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1 Introduction

Extensive investigations in Lie algebras theory have led to the appearance of more general
algebraic objects — Mal’cev algebras, binary Lie algebras, Lie superalgebras and others.

At the beginning of 90-th of the last century Loday introduced another generalization of
Lie algebras — Leibniz algebras [1].

Recall that Leibniz algebras are defined by the Leibniz identity:

[, [y, 2]] = [[=, 9], 2] = [[z, 2], 9.

It should be noted, that if a Leibniz algebra satisfies the identity [x,2] = 0, then Leibniz
identity and Jacobi identity coincide. Therefore, Leibniz algebras are “non antisymmetric”
generalization of Lie algebras.

In spite of that Leibniz algebras are defined by a single identity they generalize Lie algebras
in so natural a way that many properties of Lie algebras remain true also for Leibniz algebras
[2-10]. Nevertheless, the complementation of the variety of Lie algebras in the variety of Leibniz
algebras forms a Zariski open set (from algebraic geometry it is known that open sets in Zariski
topology are “large”).

As it was mentioned above the Lie superalgebras are generalizations of Lie algebras and
for many years they attract the attention of both the mathematicians and physicists. The
systematical exposition of basic Lie superalgebras theory can be found in the monograph [11].

Leibniz superalgebras are generalizations of Leibniz algebras and, on the other hand, they
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naturally generalize Lie superalgebras. In the description of Leibniz superalgebras structure
the crucial task is to prove the existence of suitable basis (the so-called adapted basis) in which
the multiplication of the superalgebra has the most convenient form.

In contrast to Lie superalgebras for which the problem of description of superalgebras with
the maximal nilindex is difficult, for nilpotent Leibniz superalgebras it turns to be comparatively
easy and was solved in [3]. The distinctive property of such Leibniz superalgebras is that
they are single-generated. The next step — the description of Leibniz superalgebras with
dimensions of even and odd parts, respectively equal to n and m, and with nilindex n + m
at this moment seems to be too complicated. Therefore, such Leibniz superalgebras can be
studied, for example, by applying restrictions on their characteristic sequences. Following this
approach in the present paper we investigate Leibniz superalgebras with the characteristic
sequence C'(L) = (n—1,1 | m). and with nilindex equal to n +m. Since such Lie superalgebras

with these properties were classified in [12], we shall consider only non Lie superalgebras case.

2 Preliminaries
All over the work we shall consider spaces and algebras over the file of complex numbers.
Definition 2.1 [11] A Zs-graded vector space G = Go @ G is called a Lie superalgebra if it
is equipped with a product [—, —] which satisfies the following conditions:

1 [Ga,Gp] € Gagpmod 2) for any a, B € Za,

2 [x,y] = —(—1)*[y, 2], for any x € G, y € Gg,

3 (D), [y, 2]] + (~D)*[y. [z,2]] + (1) [z, [z, 9]] = 0 — for any x € Ga, y € Gp,
z € G (Jacobi superidentity).
Definition 2.2 [3] A Zy-graded vector space L = Lo ® L1 is called a Leibniz superalgebra if
it is equipped with a product [—, —] which satisfies the following conditions:

1 [La, Lg] € Latgmod 2) for any o, 3 € Za,

2 [z,[y,2]] = [[@,y],2] — (=1)*P[[z,2],y] —for any x € L, y € Lo, z € Lg, (Leibniz
superidentity).

It should be noted that if in a Leibniz superalgebra L the identity

[2,9] = —(=1)*"[y, a]

holds for any = € L, and y € Lg, then Leibniz superidentity can be easily transformed to

Jacobi superidentity.

Thus, Leibniz superalgebras are generalizations of Lie superalgebras. For examples of Leib-
niz superalgebras we refer to [3].
The set of Leibniz superalgebras with dimensions of the even part (Lg) and the odd part

(Ly), respectively equal to n and m, we shall denote by Leib,, ,.

Definition 2.3 Let V =Vyae Vi, W = Wy d Wy — be Zy-graded spaces. We say that a
linear map f :V — W has the weight o (deg(f) = «), if f(Vg) C Wayp for any 8 € Zs.

Let us define the notion of homomorphism of Leibniz superalgebras.
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Definition 2.4  Let L and L' be Leibniz superalgebras from Leiby, ,,. A linear map f : L — L'
is called a homomorphism of Leibniz superalgebras, if the following conditions are satisfied:

1 f preserve gradation, i.e. deg(f) =0,

2 f(lz,y]) = [f(2), f(y)] for any z,y € L.

Moreover, if f is a bijection then it is called isomorphism of Leibniz superalgebras L and
L.

For given Leibniz superalgebra L we define a descending central sequence in the following
way:

L'=L, L' =[L" L.

Definition 2.5 A Leibniz superalgebra L is called nilpotent, if there exists s € N such that
L* = 0. The minimal number s with this property is called index of nilpotency (nilindex) of the

superalgebra L.

Definition 2.6  The set R(L) = {z € L | [L,z] =0} is called the right annihilator of a su-
peralgebra L.

Using Leibniz superidentity it is not difficult to see that R(L) is an ideal of the superalgebra
L. Moreover, elements of the form [a, b] + (—1)%°[b, a] belong to R(L).

Let L be an arbitrary Leibniz algebra or superalgebra of dimension n and let {e1,...,e,}
be a basis of the algebra L. Then the multiplication on L is defined by the products of the
basic elements, namely, [e;, e;] = > 1_; fyfjek, where ”yfj are the structural constants. Thus the
problem of classification of algebras or superalgebras can be reduced to the problem of finding
a description of the structural constants up to a non-degenerate basis transformation.

The following theorem from [3] describes nilpotent Leibniz superalgebras with maximal

nilindex.

Theorem 2.1  Let L be a Leibniz superalgebra of the variety Leib,, , with nilindex equal to
n+m+1. Then L is isomorphic to the one of the following two non isomorphic superalgebras:
. e, el =er1, 1<i<n+m-—1,

lei,e1] = eip1, 1 <i<n—1; (e e1] = e ,
[ei,ea] =2€i40, 1<i<n+m-—2

(omitted products are equal to zero).

Remark 2.1 From Theorem 2.1 we have that if the odd part L; of the superalgebra L in

the theorem 2.1 is non trivial, then either m =n or m =n + 1.

Let L = Ly @ Ly be a nilpotent Leibniz superalgebra. For an arbitrary element x € Ly, the
operator of right multiplication R, is nilpotent endomorphism of the space L;, where i € {0, 1}.
Denote by C;(x) (i € {0,1}) the descending sequence of the dimensions of Jordan blocks of the
operator R,. Consider the lexicographical order on the set C;(Lg).

The following notion in the case of Lie algebras was introduced in [13].
Definition 2.7 A sequence

L) = T
o) =(, max  Co(e) | max  Ci(@))

s said to be the characteristic sequence of the Leibniz superalgebra L.
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Similarly to [14, corollary 3.0.1] it can be proved that the characteristic sequence is invariant
under isomorphismes.

Let us introduce the analog of filiform Leibniz algebras in the case of Leibniz superalgebras.

Definition 2.8 A Leibniz superalgebra L is said to be of filiform, if C(L) = (n — 1,1 | m).
Denote by F, , the set of filiform Leibniz superalgebras.

For non-Lie filiform Leibniz superalgebras the existence of adapted basis is given in the

following theorem, which follows from the results of [4], [15].

Theorem 2.2  Let L be an arbitrary non-Lie filiform Leibniz superalgebra. Then there exists
a basis {x1, T2, ... Tn,Y1,Y2s - - -, Ym } Of the superalgebra L, in which the multiplication satisfies

one of the following three conditions:
T, 1] = xip1, 2<i<n-—1,

[
[Yj, 2] = yj+1, 1<j<m—1and for some x € Lo\ [Lo, Lol
[z1,x2] = auzs + 525 + - - + p_1Zp—1 + 0z,

[l’j, {EQ} = 0y j42 + Q5Tj43 +---+ Opt2—jTn, 2 < _] <n-— 2,

where the omitted products in Ly are equal to zero;

[, 21] = ®ip1, 3<i<n-—1,

[yj, x] = yj+1, 1<j<m—1and for some x € Ly \ [Lo, Lo],
[T1,72] = Bawa + Bs25 + -+ + BnTn,

(%2, 22| = Yan,

[, 22] = Pazjyo + Bsxjiz+ -+ Bno—jTn, 3<j<n—2,

where the omitted products in Ly are equal to zero;

¢) [xg,x1] = =[x, 2] =21, 3<i<n-—1,
(1, 21] = @y, (@2, 1] = a3, [T1,20] = —x3 + axp, [T2,22] = P,
[, 2] = =[x, ;] € in(@itj, Tigjq1, ..., L), 2<i<n—2, 3<j<n—i
[

Yi,x) = yj+1, 1 <j<m—1and for some x € Lo \ [Lo, Lo).

3 The Classification of Filiform Leibniz Superalgebras
of the Nilindex n+m (m #0)

Let a superalgebra L € F,, ,,, have the nilindex equal to n+m, and let {x1, z2,...,Zn, y1,%2, . -,
Ym + be basis of L.

From the restriction on the nilpotency index it is not difficult to see that the superalgebra L
has two generators, the first generator belongs to Ly and the second one belongs to L. Indeed,
from Theorem 2.2 we have that ys,ys, ..., ¥, are not generators. Therefore, the case when
both generators lie in L; is impossible and the case when both generators lie in odd part is

degenerated, since m = 0 (i.e. we have filiform Leibniz algebra).
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Lemma 3.1  In the three cases of multiplication in Theorem 2.2 instead of the element x one

can choose the element x1.

Proof Without loss of generality we can assume that = has the form: x = Ayx1 + Asxo, where
|A1] + |A2| # 0.

Let us investigate the first class of Theorem 2.2 and consider the three cases.
Case 1  Let A;(A; + As) # 0. Then applying the following change of basis:
1'/1 = Al.’El + Ag.’EQ, (E/Q = (Al + AQ)ZL’Q + A2(9 — an)xn,l,

2, =[x,_, 2], 3<i<mn, y;-:yj7 1<j<m,

we obtain that the first three multiplications in class a) do not change.
Case 2 Let A; = 0. Let us take change of basis in the form:

Ty = 11 + aAawy, where a # 0 and 1+ ads #0, xh = (1 + Az)xs +ads(0 — o)y 1,

x;:[nglvxll]a 3<i<mn, yllzyla y;':[y;?lax/l}’ 2<j<m

If we take sufficiently great value of the parameter a then we obtain that the first three

multiplications in the class a) also do not change.
Case 3 Let A1 # 0 and Ay = —As. Then taking the following change of basis:
) = Ayxy — Ayxg + axa, xh=awy+ (a— A1)(0 — ap)rn_1, a#0,

ap=[r_ 2], 3<i<n, yi=y, [j21]l=vi, 1<i<m—1,

i
it is not difficult to check that for sufficiently small value of the parameter a the first three
multiplications in the class a) are preserved.

Thus, we have shown that in the first case of Theorem 2.2 instead of x one can choose 1,
ie. the equality: [y;,z1] =yj+1, 1 <j<m—1

In the classes b) and c) for the same reason as in the first class and by using elementary
changes of basis obtained in [10], [16], one can show that the element can be replaced by the
1.

Note, that in the case m = 1 we easily obtain contradiction to the condition m # 0 (because

we have Lie algebra).

3.1 The case of F,, ,, (n=2)
In case F; 2 we have the following result

Theorem 3.1  Let L be an arbitrary Leibniz superalgebra from Fj o with nilindex equal to 4.

Then it is isomorphic to one of the following two non-isomorphic superalgebras:

[yhxl] = Y2, [yl,xﬂ = Y2,
1 1
[:Ehyl] = 2y27 [55272/1] = 2927
L, = 1 Ly, = 1
! [172’111] = 2y2, 2 [50273/1} = 2y2,
[y17$2] = Y2, [yl,xﬂ = Y2,
[y1, y1] = w2, [Y1,y1] = T2,

(omitted products are equal to zero).
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Proof Let {z1,22,y1,y2} be a basis of the superalgebra L. Evidently, Leibniz algebra Ly is
abelian.

Suppose that the element 1 is the generator. Then L? = {xs, 92}

Let [1,y1] = ays.

If we suppose that L3 = {3}, then [y2,%1] = cxy where ¢ # 0.

If « # —1, then sum [y1, 21] + [21, 1] = (1 + a)ys lies in R(L) = therefore, y» € R(L). And
since y2 € R(L), then [y, y2] = 0.

On the other hand, [y1,y2] = [y1, [v1, z1]] = [[y1, v1], z1] — [[y1, 1], y1] = —cx2. Hence, ¢ = 0
and we obtain contradiction to the assumption ¢ # 0.

If « = —1, then 0 = [z1, [y1, v1]] = 2[[z1,v1],v1] = —2[y2,y1] = —2cx3 = ¢ = 0 and again
we obtain a contradiction, i.e. L? # {z5}.

Thus, L? = {y2}, so0 [v2,9y1] = Bya, where 8 # 0 and [y1,41] = Y22, where v # 0 (since
x9 € L?\ L3). Without loss of generality, we can suppose that is equal to 1.

From Leibniz superidentity we obtain the following multiplication in the superalgebra L :

[y1, 21] = Yo,

[z1,y1] = aya,
L(a,B) = [x2,y1] = Bya, B#0,

[y1, 2] = 2By,

[y1,91] = @2

(omitted products are equal to zero).

Let us suppose the opposite case, i.e. the element x; is not a generator. Then without
loss of generality we can suppose that zs is a generator. Hence, L? = {z1, 2}, L? = {y2} and
[y1,y1] = 71, where 7 # 0. Using Leibniz superidentity and appropriate change of basis we

obtain the following multiplication in L :

[ylvxl] = Y2,
1
[:Ehyl] = 2y27
L((S’ 9) = [3?2’91] = 592;
[y1, z2] = Oy,
[y1,y1] = 71

(omitted products are equal to zero).

Taking a transformation of the following form:

2y = (0+ 1)z — 22,

/
Ty = T1,
/o

Y1 =Y,
[

y2 = Y2,

we obtain the embedding of the family L(4,8) into the family L(«, ().
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Let us consider the isomorphism problem inside the family L(«, 3), where

Y1, 71] = Y2,

[z1,91] = aya,
L(a,B) = [x2,y1] = Bya, B#0,

[y1, 2] = 2By,

[Y1,y1] = w2

Take the general change of the generators in the form:
] = a1x1 + asxe, Y) = biyr +baya,  where aiby(ay + 2a23) # 0.

Then expressing the multiplication in the new basis {z}, 2}, vy}, y5} via the basic elements

{x1,z2,y1,y2} and comparing coefficients of basic elements, we obtain

zh = biza, yh = bi(ar + 2a2)ys,
, _ama+al b
ar + 2ax0’ ©ap +2a28
Besides, it is not difficult to see that the following equality holds

’ 1 aq 1
o — = a— .
2 a1 + 2&25 2
Putting b; = \/alJrgaQﬁ, we have /' = 1. If a # é, then taking as = —agl, we obtain
1
5
Thus, we have obtained superalgebras L(0,1) and L (;, 1) , which are not isomorphic.

a’:O.Ifozzé,theno/:

In the case when a superalgebra from F5 ,,, (m > 3) has nilindex m + 2, the following result

is true.

Lemma 3.2  Let L be a Leibniz superalgebra from Fy ., (m > 3) and suppose that it has

nilindex equal to m + 2. Then L is Lie superalgebra.

Proof Let {x1,22,Y1,Y2,-..,Ym} be a basis of superalgebra L. Put
m
[Yi, y1] = Bize, 1 <i<m, [zj,y1]= Zaj,iyia J=12
i=2

Let us prove that xo can not be a generator. Suppose the opposite, i.e. x5 is a generator.
Then from Theorem 2.2 and conditions [L*, L] = L*+! [L! L7] C L**7 we have

LQ:{‘rlvy?a'”vyM}v LB:{yQa"'vym}v
L*=1° = {3, Y4, -+, ym} (since y3 = [y2, 71] and ys € L3 x € Lz),

i.e. we obtain a contradiction to the nilpotency of the superalgebra L. Therefore, we can take
the element x; as a generator. Then L? = {x2,%2, ..., Ym}.
Let s be a natural number such that zo € L®\ L5T1

Suppose that s = 2. Then
Li:{yi717yi7"'aym}7 3§Z§m+17 042,2#05 [ylayl] = T2.
Consider the product

(T2, y2] = [v2, [y1, 21]] = [[22, 1], 21] — [[22, 21], 0] = [a2.2y2 + a23Y3 + -+ + +02 mYm, 1]
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= Q22Y3 + @23Ys +  + Q2 m—1Ym-

Evidently, [z, 2] € L*\ L. On the other hand [z2,y2] € L® (since xo € L? and yo € L3), i.e.
we obtain a contradiction to the condition s = 2.

Suppose that 3 < s < m. Then L' = {z2,y;,...,ym} for 2 <i<s,and L' = {y; _1,...,Ym}
for s+ 1 <i<m+1. Note that as; =0for2<j<s—1,as,#0and f,_1 #0.

Consider the product

Bs—1l[z2, y1] = [[ys—1, 1], 1] = 2[ys—1, [y1, 91] = 281 [ys—1, 22].
Since ag s # 0 and z9 € L*, ys—1 € L* !, then 0 # B1[ys—1,22] € L** 1.

On the other hand, [x2,y1] = Q2.sYs + @2 s41Ys+1 + **+ + @2 mYm € LT\ L5F2 and since

2s — 1 > s+ 1, then we obtain a contradiction to the condition 3 < s < m.

Thus, s = m + 1. Therefore L' = {z2,%i, ..., Ym}, 2 < i < m, L™ = {25} and 3, # 0.

Applying Leibniz superidentity we have:

Wi, yj] = (=17 Biyjr122, I<i+j<m+1,
[z1,¥:] = a1 2¥i+1 + @1 3Yit2 + - F A1 mtic1Ym, 1 <i<m—1.

Suppose that the sum [y, z1] + [21,91] = (1 + @1,2)y2 + @1,3Y3 + - + Q1 Ym, Which lies
in R(L) is different from zero. Then multiplying sufficiently times from the right side by the
element x1, we obtain ¥, € R(L). Hence, [y1,ym] = (—=1)" " B,22 =0, i.e. B, = 0 and so, we
have contradiction to G, # 0. Thus, [x1,y;] = —¥:i+1. Furthermore, from

0 = [z, [ys wil]l = 2[[w1, vl v = —2[yis1, 9] = 2(—=1)"'Pagwy = B2 =0, 1<i < { 9 } ;
we have that m is odd and [y;, y;] = [y, ¥i]-

Thus, we have proved the identity:

[a,b] = —(~1)*?[b,a], for any a € L,, b€ Lg.

The following theorem contains a classification of Lie superalgebras from the set Leib,, .,
with nilindex equal to n + m.

Theorem 3.2 [12] Let G be a Lie superalgebra from Fs ,, with nilindex equal to m+ 2. Then

n =2, m is odd and there exists a basis {x1,T2,Y1,Y2,...,Ym} of the superalgebra G such that

its multiplication w.r.t. this basis has the following form:
[Yi,v1] = yiy1, 1<i<m-—1,
[merlayi] = (_1)i+1x23 1 é { S

(omitted products are zero).

2

Remark 3.1 It is easy to see that the superalgebra from Theorem 3.2 belongs to Fj ,,.

3.2 The Case of F,, ,,, (n > 3)
Put [z, 91] = 37, a5y, 1 < i <.

If 21 is a generating basic element, then put

n
Wil = > Bijuy, 1<i<m,
=2
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In this notation we have

Lemma 3.3  The following equality holds:

min{i+j—1,m}—1 n—j+k+1
[yi, yj] = Z (—1)kcf_1 Z BitktTe+j—k—1, (3.1)
k=0 t=2

where 1 <7 <m, 1 <i<m.

Proof The proof is found by induction on j at any value of i.

Lemma 3.4  Let L be a Leibniz superalgebra from F, ., (n > 3) with nilindex equal to n+m.
Then x4 can be supposed to be a generator.

Proof Obviously, we can take either x1 or x5 as a generator of the superalgebra L which lies

in Lg. Suppose that z1 is a generator. Let s be such a number that x5 € L*\ L5*!. Suppose

s=2.Then L? = {®a, 23, ..., Tn, Y2y, Ym}, L ={x3,. .., Zn, Y2, ..., Ym} and [y 2 # 0.
From Leibniz superidentity we have

[$i+17y1} = [[%‘7331],91] = [Sl?i, [56172/1“ + [[wi,yl],wﬂ
m m m

= {xi, Zai,jy]} + {Zai,jyjaxl} = ZAi+1,jyja 2<i<n-—-1
j=2 j=2 j=3

Hence, yo € L3\ L*, i.e. L* = {a3,...,%0n,Y3,Y4,---,Ym}. Therefore there exists t > 2 such
that B3 # 0 and ag 2 # 0.
Consider the products

[z, [y1, y1]] = 2[[z2, y1], 91] = 2[a2,2y2 + @2.3y3 + ... + Q2 Y, Y1 (3.2)

(T2, [y1, y1]] = (22, B12w2 + Br3w3 + ... + B1nTn]. (3.3)

Evidently, coefficient of the element z3 in (3.3) is equal to zero. Therefore, if f23 # 0,

then from (3.2) we have the existence of to > 2 such that £, 3 # 0. Thus, z3 € L° and

L5 ={x3,.. ., %0, Ysy - Ym}-
Consider the products

1, [y, ] = 2[[y1, v, 3] = 2|:Zﬁlﬂ'$iay1:| = 2251,1' [zi,y1] s (3.4)
=2 i=2

[y, [y1, 91]] = [yl, Zﬂl,m] = Bi2[yr, z2] + {%Zﬂlﬂi]- (3.5)
i=2 i=3

Since ag o # 0 and L° = {x3,...,Zn, Y4, ..., Ym}, then from (3.4)~(3.5) it follows that in
the decomposition of [y, z2] the coefficient at the basic element ys is equal to 2aq 2.

Using Leibniz superidentity and Theorem 2.2, we have that in the decomposition of [ya, 2]
the coefficient at basic element y3 is equal to 2a 5. Since Y2 € L3 and x4 € L2, then [y2, 2] € L’
and, hence, y3 also lies in Ls, i.e. we obtain a contradiction which implies that s > 3.

Suppose that s < m. Then Bs_12 # 0, L' = {2,T3,...,Tn, Yi, Yit1,- - Ym}, 2 < i < s and

LS+1 = {1'3,1'47 e Ty Ysyee s 7ym}
From the equality (3.1) we have expression
s—1 n—s+k+1

[y17ys]=Z(—1)ka,1 Z Blk,txtJrsfkfh

k=0 t=2
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in which the coefficient 3, ;2 occurs. Taking into account the equality [ys,y1] = CS~} o

Bs.+xt, we conclude that z3 € lin([y1, ys), [Ys, ¥1], T4, 5, . . ., x,). Therefore, L2 = {z3, 24, ..

LTy Ys1y e ym—17ym}7 Ys S Ls+1 \ Ls+2 and Q2 s 7é 0.
Consider the products

*

[Ys—1, [y1, n1]] = 2[[ys—1, 1], 1] = 2 {Zﬁs—l,il‘i; y1:| =28 12025s + Y diyi. (3.6)

=2 k>s+1
n n
[ys—1, [y, 91]] = [ Yy 1, Y B, zxz] = Brilys—1,i]. (3.7)
1=2 =2
Since Ls—l = {1'2,1'37 s Ty Ys—15Ysy - e 7ym} and LS = {anxSa ey Ty Ysy Ys+1s - - 7ym}a then

from (3.6)—(3.7) we have ys € L?**~!. Since for s > 3, the inequality 2s — 1 > s + 1 holds, we
obtain a contradiction to the condition ys € L*T\ L2, from which it follows that the case
3 < s < m is impossible.

It is easy to see that s =m + 1 and

LZ:{$2;z3a"'7xn7y’iayi+lv"'7y7n}7 2S1Sma
Lm+i_1 = {xiaxi+la"'axn}; 2 SZSTL,
Lm+n — {0}

For basic elements of L’ we have
[zi,y;] = [y, 2] =0, 2<i<n, 1<j<m,
[Yms 1] = Bm,222 + Bm3%3 ++++ + BmnTn, where B2 # 0.
The element [y1, 1] + [z1,y1] = (1 + 1.2)y2 + 1,3y + - - + @1mYm belongs to R(L).
Case 1 Assume that [y;,21] + [z1, 1] = 0.

Then consider the products

@1, [Ym, )] = [[21, Y], v1] + 21, 91] Ym] = —[v2, yml]
m—2 n—m+k+1
= - Z 07]:1_1 Z 52+k,t1‘t+m—k—1-
k=0 t=2

[xla [yrmyl = |}C1;Zﬂm zx:| xlaxz]

Comparing coefficients of the basic elements in products in the classes a) and b) of Theo-
rem 2.2, we obtain Y ., By (21, 2;] € lin(za, x5, ..., x,) and, hence, By, 2 = 0.

Thus, we obtain a contradiction to §,, 2 # 0.

If the multiplication in L belongs to the class b) of Theorem 2.2, then Y7, By, i[21, ;] =
— ZZ 9 ﬂm i%i+1. Comparing coefficients at the element zs in the above products we obtain
Bm,2 = (—1)™ B, 2. For m > 3 we have 3,, 2 = 0, i.e. in this case we also obtain a contradiction.

For m = 2, consider the product
(21, [y1, 1)) = 2[[w1, v1) 1] = —2[y2, 1] = —22@ i

On the other hand, [z1, [y1, y1]] = [z1, D1y Br,i%] = — Zi;Q B1,iTit1, hence, B2 2 = 0.
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Case 2 Now assume that [y1,21] + [21,y1] # 0. Then by argumentations as in Lemma 3.2 we

have y,,, € R(L). Therefore,
n—m-k+1

m—2
0= [y2,ym] = Z(*l)kcrkn—l Z BotktTt4m—k—1 = PBmz2 =0
k=0

and again we obtain a contradiction to 3,, 2 # 0.
Thus, x1 can not be a generator and so as a generator we can choose 5. O

Now let x5 be a generator. Then put

y1,a?2 Zazyw yzayl Z B’L,]‘rj

Jj=1,j#2
Lemma 3.5 Let L be a Leibniz superalgebra, which belongs to the class b) of Theorem 2.2.

Then its nilindex is less than n + m.

Proof Suppose the opposite, i.e. nilindex of superalgebra L is equal to n + m.
Let {x1,22,.. ., Zn,Y1,Y2,---,Ym} be the basis of L.
We'll show that [y1, yi] + [y, y1] € {4, 25,...,2,} for any 2 <i < m.
Consider the product

ly1,92] = [y1, [y1, z1]] = [y, val, 21] = [[yr, 2], w1

m
= [ Z 51,]'37]‘,1‘1} = y2, 5] = [y, 92 + 2,01 Zﬁm%ﬂ € {za, @5, ..., 20}

J=1,j#2 i=3
Similarly to the proof of Lemma 3.4 we conclude that yo € L3\ L*. Therefore, L? =
{$1;x3a"'axnvyZa"'aym}a L3 = {x3a"'7xn,y2a"'7ym}v L4 = {x37"'7xn,y37"'7ym}7 L5 =
{Za,. ., Tn, Y3, .-, Ym} and [1 1 # 0. Hence

[[y1, w1l 2] = [y, [yr, w2]] + [[y1, w2, 1] = [ylaéaiyi] + [iaiymm]

= Zaz([ylayz] + [ylvyl]) € {37471'5, .- 'axn}'

On the other hand,

n
[ly1,91], 2 [ Z 51,3%,962} = —Brazs+ Y Bujlzi, 2a).
J=1,#2 j=3
Since [x;, x2] € {x4,T5,..., 2y} for any 3 < ¢ < n, then $;; = 0. We have a contradiction to

the condition z; € L?, and therefore L? = {x3,...,2n,y2,...,Ym} and dim L/L? = 3. Thus,
the superalgebra L has nilindex less than n + m.

Lemma 3.6 Let L be a Leibniz superalgebra which belongs to F, ,, with nilindex equal to
n + m. Then either m = n or m = n — 1 and in the latter case in the class a) there exists a
basis {x1, T2, ..., TnyY1,Y2s .-, Ym} Of the superalgebra L such that its multiplication has the

following form:

[$17$1] = I3,

[CL’i,xl]:.’Ei+1, QSZSTL—L
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:Civyl]: 2 2<’LST?,*1,
Y1, y1] = z1,

[

[

[

[

lyjsy1] = xje1, 2<j<n—1,
[

[, x2] = QaTjqo + a5Tjqys + - + Qpyo_jTn,

[Y1, 2] = quys + asys + -+ @ 1Yn—2 + O0Yn_1,

[Y), To] = u¥jio + sYjpz 4+ Qg1 jYn—1, 2<j<n—3,
where omitted products are equal to zero.

Proof Since x3 and y; are generators of L, it follows that 31, # 0. Without loss of generality
we can assume that [y1,y1] = z1. Considering the subsuperalgebra (y;) of the superalgebra L,
then from multiplication rules in the classes a) and b) we obtain
<y1> = {$1,$3,$4, ey Ty Y1, Y2, - vym}
The subsuperalgebra (y;) is sigle-generated and from Theorem 2.1 we have that either

m =mn— 1, or m = n and the multiplication in (y;) has the following form:
[z1, 1] = 23,
(@i, 21] =241, 2<i<n-—1,

i, 1] = yjp1, 1<j<m—1,

1
[xlayl] = 2y23

1 .
[-/Eiayl]: 2yia 3S1Sma
[y1,91] = 21,

Wiyl =zj41, 2<j<n-1
(omitted products are equal to zero).
Suppose now that m = n — 1 and L belongs to the class a) of Theorem 2.2. Then using the

above multiplication rules we obtain

2
L® = {50175037~-~7$nay27~-~7yn—1}a

L2k_1 = {karl) Th42y oy Ty Yky Y415 - - - 7yn71}, 2 S k S n— 1;
L2k = {xk+laxk+27 v Ty Y415 Y425 - - - 7yn71}7 2 S k S n— 23
L2(n71) — {xn};

Lt =o.

In the superalgebra L consider multiplication on the right side by the element xs.
Since [y1,x2] = asys + asys + -+ + ap_1yn—1 then
n—i

[Yi, @2] = [[yi—1, 21] 22| = [yi-1, [21, T2]] + [[yi—1, 22], 21] = Zakyzdrkfh 2<i<m.
k=2
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Furthermore, [x2,y1] = baya +bsys + - -+ bp—1Yn—1. Then by Leibniz superidentity we have

(T2, [y1,y1] = 2[[x2, y1], y1] = 2[bay2 + b3ys + -+ + bp—1Yn—1, y1]
= 2b21’3 + 2b3£[,’4 + -+ 2bn71xn~

On the other hand, [xo, [y1,y1] = [22,21] = x3. If we compare the coefficients at the basic

elements, we obtain the following restrictions:

1
by = 9’ by =bs=--=0b,1=0.
Therefore, [z2,y1] = éyg.
Consider the following equalities:
(22, y2] = [z2, [y1, 21]] = [[w2, y1], 21] — [[w2, 21], 91]
1 wan] = Lus - Lys =0
= 292,331 L3, Y1] = 2:93 2y3— .

Thus, we obtain the multiplication rules in the Leibniz superalgebra L.

Consider the product

Y1, [y1, w2]] = [[y1, val, w2]] — [[y1, w2], v1] = [z1, 22] — [a2ys + azys + -+ + an—1Yn—1, y1]-
On the other hand, [y, [y1,22]] = 0, i.e. equality 4x4 + dzs + -+ + Qp_1Tp—1 + 0z, =

asrs + azry + -+ + ap_17, holds. From this we have the following relations:
0=an—1, a2=0, a; =041, 3<i<n-—2.
Denote the superalgebras from Lemma 3.6 by L(ay, s, - .., oy, 0).
Proposition 3.1  Two superalgebras L(ag, as,...,an,0) and L' (y, af, ..., al,,0") are iso-
morphic if and only if there exists a € C' which satisfies the following conditions:
{ a; = a2(j_3)a;, 4<j<n,

0 = a?"=5¢'.

Proof Take the following general change of generating elements of the superalgebra L(ay, as,
cey Qp,0)

n—1 n
Y = Z Cilfi, Ty = Z d;x;, where cids # 0.
i=1 i=1
Then the expression for the element 2 in old basis has the form:
n—1
vy =[] = o+ Y cimiga
i=2

Expressions for x;H for2<i<mn-—1and y}H for 1 < j < n — 2 have the following form:

n—iu

Tipq :cfiflzckxkﬂ-, 2<i<n—1,
neg (3.8)
Yier = o Z CklYk+s, 1<j<n-—2
k=1
Since x% = [25, 1] = [2?21 dixi, ciry + ¢ E?:_Ql civiv1) = A (dixs + dows + dgwy + - +

dp_11y), then by comparing the coefficients at the basic elements in (3.8) for ¢ = 3 we obtain
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restrictions:
dl + d2 = C%,
(3.9)
di:clci,l, 3§z§n—1
The verification of the rest of products gives either an identity or the relations (3.9).
Applying (3.9), we obtain
n—1
[, 23] = [Cf:m +e1 Y cimigr, dimy + domy + c10aT3 + - + C1Cn_ 2T + dpiy
i=2
n—2 n—3
= C%d1£€3 + Cldl Z CiIZ?H_Q + Cldg Z[SEZ, CCQ]
=2 i=3
n—2
= c1dq Z Cittiyo + Ady(ouxy + asxs + -+ 12, — 1+ Ozy,)
i=2
n—3n+1—1
+Cld2 Z Z QL j4i—2-
i=3 j=4
On the other side,
[, w5] = gy + agas + -+ a1l + 0y,
n—3 n—4
=a (c‘{ Z ckxk+3> +af (cz Z ckxk+4> 4.
k=1 k=1
2(n—1
+al,_ 1( n— Schxk_m 2) +9’cl(n ).
If we compare coeflicients at the basic elements, we obtain the following restrictions:
dy =0,
k
2(i—1
C1d2 Z Cl4+1—iQj+3 = C? ch(l )ck+1,ia§+3, 1 < k <n-— 4, (3 10)
2(i—1 _
c1ds ( Z Cn—9—iQit3 + 019) = ( Z c; (i )Cn727ia;+3 + C%” 79/>.
_2U-)  gcicm
From (3.9) and (3.10) we have dy = ¢} and { ar,f(ln 6);“ ssgsnet
—c? _

In a similar way we have

[z, 5] = {01 E Ci%it1,C1 E Czwz+1:| = § CilTit, o)

n—3
=c E i(04Tigs + sTipa + -+ Qp_iTp_1 + Qpp1—iTy),
i=1
and on the other side,
/ ! /A ! ! / A
[15, 25] = @yl + 5Ty + -+ g7, g + QT
Therefore,
2n— 6

an, =" Cal,.
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Lemma 3.7 Let L be a Leibniz superalgebra from the family a) and m = n. Then there exists
a basis {x1, T2, ..., Tn,Y1,Y2, -, Ym} of the superalgebra L such that its multiplication has the

following form:

1
[z1,31] = v,

1
I’Layl]: 2%, 2S1<n?
ylayl} =7,

yj7y1]:$j+17 2§]§n_11

Tj, Ta] = QuTjtpo + Q5Tj43 +  + Qnyo—jTn,
| =ouys + asys + -+ an_1Yn—2 + 0yn—1 + TYn,
Y2, T2| = Qqys + asyYs + -+ Qpo1Yn—1 + Yy,
Yj To] = quyjio + a5yjis + o+ Qngojyn, 3 j <n—2,
where omitted products are equal to zero.
Proof The proof of this lemma is similar to the proof of Lemma 3.6.
Denote of superalgebra from Lemma 3.7 by M (ay, as,. .., an,, 0, 7).
Then we have the following criterion of isomorphism.
Proposition 3.2  Two superalgebras M (o, as, ..., an,0,7) and M (o, a5, ... o, 0", 7") are
isomorphic if and only if there exists a € C such that
a; =a®U o, 4<j<n,
0 = a*>"5¢',

T =a?""4r,

Proof The proof of this proposition is similar to the proof of Proposition 3.1.

Consider now the class b) of Theorem 2.2.

Lemma 3.8 Let L be a superalgebra from class b). Then in case when m = n — 1, there
exists a basis {x1,Za, ..., Tn,Y1,Y2,-..,Ym} of the superalgebra L such that its multiplication

has the following form:

&
=
8
)
I
=
&
N
+
X
31
8
o
+
_|_
£
8
5

]
x2, IZ] = VTn,
]

ﬁ4xj+2 + 655Ej+3 + -+ 5n+27jxn7 3<j<n-2
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[yhyl]:il,

[yj7y1] xz J+1 2§]§n_11
1

[xlayl] 2y2a
1

[:Euyl] 2 1 ?)S S 17

[yj, T2] = ﬁ4y]+2 + Bsyj+a + -+ But1—j¥n—1, 1 <j<n—3,
where omitted products are equal to zero.

Proof The proof of this lemma is similar to the proof of Lemma 3.6.

Denote the superalgebra from Lemma 3.8 by G(84, 55, .- -, B, 7Y)-

Proposition 3.3  Two superalgebras G(B4, Bs, ..., 0n,7y) and G(BY, 05, ..., 0,,7) are iso-
morphic if and only if there exist a,b € C such that

Bb; = a?U=2 3 4 < j <,
b27 _ a2(n—1),y/-

Proof Let us take the general change of generators in the superalgebra G (B4, Bs, ..., Bn,7) :

Z CilYi, Th= Zd x;, where cids # 0.

i=1
Then for new basic elements x} and yj we have the following expressions:

n—1
/ ro 2
=l =cdr+a Z CiTit1;
i=2
n—i
/ 2i—1 .
Tipr =1’ ch$k+ia 2<i<n-—1,
k=1
n—j—1
/ _ 27 .
Yji+1 =G Z CklYkts, 1<7<n-—2
k=1

‘We have

[xh, 2] [Zd i, 01:101 4+ Z CZ./L'Z+1} =i (dlfﬂg, + Z d; £Cz+1)
On the other hand [25, z}] = 0. Comparmg coefficients at the basm elements we obtain
di=d3=dy=-=dn1=0,

Le. xh = dowa + dpty.

Furthermore, we have

n—1 n—3
2 2
car+a E CiTiq1, Ao + dnxn‘| = c1ds[z1, x2]) + c1da E CilTig1, o]

[xlla x/Q} =
i=2 i=2
n—3
= cida(Bazs+ Bsxs + ..+ Butn) + 12 Y _ ¢ (Bativs + BsTisa + -+ Buoig1n)
=2

On the other hand,

/

[z}, 25] = Byxy + By + - - - + By,
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2 1
= 5401 Z CLTr43 + ﬂ5cl Z CrThysa + -+ ﬂ/ (n— ) Tn-

— k=1
Again, comparing coeﬂiments at the basic elements we obtain the following restrictions:
B3V = doy, 4<j<n (3.11)

Consider the product

[xh, 5] = [doxs + dpp, doxy + dpi,) = daya,.
On the other hand, we have [x}, 24] = +'z), = c?ni V2, ie. 7’02(" D= = d3y.
The verification of the rest of products gives either an identity or the above restrictions. [
Consider now the case when the superalgebra belongs to the class b) and m = n.
Lemma 3.9 Let L be a superalgebras from class b) and m = n. Then there exists a basis

{T1,29,, Tny Y1, Y2, - - -, Ym  Of the superalgebra L such that its multiplication has the form:
Ty, 71| = 3,

1] =41, 3<i<n-—1,

8

y]axl]_yj+1 1S]STL—2,

21, 2] = Bay + Bsxs + - + By,

[
[
[
[
[
[
[
[

&)

T, Ta) = YTp,

Tj, 2] = Batjyo + P53+ + Bnyo—jTn, 3<j<n—2,
Y1, Y1) = w1,
yja ] erl, QSJS’H—].,
1
[1,91] = o Y2
1 .
(i) = Jyi, 3<i<n—1,

2
[y1, x2) = Bays + Bsya + -+ + BnYn—1 + 0Yn,

[, 2] = Bayj2 + BsYjts + -+ PBnio—jYn, 2<j<n—2,
(omitted products are equal to zero).
Proof The proof of this lemma is similar to the proof of Lemma 3.8.
Denote a superalgebra from Lemma 3.9 by H (04, 85, ..., Bn,d,7)-
Proposition 3.4  Two superalgebras H (B4, s, .., Pn,0,7) and H(BY, 65, ..., 0,,0",7) are
isomorphic if and only if there exist a,b € C such that
bB; = a2 4 < jldn,
bs = a* Vg’
b2y = a?(n 1/,
Proof Similar to that of Proposition 3.3.

Consider the following operators which act on k-dimensional vectors:

vV )= (0,0 j61 1.8 . . 5942, gk—1 gk )
g,k ap,Q2,...,0L) = s Uy e ey 5 Ly m,ja]-‘rla m7ja]+2a"' m,jak—la m7jo‘ka

Vk"h,k(alaoé% oo a) =(0,0,...,0),
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j=13

gfk(0,0,..., 0 ,1,Sf;j;aSﬂH,SiijzasﬂJrg,...7an’jak,'y)

= (0,0, 1,0, T S5 g, S5 P SE T, SRS 2y,
Wity (0,070 85 ayan, 87 20000 S o) = (00,10, 1),
Wiy 00,0, 70 1, 87 a1, 89 200420 0 SE ) = (0,0,...,1,0,....,0),

where k e N, 1 <j<k,1<s<k-—j Sn t—cos%m—l—lsm%m (m=0,1,...,t—1).

Theorem 3.3 Let L be a filiform non-Lie Leibniz superalgebra with nilindex equal to n +

m. Then for m = n — 1 it is isomorphic to one of the following pairwise non-isomorphic
superalgebras :
L (Vin-s(aa,a5,...,00), S5 20), 1<j<n-3,
L(0,0,...,0,1),
L(0,0,...,0),
G (Wsp—2 (Vin—3(B1,B5,---,Bn),7), 1<j<n—-3, 1<s<n—j
G(0,0,...,0,1),
G(0,0,...,0).
Proof First we consider the family L(ay,as,...,an,0). From Proposition 3.1 we have the

following conditions
a; =a?l- 3)a , 4<j<n,

0 = a2n—69/

Case 1 Let a; =0 for any 4 < i < n. Then if § = 0 we obtain the superalgebra L(0,0,...,0).
If 6 # 0, then taking a = *"V/#, we obtain §’ = 1, i.e. the superalgebra L(0,0,...,1).
Case 2 Let a; = 0 for any i, for certain ¢t (4 <t < n) and a; # 0. Then putting a*>(*~3) = o,

2 2
<1ea12— t—\3/ (costf3 +isintf3) (costin; —l—isintin;)),

where ¢ = arg(alt), m=0,1,...,t —4), we obtain

1

Qi

a, =1, at+375mt3ut+1 for1<j<n-—t 0= S"tgl/

t4+5—3 .
where My = |at | t—3 (COS S"(t:;]g—3) +isin W(t:;jg—?))) ity
n—3
k= 3 -3
V= cos w(n—3) +1isin wln —3) .
o t—3 t—3

Thus, in this case we obtain the following family of superalgebras
L (Vj,n,g (q, a5,y ) ,Sg;jgg) , 1<j<n-3.
Consider the family of superalgebras G(f4, B, - - ., Bn, 7). From Proposition 3.3 we have the

following conditions:
Bbj = a”i=2G, 4 < j <,

b27 _ a2(n—1),y/-
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Case 1 Let f; = 0 for any i < t, where 4 < ¢ <n and §; # 0. Then putting b= """ we
obtain 5
' j : 2(2t—n—3) Y
Bi=1, Ba¥="""7 (1<j<n—t), ¥ =al®" )52.
t

B
Case 1.1  Let 844 =0 for any j < g, where 1 < ¢ <n—t (44 # 0. Then taking

al= & (cos(p —|—isin('0>7 where w:arg( & ), m=0,1,...,qg—1,
Br+1 q q Br+q
we obtain
Biygri =S8N yqr; 1<j<n—t—1) o =837y,
q+j . .
where \iyq1j = |Btﬁ<:q | * (cos «P(qqﬂ) +isin w(qqﬂ))ﬁt_i_qﬂ,
n+3—2j i i
| P (Cosw(n+3—2j)+ismso(n+3—2j))v
Bt+q q q 532-

Thus, in this case we obtain the following family of superalgebras:
G Wsn—2(Vin—3(B1,B5,---:00),7), 1 <j<n—4,1<s<n-3-j

Case 1.2 Let 8444 =0 for any ¢ € {1,2,...,n — t}. Then we have 7/ = a?(t=n=3) gz, ie. we

t
obtain two superalgebras

Case 2 Let §; = 0 for any t € {4,5,...,n}. Then taking into account that 7/a2("~1) = b2,
we obtain the superalgebras
G(0,0,...,1), G(0,0,...,0).
In a similar way one can prove the following theorem.

Theorem 3.4  Let L be a filiform non-Lie Leibniz superalgebra with nilindex equal to n +m.

Then for m = n it is isomorphic to one of the following pairwise non-isomorphic superalgebras:
M (ij_g (g, a5, . .. ) ,S;l;f@) , 1<j<n-—-2
M(0,0,...,0,1),
M(0,0,...,0),
(

H W@,n—l (‘/j,n—Q (547ﬂ5a"'a/8n)7’y))v 1 S] Sn72; 1 §5§n+17]7
H(0,0,...,0,1),
H(0,0,....,0).

Proof Similar to that of Theorem 3.3.
Thus, summarizing the results of Theorems 3.1-3.4 we obtain the classification of all filiform

Leibniz superalgebras with nilindex equal to n 4+ m, where m # 0.
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