

[y1, [y1, y1]] =
[

y1,

n∑

i=2

β1,ixi

]

= β1,2[y1, x2] +
[

y1,

n∑

i=3

β1,ixi

]

. (3.5)

Since α2,2 	= 0 and L5 = {x3, . . . , xn, y4, . . . , ym}, then from (3.4)–(3.5) it follows that in
the decomposition of [y1, x2] the coefficient at the basic element y2 is equal to 2α2,2.

Using Leibniz superidentity and Theorem 2.2, we have that in the decomposition of [y2, x2]
the coefficient at basic element y3 is equal to 2α2,2. Since y2 ∈ L3 and x2 ∈ L2, then [y2, x2] ∈ L5

and, hence, y3 also lies in L5, i.e. we obtain a contradiction which implies that s ≥ 3.

Suppose that s ≤ m. Then βs−1,2 	= 0, Li = {x2, x3, . . . , xn, yi, yi+1, . . . , ym}, 2 ≤ i ≤ s and
Ls+1 = {x3, x4, . . . , xn, ys, . . . , ym}.

From the equality (3.1) we have expression

[y1, ys] =
s−1∑

k=0

(−1)kCk
s−1

n−s+k+1∑

t=2

β1k,txt+s−k−1,
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in which the coefficient βs−1,2 occurs. Taking into account the equality [ys, y1] = Cs−1
s−1

∑n
t=2

βs,txt, we conclude that x3 ∈ lin〈[y1, ys], [ys, y1], x4, x5, . . . , xn〉. Therefore, Ls+2 = {x3, x4, . . . ,

xn, ys+1, . . . , ym−1, ym}, ys ∈ Ls+1 \ Ls+2 and α2,s 	= 0.

Consider the products

[ys−1, [y1, y1]] = 2[[ys−1, y1], y1] = 2
[ n∑

i=2

βs−1,ixi, y1

]

= 2βs−1,2α2,sys +
∑

k≥s+1

dkyk. (3.6)

[ys−1, [y1, y1]] =
[

ys−1,

n∑

i=2

β1,ixi

]

=
n∑

i=2

β1,i[ys−1, xi]. (3.7)

Since Ls−1 = {x2, x3, . . . , xn, ys−1, ys, . . . , ym} and Ls = {x2, x3, . . . , xn, ys, ys+1, . . . , ym}, then
from (3.6)–(3.7) we have ys ∈ L2s−1. Since for s ≥ 3, the inequality 2s − 1 > s + 1 holds, we
obtain a contradiction to the condition ys ∈ Ls+1 \ Ls+2, from which it follows that the case
3 ≤ s ≤ m is impossible.

It is easy to see that s = m + 1 and

Li = {x2, x3, . . . , xn, yi, yi+1, . . . , ym}, 2 ≤ i ≤ m,

Lm+i−1 = {xi, xi+1, . . . , xn}, 2 ≤ i ≤ n,

Lm+n = {0}.
For basic elements of Li we have

[xi, yj ] = [yj , xi] = 0, 2 ≤ i ≤ n, 1 ≤ j ≤ m,

[ym, y1] = βm,2x2 + βm,3x3 + · · · + βm,nxn, where βm,2 	= 0.

The element [y1, x1] + [x1, y1] = (1 + α1,2)y2 + α1,3y3 + · · · + α1,mym belongs to R(L).

Case 1 Assume that [y1, x1] + [x1, y1] = 0.

Then consider the products

[x1, [ym, y1]] = [[x1, ym], y1] + [[x1, y1], ym] = −[y2, ym]]

= −
m−2∑

k=0

Ck
m−1

n−m+k+1∑

t=2

β2+k,txt+m−k−1.

[x1, [ym, y1]] =
[

x1,

n∑

i=2

βm,ixi

]

= [x1, xi].

Comparing coefficients of the basic elements in products in the classes a) and b) of Theo-
rem 2.2, we obtain

∑n
i=2 βm,i[x1, xi] ∈ lin〈x4, x5, . . . , xn〉 and, hence, βm,2 = 0.

Thus, we obtain a contradiction to βm,2 	= 0.

If the multiplication in L belongs to the class b) of Theorem 2.2, then
∑n

i=2 βm,i[x1, xi] =
−∑n−1

i=2 βm,ixi+1. Comparing coefficients at the element x3 in the above products we obtain
βm,2 = (−1)mβm,2. For m ≥ 3 we have βm,2 = 0, i.e. in this case we also obtain a contradiction.
For m = 2, consider the product

[x1, [y1, y1]] = 2[[x1, y1], y1] = −2[y2, y1] = −2
n∑

i=2

β2,ixi.

On the other hand, [x1, [y1, y1]] = [x1,
∑n

i=2 β1,ixi] = −∑n−1
i=2 β1,ixi+1, hence, β2,2 = 0.
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Case 2 Now assume that [y1, x1] + [x1, y1] 	= 0. Then by argumentations as in Lemma 3.2 we
have ym ∈ R(L). Therefore,

0 = [y2, ym] =
m−2∑

k=0

(−1)kCk
m−1

n−m+k+1∑

t=2

β2+k,txt+m−k−1 ⇒ βm,2 = 0

and again we obtain a contradiction to βm,2 	= 0.

Thus, x1 can not be a generator and so as a generator we can choose x2. �
Now let x2 be a generator. Then put

[y1, x2] =
m∑

i=2

aiyi, [yi, y1] =
m∑

j=1,j �=2

βi,jxj .

Lemma 3.5 Let L be a Leibniz superalgebra, which belongs to the class b) of Theorem 2.2.

Then its nilindex is less than n + m.

Proof Suppose the opposite, i.e. nilindex of superalgebra L is equal to n + m.

Let {x1, x2, . . . , xn, y1, y2, . . . , ym} be the basis of L.

We’ll show that [y1, yi] + [yi, y1] ∈ {x4, x5, . . . , xn} for any 2 ≤ i ≤ m.

Consider the product

[y1, y2] = [y1, [y1, x1]] = [[y1, y1], x1] − [[y1, x1], y1]

=
[ m∑

j=1,j �=2

β1,jxj , x1

]

− [y2, y1] ⇒ [y1, y2] + [y2, y1] =
m∑

j=3

β1,jxj+1 ∈ {x4, x5, . . . , xn}.

Similarly to the proof of Lemma 3.4 we conclude that y2 ∈ L3 \ L4. Therefore, L2 =
{x1, x3, . . . , xn, y2, . . . , ym}, L3 = {x3, . . . , xn, y2, . . . , ym}, L4 = {x3, . . . , xn, y3, . . . , ym}, L5 =
{x4, . . . , xn, y3, . . . , ym} and β1,1 	= 0. Hence

[[y1, y1], x2] = [y1, [y1, x2]] + [[y1, x2], y1] =
[

y1,
m∑

i=2

aiyi

]

+
[ m∑

i=2

aiyi, y1

]

=
m∑

i=2

ai([y1, yi] + [yi, y1]) ∈ {x4, x5, . . . , xn}.

On the other hand,

[[y1, y1], x2] =
[ m∑

j=1,j �=2

β1,jxj , x2

]

= −β1,1x3 +
n∑

j=3

β1,j [xi, x2].

Since [xi, x2] ∈ {x4, x5, . . . , xn} for any 3 ≤ i ≤ n, then β1,1 = 0. We have a contradiction to
the condition x1 ∈ L2, and therefore L2 = {x3, . . . , xn, y2, . . . , ym} and dim L/L2 = 3. Thus,
the superalgebra L has nilindex less than n + m.

Lemma 3.6 Let L be a Leibniz superalgebra which belongs to Fn,m with nilindex equal to
n + m. Then either m = n or m = n − 1 and in the latter case in the class a) there exists a
basis {x1, x2, . . . , xn, y1, y2, . . . , ym} of the superalgebra L such that its multiplication has the
following form :

[x1, x1] = x3,

[xi, x1] = xi+1, 2 ≤ i ≤ n − 1,
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[yj , x1] = yj+1, 1 ≤ j ≤ n − 2,

[x1, y1] = y2,

[xi, y1] = yi, 2 ≤ i ≤ n − 1,

[y1, y1] = x1,

[yj , y1] = xj+1, 2 ≤ j ≤ n − 1,

[x1, x2] = α4x4 + α5x5 + · · · + αn−1xn−1 + θxn,

[xj , x2] = α4xj+2 + α5xj+3 + · · · + αn+2−jxn,

[y1, x2] = α4y3 + α5y4 + · · · + αn−1yn−2 + θyn−1,

[yj , x2] = α4yj+2 + α5yj+3 + · · · + αn+1−jyn−1, 2 ≤ j ≤ n − 3,

where omitted products are equal to zero.

Proof Since x2 and y1 are generators of L, it follows that β1,1 	= 0. Without loss of generality
we can assume that [y1, y1] = x1. Considering the subsuperalgebra 〈y1〉 of the superalgebra L,

then from multiplication rules in the classes a) and b) we obtain

〈y1〉 = {x1, x3, x4, . . . , xn, y1, y2, . . . , ym}.
The subsuperalgebra 〈y1〉 is sigle-generated and from Theorem 2.1 we have that either

m = n − 1, or m = n and the multiplication in 〈y1〉 has the following form:

[x1, x1] = x3,

[xi, x1] = xi+1, 2 ≤ i ≤ n − 1,

[yj , x1] = yj+1, 1 ≤ j ≤ m − 1,

[x1, y1] =
1
2
y2,

[xi, y1] =
1
2
yi, 3 ≤ i ≤ m,

[y1, y1] = x1,

[yj , y1] = xj+1, 2 ≤ j ≤ n − 1

(omitted products are equal to zero).
Suppose now that m = n− 1 and L belongs to the class a) of Theorem 2.2. Then using the

above multiplication rules we obtain

L2 = {x1, x3, . . . , xn, y2, . . . , yn−1},
L2k−1 = {xk+1, xk+2, . . . , xn, yk, yk+1, . . . , yn−1}, 2 ≤ k ≤ n − 1,

L2k = {xk+1, xk+2, . . . , xn, yk+1, yk+2, . . . , yn−1}, 2 ≤ k ≤ n − 2,

L2(n−1) = {xn},
L2n−1 = 0.

In the superalgebra L consider multiplication on the right side by the element x2.

Since [y1, x2] = a2y2 + a3y3 + · · · + an−1yn−1 then

[yi, x2] = [[yi−1, x1], x2] = [yi−1, [x1, x2]] + [[yi−1, x2], x1] =
n−i∑

k=2

akyi+k−1, 2 ≤ i ≤ m.
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Furthermore, [x2, y1] = b2y2 + b3y3 + · · ·+ bn−1yn−1. Then by Leibniz superidentity we have

[x2, [y1, y1] = 2[[x2, y1], y1] = 2[b2y2 + b3y3 + · · · + bn−1yn−1, y1]

= 2b2x3 + 2b3x4 + · · · + 2bn−1xn.

On the other hand, [x2, [y1, y1] = [x2, x1] = x3. If we compare the coefficients at the basic
elements, we obtain the following restrictions:

b2 =
1
2
, b3 = b4 = · · · = bn−1 = 0.

Therefore, [x2, y1] = 1
2y2.

Consider the following equalities:

[x2, y2] = [x2, [y1, x1]] = [[x2, y1], x1] − [[x2, x1], y1]

=
[
1
2
y2, x1

]

− [x3, y1] =
1
2
y3 − 1

2
y3 = 0.

Thus, we obtain the multiplication rules in the Leibniz superalgebra L.

Consider the product

[y1, [y1, x2]] = [[y1, y1], x2]] − [[y1, x2], y1] = [x1, x2] − [a2y2 + a3y3 + · · · + an−1yn−1, y1].

On the other hand, [y1, [y1, x2]] = 0, i.e. equality 4x4 + 5x5 + · · · + αn−1xn−1 + θxn =
a2x3 + a3x4 + · · · + an−1xn holds. From this we have the following relations:

θ = an−1, a2 = 0, ai = αi+1, 3 ≤ i ≤ n − 2.

Denote the superalgebras from Lemma 3.6 by L(α4, α5, . . . , αn, θ).

Proposition 3.1 Two superalgebras L(α4, α5, . . . , αn, θ) and L′ (α′
4, α

′
5, . . . , α

′
n, θ′) are iso-

morphic if and only if there exists a ∈ C which satisfies the following conditions :
{

αj = a2(j−3)α′
j , 4 ≤ j ≤ n,

θ = a2n−6θ′.

Proof Take the following general change of generating elements of the superalgebra L(α4, α5,

. . . , αn, θ) :

y′
1 =

n−1∑

i=1

ciyi, x′
2 =

n∑

i=1

dixi, where c1d2 	= 0.

Then the expression for the element x′
1 in old basis has the form:

x′
1 = [y′

1, y
′
1] = c2

1x1 + c1

n−1∑

i=2

cixi+1.

Expressions for x′
i+1 for 2 ≤ i ≤ n − 1 and y′

j+1 for 1 ≤ j ≤ n − 2 have the following form:

x′
i+1 = c2i−1

i

n−i∑

k=2

ckxk+i, 2 ≤ i ≤ n − 1,

y′
j+1 = c2j

i

n−j∑

k=1

ckyk+j , 1 ≤ j ≤ n − 2.

(3.8)

Since x′
3 = [x′

2, x
′
1] = [

∑n
i=1 dixi, c

2
1x1 + c1

∑n−1
i=2 cixi+1] = c2

1(d1x3 + d2x3 + d3x4 + · · · +
dn−1xn), then by comparing the coefficients at the basic elements in (3.8) for i = 3 we obtain
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restrictions: ⎧
⎨

⎩

d1 + d2 = c2
1,

di = c1ci−1, 3 ≤ i ≤ n − 1.
(3.9)

The verification of the rest of products gives either an identity or the relations (3.9).
Applying (3.9), we obtain

[x′
1, x

′
2] =

[

c2
1x1 + c1

n−1∑

i=2

cixi+1, d1x1 + d2x2 + c1c2x3 + · · · + c1cn−2xn + dnxn

]

= c2
1d1x3 + c1d1

n−2∑

i=2

cixi+2 + c1d2

n−3∑

i=3

[xi, x2]

= c1d1

n−2∑

i=2

cixi+2 + c2
1d2(α4x4 + α5x5 + · · · + αn−1xn − 1 + θxn)

+ c1d2

n−3∑

i=3

n+1−i∑

j=4

αjxj+i−2.

On the other side,

[x′
1, x

′
2] = α′

4x
′
4 + α′

5x
′
5 + · · · + α′

n−1x
′
n−1 + θ′x′

n

= α′
4

(

c5
1

n−3∑

k=1

ckxk+3

)

+ α′
5

(

c7
1

n−4∑

k=1

ckxk+4

)

+ · · ·

+ α′
n−1

(

c2n−5
1

2∑

k=1

ckxk+n−2

)

+ θ′c2(n−1)
1 xn.

If we compare coefficients at the basic elements, we obtain the following restrictions:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

d1 = 0,

c1d2

k∑

i=1

ck+1−iαi+3 = c5
1

k∑

i=1

c
2(i−1)
1 ck+1−iα

′
i+3, 1 ≤ k ≤ n − 4,

c1d2

( n−4∑

i=1

cn−2−iαi+3 + c1θ

)

= c5
1

( n−4∑

i=1

c
2(i−1)
1 cn−2−iα

′
i+3 + c2n−7

1 θ′
)

.

(3.10)

From (3.9) and (3.10) we have d2 = c2
1 and

{
αj=c

2(j−3)
1 α′

j , 4≤j≤n−1,

θ=c
2(n−6)
1 θ′.

In a similar way we have

[x′
2, x

′
2] =

[

c1

n−1∑

i=1

cixi+1, c1

n−1∑

i=1

cixi+1

]

= c3
1

n−3∑

i=1

ci[xi+1, x2]

= c3
1

n−3∑

i=1

ci(α4xi+3 + α5xi+4 + · · · + αn−ixn−1 + αn+1−ixn),

and on the other side,

[x′
2, x

′
2] = α′

4x
′
4 + α′

5x
′
5 + · · · + α′

n−1x
′
n−1 + α′

nx′
n.

Therefore,

αn = c2n−6
1 α′

n.
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Lemma 3.7 Let L be a Leibniz superalgebra from the family a) and m = n. Then there exists
a basis {x1, x2, . . . , xn, y1, y2, . . . , ym} of the superalgebra L such that its multiplication has the
following form :

[x1, x1] = x3,

[xi, x1] = xi+1, 2 ≤ i ≤ n − 1,

[yj , x1] = yj + 1, 1 ≤ j ≤ n − 1,

[x1, y1] =
1
2
y2,

[xi, y1] =
1
2
yi, 2 ≤ i ≤ n,

[y1, y1] = x1,

[yj , y1] = xj+1, 2 ≤ j ≤ n − 1,

[x1, x2] = α4x4 + α5x5 + · · · + αn−1xn−1 + θxn,

[xj , x2] = α4xj+2 + α5xj+3 + · · · + αn+2−jxn,

[y1, x2] = α4y3 + α5y4 + · · · + αn−1yn−2 + θyn−1 + τyn,

[y2, x2] = α4y4 + α5y4 + · · · + αn−1yn−1 + θyn,

[yj , x2] = α4yj+2 + α5yj+3 + · · · + αn+2−jyn, 3 ≤ j ≤ n − 2,

where omitted products are equal to zero.

Proof The proof of this lemma is similar to the proof of Lemma 3.6.

Denote of superalgebra from Lemma 3.7 by M(α4, α5, . . . , αn, θ, τ ).

Then we have the following criterion of isomorphism.

Proposition 3.2 Two superalgebras M(α4, α5, . . . , αn, θ, τ ) and M(α′
4, α

′
5, . . . , α

′
n, θ′, τ ′) are

isomorphic if and only if there exists a ∈ C such that
⎧
⎪⎨

⎪⎩

αj = a2(j−3)α′
j , 4 ≤ j ≤ n,

θ = a2n−6θ′,

τ = a2n−4τ ′.

Proof The proof of this proposition is similar to the proof of Proposition 3.1.

Consider now the class b) of Theorem 2.2.

Lemma 3.8 Let L be a superalgebra from class b). Then in case when m = n − 1, there
exists a basis {x1, x2, . . . , xn, y1, y2, . . . , ym} of the superalgebra L such that its multiplication
has the following form :

[x1, x1] = x3,

[xi, x1] = xi+1, 3 ≤ i ≤ n − 1,

[yj , x1] = yj + 1, 1 ≤ j ≤ n − 2,

[x1, x2] = β4x4 + β5x5 + . . . + βnxn,

[x2, x2] = γxn,

[xj , x2] = β4xj+2 + β5xj+3 + · · · + βn+2−jxn, 3 ≤ j ≤ n − 2,
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[y1, y1] = x1,

[yj , y1] = xj+1, 2 ≤ j ≤ n − 1,

[x1, y1] =
1
2
y2,

[xi, y1] =
1
2
yi, 3 ≤ i ≤ n − 1,

[yj , x2] = β4yj+2 + β5yj+3 + · · · + βn+1−jyn−1, 1 ≤ j ≤ n − 3,

where omitted products are equal to zero.

Proof The proof of this lemma is similar to the proof of Lemma 3.6.
Denote the superalgebra from Lemma 3.8 by G(β4, β5, . . . , βn, γ).

Proposition 3.3 Two superalgebras G(β4, β5, . . . , βn, γ) and G(β′
4, β

′
5, . . . , β

′
n, γ′) are iso-

morphic if and only if there exist a, b ∈ C such that
⎧
⎨

⎩

βbj = a2(j−2)β′
j , 4 ≤ j ≤ n,

b2γ = a2(n−1)γ′.

Proof Let us take the general change of generators in the superalgebra G(β4, β5, . . . , βn, γ) :

y′
1 =

n−1∑

i=1

ciyi, x′
2 =

n∑

i=1

dixi, where c1d2 	= 0.

Then for new basic elements x′
i and y′

j we have the following expressions:

x′
1 = [y′

1, y
′
1] = c2

1x1 + c1

n−1∑

i=2

cixi+1,

x′
i+1 = c2i−1

1

n−i∑

k=1

ckxk+i, 2 ≤ i ≤ n − 1,

y′
j+1 = c2j

1

n−j−1∑

k=1

ckyk+j , 1 ≤ j ≤ n − 2.

We have

[x′
2, x

′
1] =

[ n∑

i=1

dixi, c
2
1x1 + c1

n−1∑

i=2

cixi+1

]

= c2
1

(

d1x3 +
n−1∑

i=3

dixi+1

)

.

On the other hand [x′
2, x

′
1] = 0. Comparing coefficients at the basic elements we obtain

d1 = d3 = d4 = · · · = dn−1 = 0,

i.e. x′
2 = d2x2 + dnxn.

Furthermore, we have

[x′
1, x

′
2] =

[

c2
1x1 + c1

n−1∑

i=2

cixi+1, d2x2 + dnxn

]

= c2
1d2[x1, x2] + c1d2

n−3∑

i=2

ci[xi+1, x2]

= c2
1d2(β4x4 + β5x5 + . . . + βnxn) + c1d2

n−3∑

i=2

ci (β4xi+3 + β5xi+4 + · · · + βn−i+1xn) .

On the other hand,

[x′
1, x

′
2] = β′

4x
′
4 + β′

5x
′
5 + · · · + β′

nx′
n
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= β′
4c

5
1

n−3∑

k=1

ckxk+3 + β′
5c

7
1

n−4∑

k=1

ckxk+4 + · · · + β′
nc

2(n−1)
1 xn.

Again, comparing coefficients at the basic elements we obtain the following restrictions:

β′
jc

2(j−2)
1 = d2βj , 4 ≤ j ≤ n. (3.11)

Consider the product

[x′
2, x

′
2] = [d2x2 + dnxn, d2x2 + dnxn] = d2

2γxn.

On the other hand, we have [x′
2, x

′
2] = γ′x′

n = c
2(n−1)
1 xn, i.e. γ′c2(n−1)

1 = d2
2γ.

The verification of the rest of products gives either an identity or the above restrictions. �
Consider now the case when the superalgebra belongs to the class b) and m = n.

Lemma 3.9 Let L be a superalgebras from class b) and m = n. Then there exists a basis
{x1, x2, , xn, y1, y2, . . . , ym} of the superalgebra L such that its multiplication has the form :

[x1, x1] = x3,

[xi, x1] = xi+1, 3 ≤ i ≤ n − 1,

[yj , x1] = yj + 1, 1 ≤ j ≤ n − 2,

[x1, x2] = β4x4 + β5x5 + · · · + βnxn,

[x2, x2] = γxn,

[xj , x2] = β4xj+2 + β5xj+3 + · · · + βn+2−jxn, 3 ≤ j ≤ n − 2,

[y1, y1] = x1,

[yj , y1] = xj+1, 2 ≤ j ≤ n − 1,

[x1, y1] =
1
2
y2,

[xi, y1] =
1
2
yi, 3 ≤ i ≤ n − 1,

[y1, x2] = β4y3 + β5y4 + · · · + βnyn−1 + δyn,

[yj , x2] = β4yj+2 + β5yj+3 + · · · + βn+2−jyn, 2 ≤ j ≤ n − 2,

(omitted products are equal to zero).

Proof The proof of this lemma is similar to the proof of Lemma 3.8.
Denote a superalgebra from Lemma 3.9 by H(β4, β5, . . . , βn, δ, γ).

Proposition 3.4 Two superalgebras H(β4, β5, . . . , βn, δ, γ) and H(β′
4, β

′
5, . . . , β

′
n, δ′, γ′) are

isomorphic if and only if there exist a, b ∈ C such that
⎧
⎪⎨

⎪⎩

bβj = a2(j−2)β′
j , 4 ≤ jl4n,

bδ = a2(n−1)δ′,

b2γ = a2(n−1)γ′.

Proof Similar to that of Proposition 3.3.
Consider the following operators which act on k-dimensional vectors:

V m
j,k(α1, α2, . . . , αk) = (0, 0, . . . ,

j−1

0 , 1, Sj+1
m,j αj+1, S

j+2
m,j αj+2, . . . S

k−1
m,j αk−1, S

k
m,jαk),

V m
k+1,k(α1, α2, . . . , αk) = (0, 0, . . . , 0),
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Wm
s,k(0, 0, . . . ,

j−1

0 ,
j

1, Sj+1
m,j αs+j+1, S

j+2
m,j αs+j+2, . . . , S

k
m,jαk, γ)

= (0, 0, . . . ,
j

1, 0, . . . ,
s+j

1 , Ss+1
m,s αs+j+1, S

s+2
m,s αs+j+2, . . . , S

k−j
m,s αk, Sk+6−2j

m,s γ),

Wm
k+1−j,k(0, 0, . . . ,

j−1

0 ,
j

1, Sj+1
m,j αs+j+1, S

j+2
m,j αs+j+2, . . . , S

k
m,jαk, γ) = (0, 0, . . . ,

j

1, 0, . . . , 1),

Wm
k+2−j,k(0, 0, . . . ,

j−1

0 ,
j

1, Sj+1
m,j αs+j+1, S

j+2
m,j αs+j+2, . . . , S

k
m,jαk, γ) = (0, 0, . . . ,

j

1, 0, . . . , 0),

where k ∈ N, 1 ≤ j ≤ k, 1 ≤ s ≤ k − j, Sm,t = cos 2πm
t + i sin 2πm

t (m = 0, 1, . . . , t − 1).

Theorem 3.3 Let L be a filiform non-Lie Leibniz superalgebra with nilindex equal to n +
m. Then for m = n − 1 it is isomorphic to one of the following pairwise non-isomorphic
superalgebras :

L
(
Vj,n−3 (α4, α5, . . . , αn) , Sn−3

m,j θ
)
, 1 ≤ j ≤ n − 3,

L(0, 0, . . . , 0, 1),

L(0, 0, . . . , 0),

G (Ws,n−2 (Vj,n−3 (β4, β5, . . . , βn) , γ)) , 1 ≤ j ≤ n − 3, 1 ≤ s ≤ n − j,

G(0, 0, . . . , 0, 1),

G(0, 0, . . . , 0).

Proof First we consider the family L(α4, α5, . . . , αn, θ). From Proposition 3.1 we have the
following conditions ⎧

⎨

⎩

αj = a2(j−3)α′
j , 4 ≤ j ≤ n,

θ = a2n−6θ′.

Case 1 Let αi = 0 for any 4 ≤ i ≤ n. Then if θ = 0 we obtain the superalgebra L(0, 0, . . . , 0).
If θ 	= 0, then taking a = 2n−6

√
θ, we obtain θ′ = 1, i.e. the superalgebra L(0, 0, . . . , 1).

Case 2 Let αi = 0 for any i, for certain t (4 ≤ t ≤ n) and αt 	= 0. Then putting a2(t−3) = αt

(

i.e a−2
1 = t−3

√∣
∣
∣
∣

1
αt

∣
∣
∣
∣

(

cos
ϕ

t − 3
+ i sin

ϕ

t − 3

) (

cos
2πm

t − 3
+ i sin

2πm

t − 3

)

,

where ϕ = arg
(

1
αt

)
, m = 0, 1, . . . , t − 4), we obtain

α′
t = 1, a′

t+j = St+j−3
m,t−3μt+j for 1 ≤ j ≤ n − t, θ′ = Sn−3

m,t−3ν,

where μt+j =
∣
∣ 1
αt

∣
∣

t+j−3
t−3

(
cos ϕ(t+j−3)

t−3 + i sin ϕ(t+j−3)
t−3

)
αt+j ,

ν =
∣
∣
∣
∣

1
αt

∣
∣
∣
∣

n−3
t−3

(

cos
ϕ(n − 3)

t − 3
+ i sin

ϕ(n − 3)
t − 3

)

.

Thus, in this case we obtain the following family of superalgebras

L
(
Vj,n−3 (α4, α5, . . . , αn) , Sn−3

m,j θ
)
, 1 ≤ j ≤ n − 3.

Consider the family of superalgebras G(β4, β5, . . . , βn, γ). From Proposition 3.3 we have the
following conditions: ⎧

⎨

⎩

βbj = a2(j−2)β′
j , 4 ≤ j ≤ n,

b2γ = a2(n−1)γ′.
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Case 1 Let βi = 0 for any i < t, where 4 ≤ t ≤ n and βt 	= 0. Then putting b = a2(t−2)

βt
, we

obtain

β′
t = 1, β′

t+ja
2j =

βt+j

βt
(1 ≤ j ≤ n − t), γ′ = a

2(2t−n−3)
1

γ

β2
t

.

Case 1.1 Let βt+j = 0 for any j < q, where 1 ≤ q ≤ n − t βt+q 	= 0. Then taking

a−2 = l

√∣
∣
∣
∣

βt

βt+1

∣
∣
∣
∣

(

cos
ϕ

q
+ i sin

ϕ

q

)

, where ϕ = arg
(

βt

βt+q

)

, m = 0, 1, . . . , q − 1,

we obtain

β′
t+q+j = Sq+j

m,q λt+q+j (1 ≤ j ≤ n − t − 1) γ′ = Sn+3−2j
m,q γ,

where λt+q+j =
∣
∣ βt

βt+q

∣
∣

q+j
q

(
cos ϕ(q+j)

q + i sin ϕ(q+j)
q

)
βt+q+j ,

ε =
∣
∣
∣
∣

βt

βt+q

∣
∣
∣
∣

n+3−2j
q

(

cos
ϕ(n + 3 − 2j)

q
+ i sin

ϕ(n + 3 − 2j)
q

)
γ

β2
j

.

Thus, in this case we obtain the following family of superalgebras:

G (Ws,n−2 (Vj,n−3 (β4, β5, . . . , βn) , γ)) , 1 ≤ j ≤ n − 4, 1 ≤ s ≤ n − 3 − j.

Case 1.2 Let βt+q = 0 for any q ∈ {1, 2, . . . , n − t}. Then we have γ′ = a2(2t−n−3) γ
β2

t
, i.e. we

obtain two superalgebras

G(0, 0, . . . ,
t
1, 0, . . . , 1), G(0, 0, . . . ,

t
1, 0, . . . , 0).

Case 2 Let βt = 0 for any t ∈ {4, 5, . . . , n}. Then taking into account that γ′a2(n−1) = b2γ,

we obtain the superalgebras

G(0, 0, . . . , 1), G(0, 0, . . . , 0).

In a similar way one can prove the following theorem.

Theorem 3.4 Let L be a filiform non-Lie Leibniz superalgebra with nilindex equal to n + m.

Then for m = n it is isomorphic to one of the following pairwise non-isomorphic superalgebras :

M
(
Vj,n−2 (α4, α5, . . . , αn) , Sn−3

m,j θ
)
, 1 ≤ j ≤ n − 2,

M(0, 0, . . . , 0, 1),

M(0, 0, . . . , 0),

H (Ws,n−1 (Vj,n−2 (β4, β5, . . . , βn) , γ)) , 1 ≤ j ≤ n − 2, 1 ≤ s ≤ n + 1 − j,

H(0, 0, . . . , 0, 1),

H(0, 0, . . . , 0).

Proof Similar to that of Theorem 3.3.

Thus, summarizing the results of Theorems 3.1–3.4 we obtain the classification of all filiform
Leibniz superalgebras with nilindex equal to n + m, where m 	= 0.
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