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Introduction

A Lie algebra is called complete if its center is zero, and all its derivations are inner. The definition of complete
Lie algebras was given by N. Jacobson in 1962 [4]. The first important result of complete Lie algebras first
appeared in 1951, in the context of Schenkman’s theory of subinvariant Lie algebras [3]. In last years, different
authors have concentrated on classifications and structural properties of complete Lie algebras.

In 1996 solvable complete Lie algebras were studied by D. J. Meng and.L. S. Zhu. In 2002 Y. C. Gao and D.
J. Meng first have given a necessary and sufficient condition for some solvable Lie algebras with l-step nilpotent
radicals to be complete and a method to construct non-solvable complete Lie algebras.

The complete nilpotent Lie algebra is one of the interesting results have been obtained. In 2001 J. R. Gomez,
A. Jimenez-Merchan and J. Reyes have given the classification of quasi-filiform Lie algebras of maximal length.
In 2016, M. Wu has explicitly determined the maximal torus of a class of quasi-filiform Lie algebras B,, and C,,
then proved that they were complete.

In this work we extend some results obtained for maximal torus of Lie algebras to the case of Leibniz
algebras. By using a matrix method, we explicitly determine the maximal torus of a class of quasi-filiform
Leibniz algebras.

Throughout the paper we denote by F a field of characteristic zero and by L a finite dimensional Leibniz
algebra over F.
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Preliminaries

DEFINITION 1. A vector space with bilinear bracket (L,[—,—]) over a field F is called a Leibniz algebra if for
any z,y, z € L the so-called Leibniz identity

[IL‘, [y,z]] = Hx,y]az} - [[m,z],y}

holds.
DEFINITION 2. A linear map d: L — L of a Leibniz algebra (L,[—, —]) is said to be a derivation if for all
x,y € L, the following condition holds:

([, y]) = [d(z), y] + [z, d(y)]

The set of all derivations of L (denoted by Der(L)) forms a Lie algebra with respect to the commutator.
DEFINITION 3. For a given Leibniz algebra (L, [—, —]) the sequence of two-sided ideals defined recursively

as follows:
L'=1L, IF' =[LF 1), k>1

is said to be the lower central series of L.

DEFINITION 4. A Leibniz algebra L is said to be nilpotent, if there exists n € N such that L™ = 0.

DEFINITION 5. A Leibniz algebra L is called quasi-filiform if L2 # 0 and L™~ ! = 0, where n = dim L.

A Leibniz algebra L is called Z-graded if L = @;¢zV;, where [V;,V;] C Vi4; for any 4,5 € Z with a finite
number of non-null spaces V.

A gradation L = Vi, @ --- @V}, of a Leibniz algebra L is called connected gradation if Vi, # 0 for any
i (1 <i<t)and the number (L) :=1(Vy, ®--- @ Vi,) = ki — k1 + 1 is called the length of the gradation.

DEFINITION 6. A Leibniz algebra L is called to be of mazimum length if max{l(®L) such that L = V},, @

-+ @V, is a connected gradation} = dim(L).

In the following theorem we give the classification of quasi-filiform non-Lie Leibniz algebras of maximum
length given in [1], [2].

Theorem 1. An arbitrary n-dimensional quasi-filiform non-Lie Leibniz algebra of mazximum length is
isomorphic to one algebra of the following pairwise non-isomorphic algebras of the families:

e, e1] = ep, en_1,€1] = €3, )
e, e1] = en len ' il=e [es, e1] = eiq1, 1<i<n-3,
s i, e1] = eit1, 2<i<n-—3, \
Ml’ : MQ’ : [en—lael]zena
[en 1,€En— 1]—5647 56{071}7 [e e ]_)\e AeC
[€i,en—1] = de13, 2<i<n-—25, bon—l " ’
[elael]_€27
ei,e1| = eiy1, 3<i<n-1
[“ 1]_ B _._ , [eiyel]_el+17 ].<Z<’I’L—37
M3 { fer,ei] = —eip1, 3<i<n—1, M* [ ]
e1,en_1] = én,
[es, e3] = aeg, a=0, if n>6, bl "
a€{0,1}, if n=6,
where {e1,€a,...,e,} is a basis of the algebra.

DEFINITION 7. Let N be a Lie algebra. A maximal torus on NV is a maximal abelian subalgebra of derivation
algebra Der(N), which consists of semisimple linear transformations.

Lemma 1. [5] Let Hy and Ho be two mazimal torus on N, then there exist § € AutN, such that Hy = 0H 671,

As all maximal torus on N are mutually conjugated, so the dimension of a maximal torus on N is an invariant
of N called the rank of N (denoted by rank(N)). A nilpotent Lie algebra is called maximal rank nilpotent Lie
algebra if rank(N) = dimN/[N; N].

If H is a maximal torus on a nilpotent Lie algebra N, define the bracket in H + N, by [hy + n1, he + no] =
hi(ng) — hao(ny) + [n1,ne], where h; € H,n; € N, i=1,2, then H + N is a solvable Lie algebra.

Main results

Now we calculate a maximal abelian subalgebra of derivation algebra Der(L), which consists of semisimple
linear transformations of L Leibniz algebras similar to the case of Lie algebras.
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Let o be a linear transformation of a Leibniz algebra L, then o € Der(L) if and only if with respect to a
basis {e1,e2,...,e,} of L, o satisfies for any 1 <i,j < n,

olei,e;] = [oei, e] + [ei, oej].

Lemma 2. Let o be a linear transformation of a Leibniz algebra L and A = diag(ay,as,...,a,) be the
matriz of o with respect to a basis {e1,ea,...,e,} of L. Suppose that

n
lei, e5] = Z bfjek.
k=1

Then o € Der(L) if only if for any 1 <i,j <mn,

(a; + aj)bfj = akbfj, 1<k<n.

Lemma 3. Let M'° be the n-dimensional quasi-filiform Leibniz algebra of mazximum length defined in
Theorem 1. Suppose that ¢ is a semisimple linear transformation of MY with respect to the given basis
{e1,€2,...,en}. Then ¢ is a derivation of MY if and only if ¢ satisfies

d(e1) = arer, ¢(e2) = (a1 + an—1)e2, ¢(e3) = (2a1 + an—1)es, ...,

¢(€n,2) = ((n - 3)@1 + anfl)en727 Qﬁ(enfl) = Ap—1€n—1, ¢<en) = 2@167“

where a1, a,_1 € F.
Proof. Let ¢ be a semisimple linear transformation of M'?, we may assume that

pe1) = arer, d(ea) = azea, ..., dlen_1) = an_1€n_1, ¢(en) = anen.
Then by Lemma 2, we have that ¢ € Der(M*'?) if and only if
a; +ax =0Qnp,
a; + a1 =aj41, 2<i<n-—3,

ap_1 + a1 =as.
Solving the system of linear equations, we have ¢ € Der(M*) if and only if
dle1) = arer, ¢(ez2) = (a1 +an—1)e2, ¢(e3z) = (2a1 + an_1)es, ...,

¢(6n—2) = ((TL - 3)‘11 + an—l)en—27 d)(en—l) = ap—-1€6n—1, ¢(6n) = 2a1ey,

Hence the conclusion holds.
Lemma 3 is proved. a
Theorem 2. Let M0 be the n-dimensional quasi-filiform Leibniz algebra of mazimum length defined in
Theorem 1. Then the two linear transformations

d1(e1) =er, d1(e2) = e, P1(e3) =2e3, oi(es) = 3ey,. ..,
¢l(en—2) = (n - 3)671—27 ¢1(en—1) =0, ¢l(en) = 2ey,.
pa(e1) =0, alea) =ea, ¢2(e3) =e3, ¢a(es) =e4,...,
2(en—2) = €n_2, ¢a(en_1) =en_1, ¢P2(e,)=0.

generate a mazimal torus on M0,
Proof. Let a; =1, a,—1 = 3. By Lemma 3, we know that the transformation

T(e1) = e1, T(eg) =4des, T(e3) =bea, ..., T(en—2) =ney_o, T(en_1) =3en_1, T(en) = 2e,

is a derivation of M1°. Let H be a maximal torus on M° such that 7 € H. Yh € H and suppose the matrix
of h with respect to the given basis is Mj, = (h;j)nxn. Since any maximal torus is abelian, we have

[T7 h] =0,
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which means [M},, diag(1,4,5,...,n,3,2)] = 0. Since the diagonal entries of the matrix diag(1,4,5,...,n,3,2)
are different to each others, we have M} is a diagonal matrix. Similarly as the proof of Lemma 3, we have
h € Der(M*'9) if and only if

h(e1) = arer, h(ez) = (a1 + an—1)e2, h(es) = (2a1 + an—1)es, ...,

h(en—Q) = ((n - 3)(11 + an—l)en—% h(en—l) = O0p—-1€n—1, h(en) = 2a;¢ey,,

where a1,a,—1 € F. Therefore h = a1¢1 + an—1¢2. Hence H is generated by ¢, and ¢,.

Theorem 2 is proved. a

The following statements are proved similarly.

Lemma 4. Let M be the n-dimensional quasi-filiform Leibniz algebra of mazimum length defined in
Theorem 1. Suppose that ¢ is a semisimple linear transformation of M?*> with respect to the given basis
{e1,€2,...,en}. Then ¢ is a derivation of M*™ if and only if ¢ satisfies

de1) = arer, ¢(e2) = 2ar1e2, ¢(e3) = 3ares, P(eq) = 4arey,. ..,

d(en—2) = (n—2)aren—2, ¢(en—1)=an-16n—1, ¢(en) = (a1+ an_1)en,

where a1, a,_1 € F.
Theorem 3. Let M?*? be the n-dimensional quasi-filiform Leibniz algebra of mazimum length defined in
Theorem 1. Then the two semisimple linear transformations

p1(e1) = e1, P1(e2) =2e2, ¢i(e3) =3es, ¢1(es) =4eyq, ...,

(]51(671,2) = (’I’L - 2)6»“,2, (bl(enfl) = 07 (bl(en) = €n,
p2(e1) =0, ¢2(e2) =0, ¢2(e3) =0, ¢2(es) =0,...,
¢2<en72> = 07 ¢2(en71) = €n—1, ¢2(en) = €n

generate a maximal torus on M2,

Lemma 5. Let M3° be the n-dimensional quasi-filiform Leibniz algebra of mazimum length [(L) = n > 6
defined in Theorem 1. Suppose that ¢ is a semisimple linear transformation of M3 with respect to the given
basis {e1,ea,...,en}. Then ¢ is a derivation of M3 if and only if ¢ satisfies

de1) = arer, ¢(e2) =2a1ez, P(e3) = azes, d(es) = (a1 + az)es,

od(es) = (2a1 + az)es, ..., d(en) = (n — 3)a1 + az)en,

where a1,a3 € F.
Theorem 4. Let M3° be the n-dimensional quasi-filiform Leibniz algebra of mazimum length [(L) =n > 6
defined in Theorem 1. Then the two semisimple linear transformations

p1(e1) =e1, ¢i(e2) =2ez, ¢i(e3) =0,

d1(eq) = eq, P1(e5) =2es,...,01(en) = (n—3)ey,.
pa(e1) =0, Pa(e2) =0, ¢a(e3) =e3, ¢a2(eq) = eq,
pa(es) = es5,...,Pa(en) = en.
generate a maximal torus on M0,
Lemma 6. Let M* be the n-dimensional quasi-filiform Leibniz algebra of maximum length defined in

Theorem 1. Suppose that ¢ is a semisimple linear transformation of M* with respect to the given basis
{e1,€2,...,en}. Then ¢ is a derivation of M3 if and only if ¢ satisfies

de1) = arer, ¢(e2) = 2a1e2, ¢(e3) = 3ares, P(es) = 4asey,. ..,

¢(e7l—2) = (n - 2)alen—23 (,25(6”_1) = anp—-1€6n-1, ¢(en) = (al + an—l)ena

where ay,a,_1 € F.
Theorem 5. Let M* be the n-dimensional quasi-filiform Leibniz algebra of mazimum length defined in
Theorem 1. Then the two semisimple linear transformations

p1(e1) =e1, ¢i1(e2) =2e2, ¢1(e3) = 3es,
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b1(eqa) = 4eq, ..., di(en—2) = (n—2)en_2, d1(en—1) =0, d1(en) = en.
pa(e1) =0, ¢a(e2) =0, ¢a2(e3) =0,
¢2(es) =0,...,02(en—2) =0, d2(en—1) = €n—1, P2(en) = en.

generate a mazimal torus on M*.
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