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FEW REMARKS ON EVOLUTION ALGEBRAS

ABROR KH. KHUDOYBERDIYEV, BAKHROM A. OMIROV, IZZAT QARALLEH

ABSTRACT. In the present paper we study some algebraic properties of evolution algebras. Moreover,
we reduce the study of evolution algebras of permutations to two special types of evolution algebras,
idempotents and absolute nilpotent elements of the algebra. We study three-dimensional evolution
algebras whose each element of evolution basis has infinite period. In addition, for an evolution
algebra with some properties we describe its associative enveloping algebra.

Mathematics Subject Classification 2010: 17D92, 17D99.
Key Words and Phrases: evolution algebra, algebra of permutations, absolute nilpotent element,
idempotent, algebra of multiplications, associative enveloping algebra.

1. INTRODUCTION.

In 20s and 30s of the last century the new object was introduced to mathematics, which was the
product of interactions between Mendelian genetics and mathematics. One of the first scientist who
give an algebraic interpretation of the ” x” sign, which indicated sexual reproduction was Serebrowsky.

It is known that there exists an intrinsic and general mathematical structure behind the neutral
Wright-Fisher models in population genetics, the reproduction of bacteria involved by bacteriophages,
asexual reproduction or generally non-Mendelian inheritance and Markov chains. In [10] a new type
of algebras was associated with it — the evolution algebras.

Although an evolution algebra is an abstract system, it gives an insight for the study of non-
Mendelian genetics. For instance, an evolution algebra can be applied to the inheritance of organelle
genes, one can predict, in particular, all possible mechanisms to establish the homoplasmy of cell
populations.

The general genetic algebras developed into a field of independent mathematical interest, because
these algebras are in general non-associative and do not belong to any of the well-known classes of
non-associative algebras such as Lie algebras, alternative algebras, or Jordan algebras.

Until 1980s, the most comprehensive reference in this area was Worz-Busekros’s book [11]. More
recent results, such as genetic evolution in genetic algebras, can be found in Lyubich’s book [7]. A
good survey is Reed’s article [8]. In Tian’s book [10] a foundation of the framework of the theory of
evolution algebras is established and some applications of evolution algebras in the theory of stochastic
processes and genetics are discussed. Recently, Rozikov and Tian [9] studied algebraic structures
evolution algebras associated with Gibbs measures defined on some graphs. In [2], [5], [6] derivations,
some properties of chain of evolution algebras and dibaricity of evolution algebras were studied. In
[1], [3], [4] certain algebraic properties of evolution algebras (like right nilpotency, nilpotency and
solvability etc.) in terms of matrix of structural constants have been investigated. In fact, nilpotency,
right nilpotency and solvability might be interpreted in a biological way as a various types of vanishing
(”deaths”) populations.

The present paper is organized as follows: In Section 2 we give some definitions and preliminary
results. In Section 3 we reduce the study of arbitrary evolution algebra of permutations into two spe-
cial evolution algebras. Section 4 is devoted to the description of n-dimensional associative enveloping
algebras of n-dimensional evolution algebras with some restrictions on rank of the matrix A of struc-
tural constants. Moreover, associative enveloping algebras for 2-dimensional evolution algebras are
described, as well. In Section 5 we establish some properties of three-dimensional evolution algebras
whose each basis element has infinite period.

Throughout the paper we consider finite-dimensional evolution algebras over a field of zero charac-
teristic. Moreover, in the multiplication table of an evolution algebra the omitted products are assumed
to be zero.

2. PRELIMINARIES.

Let us define the main object of this work - evolution algebra.
1
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Definition 2.1. [10] Let (E,-) be an algebra over a field F. If it admits a basis {e1, ez, ...} such that

ei-e; =0, fori#j, e; e = E airer, for any i,
k

then this algebra is called evolution algebra.

It is remarkable that this type of algebra depends on evolution basis {e,es, ... }.
In the following theorem we present the list (up to isomorphism) of 2-dimensional complex evolution
algebras.

Theorem 2.2. [4] Any 2-dimensional non abelian complex evolution algebra E is isomorphic to one
of the following pairwise non isomorphic algebras:
(1) dmE? =1
o E1 . e1e1 = eéeq,
[ E2 . 6161 = €1, e€g€ey =€,

e [3: eje; =e1+e2, €63 = —e1 — €2,
o [y: eje; =es.
(2) dim E? =

e F5: eje; =ep +agea, eses =ase; +e2, 1—asaz#0, where Es(az,as) = Ef(as,asz),
o Fg: eep = e, ez = e1 + ages, where for ay # 0, Eglag) = Fgla)) & =2 =
cos% + i sin % for some k=0,1,2.
Further we shall show the role of idempotents and absolute nilpotent elements of an evolution
algebra.

Definition 2.3. An element x of an evolution algebra E is called idempotent, if xx = x. An element
y of an evolution algebra E is called absolute nilpotent if yy = 0.

Consider a complex evolution algebra E,, (a1, ag, ..., a,) with a basis {e1, e, ..., e,} and the table
of multiplications given by
€€ = ainyp), 1<i<n,
€i €5 = 0’ { # j7
where 7 is an element of the group of permutations S,,.

An evolution algebra E,, (a1, az,...,a,) is said to be evolution algebra of permutations.

In what follows, by a cycle permutation we mean a permutation in which a part of symbols
{li,l2,...,l:} € {1,2,...,n} are cyclic permutated and the rest ones are stationary, i.e., l; — lo —
<+« = 1y — 11, and we denote m = (I3, 12, ..., ;).

It is known that any permutation is up to order uniquely decomposed into product of independent
cycles.

For permutations of the form 7 = (Iy,ls,...,1.)(m1,ma,...,ms) ... (p1,p2,...,p¢) it is known the
following result.

Proposition 2.4. Two permutations are conjugated in Sy, if and only if the corresponding sets
{r,s,...,t} are coincided.

Definition 2.5. [10] An evolution algebra E with a table of multiplications

eiei =Y airer, aie;=0,i#]
k
is called Markov evolution algebra if > a; , = 1.
k

For a given element x of an evolution algebra E we consider the right multiplication operator
R, : E — E defined by R,(y) =yz, y € E.

Note that operators of right and left multiplications are coincided, since evolution algebras are
commutative.

For an evolution algebra E, by M (FE) we denote an associative enveloping algebra which is generated
by the set R(E) = {R, | x € E}. It is clear that M(FE) is a subalgebra of End(FE).

For an element « € E we define plenary powers as follows:

2V =g, ) =M. gk >
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Definition 2.6. Let e; be a generator of an evolution algebra E, the period d of e; is defined to be the

greatest common divisor of the set {logom | e; < eg.m]}. That is

d=g.cd{logom | e; < eg»m}}.

3. EVOLUTION ALGEBRA OF PERMUTATIONS
Let us first present two important examples of evolution algebra of permutations.

Example 3.1. Consider the following evolution algebra:
ei-e=¢é€41, 1<i<n—-1,
E, : en * ey = €1,
e; - e; =0, i ]
Evidently, the algebra E,, is evolution algebra of permutations of the form Ey »(1,1,...,1), with 7 =
(1,2,3,...,n).
Example 3.2. Evolution algebra defined as follows:
e e =¢ée+1, 1<i<n—1,
EN,, : en-en =020,
e;-e; =0, i # 7,
is the algebra of permutations of the form E, »(1,1,...,1,0) with 7 = (1,2,3,...,n).
Note that F,, EN,, are single-generated simple and nilpotent evolution algebras, respectively. More-
over, algebras F1, EN; define one-dimensional evolution algebras, whose basis elements are idempotent

and absolute nilpotent elements, respectively.
Now we shall consider some properties of evolution algebra of permutations.

Proposition 3.3. Let E, r(a1,az,...,a,) be an evolution algebra of permutations with the following
conditions:

(i) a; # 0 for all i (1 <i<n),

(ii) @ = mp omg 0 -+ 0w, where m = (l1,la,...,lk,), 7@ = (m1,ma,...,Mk,), ..., Tp =
(p1,p2,.--,DK,.) are independent cycles and k1 + ko + -+ + k. = n.

Then

Enr(ar,a2,...,an) = Egy 5y (b1,b2,. 0 bk, ) @ By my (€152, 0005 Chy) @ © By, n, (day da,y - - - d, ).
Proof. The isomorphism is provided by the following change of basis:

€i,1 = €, 1§Z§k17 ei,2:emi7]~§i§k27 ) €i,r = €p;» 1§Z§k’r‘
Thus, we have the evolution algebra Ej, , (*,%,...,%) with the basis e; 5, 1 <i < ks, 1 <s<r
and
En’,r(aha% - ,an) = Ek’laﬂ'l (bl, ba, ... , bkl) (&) EkQ’ﬂ—z(Cl, Coy .y Ckz) D---D Ekmﬂ'r(dlv da, ... , dkr)
for some non-zero values of b;, c;, ..., ds. O

In the following proposition we specify more details on the terms of direct sum in the statement of
Proposition 3.3.

Proposition 3.4. Any evolution algebra of permutation E, -(a1,a2,...,a,) with 7 = (I1,l2,...,1y)
and condition a; # 0 for alli (1 < i < n) is isomorphic to the algebra Ey x(a1, ax(1), .-, Qrn-1(1)) with
™= (1,2,...,n).

Proof. The isomorphism is established by basis permutation:

el = ey, egzeﬂi—l(l), 2 <4< n.

Theorem 3.5. Any evolution algebra of permutation E, (a1, az,...,a,) with 7 = (I1,1l2,...,1,) and
condition a; # 0 for all i (1 < i < n) is isomorphic to the algebra E,,.
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Proof. Taking into account Proposition 3.4 it is sufficient to establish isomorphism between evolution

algebra E, (a1,az,...,a,) with 7 = (1,2,...,n) and non zero values of a;, 1 < i <n and evolution
algebra FE,,.
The application of the following scaling of basis:
/ , . n 1
e; = Aje;, 1<i<n with A4; = 2"/ ————— TN T ,
a;" azl T ...a2 T at a3 Lai
deduces products
ejreg=¢€p, 1<i<n-—1,
€ - €p = €1,
e; e =0, i
0
Now we consider the case of a; = 0 for some i € {1,2,...,n}.
Proposition 3.6. Any evolution algebra of permutation E, (a1,as,...,a,) with m = (I1,l2,...,1,)

and condition a; = 0 for some i € {1,2,...,n} is isomorphic to the algebra ENy, ® ENg, ®--- B ENy, .
Proof. Similarly to the proof of Proposition 3.4 taking the change
el =e, e, = exi-1(1); 2 <1< n,

we can suppose 7 = (1,2,...,n).

Let a;, = a;, =---=a;, =0 for iy <i2 < --- <1, and the rest are non-zero.

If 4, = n, then similarly as above we can assume that all a; = 1 for 1 < ¢ < n — 1 and hence,
E, r(a1,a2,...,a,) with m = (1,2,...,n) is isomorphic to the algebra E,.

If 7, < n, then taking the following change of basis:

1 .
€s =€ ts, 1 <s<m—ip,

1 _ .
en—i7~+s = €s, 1 S S S 11,

2 . .
€; = €15, 1 <5 <ig — iy,

- o
€y =€ _y4s, 1 <8< iy —1pq.

we obtain that E, r(a1,a2,...,a,) with # = (1,2,...,n) is isomorphic to the algebra
ENg, (a1,...,a5,-1) ® ENg,(b1,...,bgy—1) ® -+ ® ENg (c1,...,¢k.—1), where each of the algebra
ENg, (#,%,...,%), 1 < s <r has the model of the following evolution algebra:

e e =ajeir, 1<i<k-—1,a;#0,
ENg(a1,...,a5-1): { wH i 7

€; € = 07 ) 75 ]
Taking the basis transformation in the algebra ENg(aq,...,ax—1) :
/ ’ ’ 2 ’ ok=2 gk-=3
€1 = €1, €5 = ajez, €3 = a1a2€3, ..., € = aj as o.aAp—1€ek

we have that ENg(aq,...,ar—_1) is isomorphic to the algebra E Ny, which complete the proof of propo-
sition. O

Below we establish the isomorphism of evolution algebras of permutations with given conjugated
permutations.

Theorem 3.7. If permutations m,m € S,, are conjugated, then evolution algebras Ey, r,(a1,...,an)
and Ey, x,(a1,...,a,) are isomorphic.

Proof. Let m1,m € S, are conjugated, then there exists g € S, such that gm; = meg. The map
[ Enx, — Enx, defined by f(e;) = ey(;) is isomorphism. Indeed,

iy, (i) = flaieq,i)) = f(ei-ei) = fle:) - flei) = aieg(iy * eg(i) = AiCmyg(i)-
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Thus, for an algebra E, (a1,...,a,) we can always assume that 7 = (1,2,...,n) and table of
multiplication is
e -ei=aie1, 1<i<n—1,
€n * €n = Gp€l,
e -ej =0, i # J,
where a; € {0;1}.
Proposition 3.8. An arbitrary evolution algebra E, »(a1,az,...,a,) withm™=(1,2,...,n) is isomor-
phic to the algebra E,, or the direct sum of evolution algebras ENy, & ENy, @ ---® ENy, .

Proof. If all a; # 0, then due to Theorem 3.5 we have that algebra E, r(a1,az,...,a,) is isomorphic
to the F,,.
Let a; = 0 for some k and a; # 0 for i # k. Taking the basis transformation in the following form:

/ !/ /
€1 = Alek+17 €y = A26k+27 sy € = A’nfke’ru
! ! !/
Ch_k+1 — An*]ﬁ*lela Cp_kio = Aﬂ*k+2€23 N Aneka
where
2 2n7k—1 2n7k—2
A1 = 1, Az = Ak+1, A3 :ak+1ak+2, ey An—k+1 :ak_H ak+2 ... Qp,
2n—k, 277,71@—1 2 27172 27173 2k71 2k72 21@—3
Ap_ky2 =0ahyq Qgyo -.-0na1, ..., Ap=ap,q a5, ...0q, aj a3 ...Qp_1,
we derive isomorphism between algebra E,, ~(a1,...,a5-1,0,a5+1,...,a,) and algebra EN,.
Applying similar arguments, we can establish that for (r + 1)-times of parameters a; are equal to

zero an algebra E, (a1, as,...,a,) is isomorphic to

E‘]Vk1 D ENk2 D---D ENIc,.-

We resume the above results in the main theorem of this section.

Theorem 3.9. An arbitrary evolution algebra of permutations E, »(a1,az,...,an) is isomorphic to a
direct sum of algebras E,,, Ep,, ..., E, , ENg,, ENg,, ..., ENy , i.e.,

En’ﬁ((l17(l27...,an) = E’p1 @EPQ EB-“@EPS EBENkl @ENkz D--- EBEN]CT

In the description of evolution algebras of permutations from above theorem we get the importance
of algebras E,,, EN,,, idempotents and absolute nilpotent elements.

4. ASSOCIATIVE ENVELOPING ALGEBRAS OF SOME EVOLUTION ALGEBRAS

For a complex two-dimensional evolution algebra FE of the list of Theorem 2.2 we describe its
associative enveloping algebra M (E):

10
M(Ey) = alg <R61 = ( >%xa:=a:;
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M(Es(az, as))(azas # 0) = alg <Re1 = <(1) %2> ; Re, = (0 (1)>> = M(C);

as

M (Eg(aq)) = alg <R61 = <8 (1)> , Re, = <(1) 54>> = M,(C).

n
Take the element x = > z;e;. Let 2 - = 0, then we have

i=1
n n n n n n
T = (szez)(szel) = Zl‘g Zai,jej = Z (Zx?am)ej.
i=1 =1 =1 j=1 j=1 =1

From this we have
2 2 2
a11xf +a125 + -+ ap 2, =0

CLLQ{E% + ag,gxg +---+a, 2:17% =0

al,nx% + ag’nx% +---+a, nx% =0

This system has a non-trivial solution if and only if detAt = detA = 0.

Note that for the case of Markov evolution algebra, by summing above equalities, we conclude
2?2 + 23+ -+ + 22 = 0. If Markov evolution algebra is real, then x; = 0, 1 < i < n, that is, z = 0.

Thus we proved the following proposition.

Proposition 4.1. A complex evolution algebra has non-trivial absolute nilpotent elements if and only
if detA = 0. Moreover, if real evolution algebra is Markov, then it has only trivial absolute nilpotent
elements.

For an n-dimensional evolution algebra FE we consider an associative enveloping alge-
bra M(E). Due to linearity the right multiplication operator one gets M(E) = alg <
R., | e; is a basis element of E >.

n
Using the equalities Re,(e;) = > a; xer and Re,(e;) = 0 for ¢ # j, we obtain a matrix form of R.,
k=1

as follows:
n
R, = E ;€4 ks
k=1

where ¢; ; are matrix units.
One can get

n
ReiRej = Q4,5 E A5 k€ k- (41)
k=1
From (4.1) we conclude that dimM(E) =ry +ro+ -+ 4+ r, with
a;1a11  @;1012 ... Q101 n
;2021 G;2022 ... ;202 n
r; = rank
A;nln,1 A nln2 e @i nQn,n

Further we shall consider some cases for n-dimensional evolution algebra E with structural constant
matrix A and satisfying the condition: dimM (E) = n.

Proposition 4.2. Let rankA = 1. Then associative enveloping algebra M(E) is isomorphic to one of
the following algebras:
M? vy =2, 1<i<s, 1<j<n.

Proof. Due to conditions of proposition we have the table of multiplication of algebra F :

n
e; e =t; E QaLC.
k=1
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The condition dimM (E) = n implies ¢; # 0 for any 4 (1 <i < n) and basis of M (E) can be chosen

as {Re,, Re,, ..., Re, }, where R, =t; > aye; . Therefore, the table of multiplication of the algebra
k=1
M (FE) has the form:
ReiRej = tjajRei, 1 < i,j <n.

By appropriate shifting of basis elements, without loss of generality, one can assume a; # 0 for
1<i<s, s<nanda; =0for s+ 1 < j <n. The scaling the basis elements e;, 1 <4 < s reduces
our study to the case of ¢t;a; = 1. Thus, we obtain the tables of multiplication of associative enveloping
algebras M?®. d

Below we present the description of n-dimensional associative enveloping algebras M (FE) for evolu-
tion algebra E with rankA = n.

Proposition 4.3. Let rankA = n. Then associative enveloping algebra M(E) is isomorphic to the
algebra
My : rix; =x; 1<i<n.

Proof. Taking into account in the equalities

n
R€¢R€j = Q4,5 Z ;. k€ik = BlRel + ﬂ2R€2 +-- 4+ BnRen

k=1
that {Re,, Re,, ..., Re, } are linear independent (they are forms a basis of M(E)), we conclude f; =0
for k # i.
Therefore,
ai; Y ajrein = BiRe, = B; ¥ aineik. (4.2)
k=1 k=1
From (4.2) we derive
aijajk = Biaik, 1<k<n. (4.3)
" . . ai1 @2 ... Qin .,
The condition rankA = n, implies rank ' ’ | =2 for any i # j.
CLj71 aj72 N aj,n

Using the arbitrariness k in the equality (4.3) we obtain
Qi = O, 7 #] = a; 7é 0.
Therefore,
ReiRe,y = amRe“ 1 S 1 S n.
By scaling the basis elements, we can suppose a;; = 1 and the algebra M is obtained. O

The list of n-dimensional algebras M (FE) for an evolution algebra, satisfying the condition rankA =
n — 1, is presented in the following theorem.

Theorem 4.4. Let rankA = n — 1. Then associative enveloping algebra M (E) is isomorphic to one
of the following algebras:

My : zzi=x, 1<i<n, 212, = T1, TpT1 = Ty,
Ms: xix,=x;, 1<i<n—1, x,21 = T,
My: zix;=x5 1<i<n—1, 2122 =2n, T1Tp = Tp, TpTas = Tp.

Proof. Without loss of generality, one can assume

ai,1 ay.2 cee a1,n
as 1 as 2 N az.n
A =
(n—1,1 an—1,2 cee Gn—1,n
n—1 n—1 n—1
(0710781 ;2 N Z [0 7107
i=1 =1 i=1
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n n—1
Case 1. Let R., = > ( 3 oyaik)ens # 0. Then {Re,, Re,, ..., Re,_,,Re,} is a basis of M(E).
k=1 i=1
Similarly as in the proof of Proposition 4.3, from the condition

rank (%1 ai2 ... ai7n> o,
a1 Qj2 ... Gjn
for any 1 <i,5 <n—1, i # j, we deduce
a;; =0, 1<4,j<n-1,1#j.
Consequently,

Re, = a; €5 +ain€in, 1<i<n—1

and
n—1 n—1
Ren = E QR0 kCn k + ( § asas,n)en,n-
k=1 s=1

If agagk # 0 for some k (1 < k < n—1), then without loss of generality we can suppose ajai,1 # 0.
Consider
Re R, = alai1€n,l + 101,101, nn -
Since the product R., R, should be expressed by R, , we conclude aparr = arary, =0, 2 <k <n—1,
which yield
ar,=0, 2<k<n-1.

If agpag = 0 for any k (1 < k < n — 1), then from the condition R, 7# 0 we have the existence
some ko such that ay, # 0. Hence, ai, r, = 0. Since rankA = n — 1, then ay 1 # 0 for any k # ko,
consequently, a = 0 for any k # ky. Without loss of generality, one can assume ky = 1.

Thus, in Case 1 we obtain

a,=0,2<k<n-—1.

Therefore,

R, R.,=0,2<i¢:<n-1, Re, Re, = a1 nRe,.

Consider
Re,Re, = (a; €5+ Ginein)(0a11en1 + Q101 nenn) = ain(01a11€,1 + @10 € pn)-

Since R, R, should belong to < R, >, we get a;,, =0, 2<i<n-—1
Thus, the table of multiplication of the algebra M (E) has the following form:

ReiRei = ai,iRei 1<i<n-— 17

RelRen = al,nRely RenRel = al,lRen7 RenRen = al,nRena

where (a1,1,01,,) # (0,0) and a;; # 0, 2 < i < n.
Considering the possible cases: ai,1a1,n, # 0 and a1 1a1,, = 0, one finds the algebras Ms, Ms;.

n
Case 2. Let R., = 0. Since a non-zero products of the form Re,Re; = a; > ajke; are linear
k=1
independent, we obtain the existence of a unique non-zero coeflicient a;, j,, 1 < 7, jo < n—1, ig # Jo.

Without loss of generality, we can suppose ig = 1,jo = 2, i.e. a12 # 0.
Therefore,

Qq,5 :07 1§Z7j <n-— 17 7’7&]’ (27.7) 7é (172)
ai,i;’éov 1S2Sn_1a

Putting z; = R.,;,1 <7 <n—1 and z, = ag2e1,2 + az n€1,,, we obtain the table of multiplications
of the algebra M (FE) in the form:

TiXq = Q4 4Tq, 1<i<n—-1, zz2= a1,2Tn, T1Tp = A11Tp, TRl = A22Tn.

Taking the change

. ai 2
) =—mx;, 1<i<n—-1, a,=—" -,
(7%} ai,1a22

we get the algebra My. O
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5. THREE-DIMENSIONAL EVOLUTION ALGEBRAS WHOSE GENERATORS HAVE INFINITE PERIOD.

In this section we study three-dimensional evolution algebras whose generators have infinite period.
Let E be a three-dimensional evolution algebra E with table of multiplications:

e1-e1 =aier + ases + ases, €9+ €2 = blel + b262 + b363, €3 - €3 = C1€1 + C2e9 + C3€3. (51)

Since the periods of generators are infinite, we get a; = by = ¢3 = 0.
Consider eE’] and e£4] for1<i<3

3
6[1 V= (a2by + ager)er + ajeaes + ajbses,

8[23] = b%CIel + (b%aQ + b362)€2 + b§a363’
853] = c3bier + clages + (ciaz + c3bs)es,

4
e[l] = (a4c3by + ajb3cr)er + a3bicaes + aic3bses,

6[24] = bidicier + (bictas + biaZca)es + biciases,
egl] = cjadbie; + ciblazes + (c3b3as + cia3bs)es.
Taking account the condition on periods of generators, we derive
asby +a3c; =0, blag +bica =0, claz+cabs =0, (5.2)

ajcaby +asbicy =0, biciag +bia3ca =0, c3baz + claibs = 0. (5.3)

Theorem 5.1. Let E be a three-dimensional evolution algebra with the table of multiplication (5.1).
Let any basis element has an infinite period and asaszbibscica = 0. Then E is isomorphic to the
following evolution algebra:

E': e1-e1 = ages + azes, eg-eg = bses.
Proof. Let asaszbibscico = 0, then, without loss of generality, we can assume b; = 0. The equalities
(5.2) and (5.3) imply
azcy =0, bsco =0, agbzcy =0. (5.4)
Case 1. Let ag = bs = 0. Then we obtain products
€1 €1 = agea, €3-€e3 = C1e] + Ca€2.

ElTaking the change €] = e3, e} = ey, €5 = eq, we derive that this algebra is isomorphic to the algebra
Case 2. Let a3 = 0 and b3 # 0. Then from (5.4) we have co = azcq = 0.
If as # 0, then ¢; = 0 and we obtain evolution algebra with multiplications:
€1 - €1 = ases, €5 - ey = bzes.
If as = 0, then the table of multiplications of the algebra E is as follows:

eg - ez = bzes, e3-e3 = cey.

Putting €] = es, ) = e3, €4 = ey, we derive that this algebra is isomorphic to the algebra E*.
Case 3. Let a3z # 0. Then restrictions (5.4) imply ¢; = bgce = 0.

If b3 # 0, then co = 0 and the algebra E' is obtained.

If b5 = 0, then by taking basis transformation as follows:

el =ei,eh =e3,e5 =e
we get EL. O

Theorem 5.2. Let E be a three-dimensional evolution algebra with the table of multiplication (5.1)

and let asazbibscico # 0. Then period of each basis elements of the algebra E is infinite if and only if
equations (5.2) hold true.
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Proof. 1t is sufficient to proof the part Only if. From equalities (5.2) we get

b§CQ C%bg,
G2="7 W=7
1 i1

Putting this restrictions to the equality a3b; + a%c; = 0 we obtain

b33 (b3ct + bicd)

0= a%bl + a%cl =

bict ’
which implies
b2t 4+ b3ca = 0. (5.5)
Similarly, we derive
aicy cias 23, 32
bl — -5, b3 = — 5 = a302 + a261 = 07 (56)
a3 €
2 2
asb bia
o =— 2217 0= — 122 = a2} + a2 =0. (5.7)
as b3
Applying induction we will prove the following:
e[lk] = Ak7262 + Ak1363, e[zk] = Bk,lel + Bk,geg, egk] = Ck71€1 + Ck’262, k Z 3 (58)

with recurrence expressions
_ A2 A2 2 2 _
Apa = Aj 1302, Arz=Ap 1903, Ap_i b +A; 3a =0,
_ p2 _ p2 2 2 _
Br1 = Bj_13¢1, Bras = Bj_11a3, By 02+ Bj_ 362 =0, (5.9)
_ 2 _ 2 2 2 _
Cka =Ci_1201, Cr2=Cf_1 a2, Cj_jqa3+ Cj_q3b3 =0,
where Az o = ag, Asz =asz, Ba1 =b1, Bas=bs, Co1 =c1, Coa = ca.
In fact, the correctness of expressions (5.8) is equivalent to that each basis element of evolution

algebra E has infinite period.
From decompositions of e?], 1 <7< 3itis easy to see the correctness of (5.9) for k = 3, i.e.

2 2 2 2 2 2 _ 2 2 _

A3’2 = a3C2 = A2,3027 A3’3 = a2b3 = A2’2b3, A272b1 + A2’361 = a261 + a3C1 = 0,
2 2 2 2 2 2 2 2

B371 = b3Cl = B273617 B373 = blag = B271a3, B271a2 + B2,362 = blag + b302 = 0,
2 2 2 2 2 2 2 2

03’1 = 62b1 = 02’2171, 03,2 =ciag = Cz’lag, CQ’lag + 02’2[)3 =cjaz + 02b3 =0.

Suppose that (5.8) and (5.9) are true for k. We will prove it for k + 1.
The chain of equalities

k K] [k
6[1 +1] — 6[1 ] . e[l ] = (Ak,2e2 + Ak‘,3€3) . (Ak72€2 + Ak73€3) = (Aigbl + A%;},Cl)@l + Ai,302€2 + Ai,2b3e3
deduces

Apr2 = Af 302, Apgrs = Af obs.
Applying induction assumption, that is,
Apo = A1 500, Aps= Az—l,zbSa Az—l,le + Az—l,?,cl =0,
we get
A i—l,Q

4 b2 A
2 2 4 2 4 2 k=121 9 4 2 3 2 2.3
A ob1 + Aj ge1 = Ay g 3c3b1 + Ap g sbser = — 2 c3by + Ap_q ob3c1 = 2 (bics + bsey)
1 1

The equality (5.5) implies Angl + A%’gcl =0.
Similarly, one finds

B} yaz2 + BE 302 =0, Ci1as + CF 4bs = 0.
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