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1 Introduction

The notions of local derivations were first introduced by R.V. Kadison in
1990 [5]. The main problems concerning this notion are to find conditions
under which local derivations become derivations and to present examples
of algebras with local derivations that are not derivations.

In previous years, the description of local derivations on commutative
algebras and algebras of measurable operators are obtained. Investigation of
local derivations on Banach algebras, von Neumann algebras, the algebras
of measurable operators were initiated in papers [1], [2] and [3].

In [1] by Sh.A.Ayupov and K.K. Kudaybergenov local derivations on
finite-dimensional Lie algebras are studied. In particular, it is proved that
every local derivation on a finite-dimensional semi-simple Lie algebra over
an algebraically closed field of characteristic zero is a derivation. Moreover,
examples of finite-dimensional nilpotent Lie algebra which admit local
derivations which are not derivations are given.

In this paper we investigate local derivations of solvable Lie algebras.
We show that in the class of solvable Lie algebras there exist algebras which
admit local derivations which are not ordinary derivation and algebras for
which every local derivation is a derivation.

More precisely, local derivations of solvable Lie algebras with abelian
nilradical and one-dimensional complementary space are investigated. A
necessary and sufficient conditions under which local derivations solvable
Lie algebras with abelian nilradical and one-dimensional complementary
space become derivations are found.
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2 Preliminaries

Definition 2.1. vector space L over a field F' with a binary operation [—, —]
is called a Lie algebra, if for any x, y, z € L the following identities are hold:
[, z] = 0 — anticommutative identity,
[[z,v], 2] + ([, 2], 2] + [[2, 2], y] = 0 — Jacobi identity

For an arbitrary Lie algebra L consider the following central lower and
derived sequences

L'=L, L*' =[LF L], k>1,
L=, pe+td — (pkl pley g >

Definition 2.2. A Lie algebra L is called solvable (nilpotent) if there exists
m € N(s € N), such that L™l = 0 (L* = 0). The maximal nilpotent ideal
of Lie algebra is called nilradical.

Definition 2.3. Linear operator d : L — L is called a derivation, if
d([z,y]) = [d(x),y] + [z, d(y)], forany xz,y€ L.

The set of all derivations of a Lie algebra L is a Lie algebra with respect
to commutation operation and it is denoted by Der(L)

A linear operator A is called a local derivation if for any x € L there
exists a derivation d, : L — L such that A(z) = d,(z).

3 Main results

We consider the following solvable Lie algebras [4]:

Ly: [62,61] = €2;
Lo(a) : [e2,e1] = eq, [es, e1] = aes;
Lj: le2,e1] = ez +e3, [e3,e1] =en;
Ly(a) : [e2, €3] = ey, [e2,e1] = ea,
[es, e1] = aes, [es, e1] = (1 + a)ey;
Ls : [e2, e3] = e, lea, e1] = e2 +e3,
[e3, e1] = es, [ea, 1] = 2e3;
Le(a, B) = [ea,e1] = ea, e3, e1] = aes, [e4, €1] = Bea;
Lr(a): [e2,e1] = ea +e3, [es,e1] = es, [es, e1] = cvey;
Lg : [ea,e1] = ea +e3, [es,e1] =e3+ ey, [es,e1] = eq
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Proposition 3.1. FEwvery local derivation of the  algebras
Ly, Lo(w), Le(a, B) is a derivation, and the algebras Ls, Ly, Ls, Ly, Lg
admits a local derivation which is not a derivation.

Proof. For the proof of the Proposition we describe the derivations of
the algebras Ly, Lo(«), Ls, L4, Ls, Le¢(a,8), L7, Lg. In particular, the
matrix form of the derivations of the algebra L; has the form:

Der(L,) = ( 8 2 >

Let A be a local derivation on L; and let
Aler) = aner + agea,  Ales) = ager + ages.

On the other hand A(ey) = d., (e1) = &1ea, which implies a3 = 0. From
A(ez) = de,(e2) = &ea, we have ag = 0. Hence, we get A(e;) = agea,
A(ez) = ageq, which derive A € Der(Ly). Thus, any local derivation on L
is a derivation.

Similarly, it is proved that every local derivation of the algebras
Ls(a), Lg(a, B) is a derivation.

Next we consider the algebra Ls. It is not difficult to obtain that the
matrix form of the derivation of the algebra L3 has the form:

0 &2 &3
Der(Ls)=| 0 &2 23
0 0 &pe

Now let us define a linear operator A on L3 by
A(el) = 0, A(eg) = 07 A(eg) = €3.

Evidently, A is not a derivation. We show that this operator is a local
derivation. For an arbitrary element x = ne; 4+ m2e2 + 13e3 we have

A(z) = A(nier + mzez + nze3) = n3es.
Let d; be a derivation. Consider
d:c(x) = dz(nlel + 2€2 + 7’363) = nldr(el) + 772dx(62) + 7]3dz(63) ==

m(&12e2 +&1.3€3) +n2(82,202 + §2.3€3) + 132263 =
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(m&i2 +m2éa2)ez + (Mm&1,3 + n2€2,3 + n3é2,2)es.

It is not difficult to see that for any 11, n2, n3 exists &1,2, &1,3, €22, £2.3
such that

Mméi2 +1m2822 =0, m&i 3+ n2823+ 13822 = 3.

Thus, we proved that for any element x there exists a derivation d, for
which A(z) = d,(x). Hence, A is a local derivation.

Similarly, it is not difficult to show that there exists a local derivation
of the algebras Ly, Ls, L7, Lg which is not a derivation.

Let L be a solvable Lie algebra with nilradical N and let dimN = n,
dimL = n 4+ 1. Then we take a basis {z,e1,e2,...,e,} of L such that
{e1,ea,...,e,} basis of N.

It is known that the operator of right multiplication ad, : N — N,
ad;(y) = [y,x],Vy € N is a non nilpotent operator [6]. Moreover, if
nilradical N is an abelian ideal, then solvable algebra L is characterized by
the operator ad,, i.e., two solvable algebras with abelian nilradical N are
isomorphic if and only if the corresponding operators of right multiplication
have the same Jordan forms.

For example, algebras Ly(a) and L3 are three-dimensional solvable Lie
algebras with two-dimensional abelian nilradical. Operators ad,, on algebras
Lo(a) and L3 respectively have the form:

1 0 11
(ba) (o)

It is obvious that the operator ad., on the algebra Lo(a) is a
diagonalized, and on the algebra L3 it is not a diagonalized.

According to Proposition 1 it is known that every local derivation on
Ly(«) ia a derivation, and algebra Lz has a local derivation which is not a
derivation.

In the following theorem we give a necessary and sufficient condition

that a solvable Lie algebra with abelian nilradical and one-dimensional
complementary space has local derivation which is not a derivation.

Theorem 3.2. Let L be a solvable Lie algebra with abelian nilradical N.
Let dimL = dimN + 1 and x € L\ N. Every local derivation on L is a
derivation if and only if ad, is a diagonalized operator.
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Proof. Let {z,e1,e3,...,e,} be a basis of L such that {e1,es,...€,} is
a basis of N and let ad, diagonalized operator on N. Then the Jordan form
of the operator ad, has the form:

M 0 0 ... 00
0 X 0 0
ady=| 0 0 ) 0
0 0 0 An

Consequently,
[ei, 2] = Nieg, 1<i<n.

Case 1. Let A\; # A; for i # j. Let d € Der(L), then

d(z) = Brer + Paez + - - + Bren,
d(e;) = ;11 + e+ -+ apen, 1 <i<n.

From the property of derivation we have
d([ei, z]) = [d(es), 2] + [es, d(2)] =
= o181 + ipes + -+ g pen, ] + (€5, frer + faea + -+ - + Pren] =

= a;1A1e1 + o202 + -+ Oy Apen.

On the other hand,
d([es, z]) = Nid(e;) = Ai(as1e1 + o 0e9 + -+ - + v nep).
Comparing the coefficients at the basis elements we obtain
a; ;A —A;) =0, 1<j<n.

Since A; # A;, we get «; ; = 0 for i # j.
Therefore, the derivations of the algebra L have the following form:

0 B B2 ... bBn
0 aq1 0 e 0
Der(L) = 0 0 a2 ... O

0 0 0 ... awn
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Let A be a local derivation on L and let

Ax) =&x +&er + &ea+ -+ Enen,
Ae;) = Ga+ Ger +Gpea+ -+ Cinen, 1 <0< n.

From the equalities A(z) = d(x) and A(e;) = de,(e;) for 1 < i < n, it
is easy to obtain, that

Consequently, we have A € Der(L), i.e., any local derivation on L is a
derivation.

Case 2. Let A\; = A, for some 7 and j. Without loss of generality, we can
assume

A== A Aet1 == Astpy s Ang = =An.

Similarly, to the case 1, using the property of derivation we describe
all derivation of the algebra L and odtain that the general matrix form of
Der(L) has the form

0 Bl Bs ﬁs-{-l ﬁs-i—p Bn—q Bn

0 g1 e Qs 0 0 0 0

0 as1 ... a«gs 0 0 0 0

0 0 0 Qst1,541 - Qspls4p - 0 0

0 0 0 Qsip s+l - Qsipstp - 0 0

0 0 0 0 0 vi Qp_gn—q -+ Op_gn
0 0 0 0 0 v Qpp—q - Qpn

It should be noted that all parameters of the previous matrix are free.
Thus, for any local derivation A on L, considering A(z) and A(e;) for
1 < i < n, analogously to the case 1, it is not difficult to show that A is a
derivation. Therefore, any local derivation on L is a derivation.

Now let ad, be a not diagonalized operator on N. Then in this Jordan

form
Jo 0 ... 0

0 J ... O

0o 0 .. Js
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there exists a Jordan block with order k(k > 2). Without loss of generality
one can suppose J; has order k > 2. Then the table of multiplication of the
algebra L on the basis {z,e1,ea,...€g, €xt1,... ey} has the following form:

e1r = Aeq + eg,

e = Ajeg + ez,

err = A€,

eir = Aie; + pieiy1, k+1<1i<mn,

where p; = 0; 1.
By the direct verification of the property of derivation we obtain that
the general form of the matrix of Der(L) has the form:

0 B B2 o Braa Be  Br+1 - Bn
0 Q11 012 ... O k-1 Qaq kg 0 0
0 0 g1 Q-2 01 k-1 0 0
0 0 0 71 aq .2 0 0
0 0 0 0 aq1 0 0
0 0 0 0 0 Hy, ... 0
0 0 0 .. 0 0 0 .. H,

where H; are block matrices with the same order of Jordan blocks J;.
Consider the linear operator A : L. — L by

Alx)=0, Ale)=¢e;, 1<i<k-—1,

Aler) =2ex, Ale) =0, k+1<i<n.

It is easy to see that A is not a derivation, but it is local derivation.
Indeed, for any element y = yr+mni1e1+n2ea+---+npe, € L we consider

Aly) = A(yz+mer+neeat- - -+nnen) = nier+naea+- - Anp_1ep_1+2nkep.
Consider the derivation d, such that
dy(z) =0, dy(e;) =0, k+1<i<n,

dy(e;) = ar1e; + arg€ip1 + -+ a1 p—iyrex, 1 <i< k.
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Then
dy(?/) = dy(’YiU +mer + e+ F Npen) =

=mage1+ (neor 1 +mars)es+- -+ (M1 +M—101 2+ -+ 100 k) €k
Suppose that A(y) = d,(y). Then we get

m ="mnao11,

N2 = N2Q1,1 + M1Q7 2,

Nk—1 = Nk—101,1 + Ng—2012 + -+ - + MO k1,
2Nk = Nro1,1 + Me—1Q12 + 00+ N0 ke

Note that this system has a solution with respect to oy ; for any
parameters 7;. Indeed,

e if 77 # 0, then

k
1.1 =1, Q12 == Q1 k-1 =0, O‘l,k:iv
m
o ifny=---=n_1=0un; #0, 2<s<k—1, then
Nk
ajn=1, ac1p="=a14-5s=0, A1 p—s541=—,
S
o ifn =---=mnr_1 =0 u n, # 0 then we have a; 1 = 2.

Thus, we proved that A is a local derivation.
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