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1 Introduction

In the present paper we investigate algebras which are Koszul dual to Leibniz algebras.
The Leibniz algebras were introduced in the work [6] and they present a "non commuta-
tive” (to be more precise, a "non antisymmetric”) analogue of Lie algebras. Many works,
including [6]-[7], were devoted to the investigation of cohomological and structural prop-
erties of Leibniz algebras. Ginzburg and Kapranov introduced and studied the concept
of Koszul dual operads [4]. Following this concept, it was shown in [5] that the category
of dual algebras to the category of Leibniz algebras is defined by the identity:

(roy)oz=wzo(yoz)+ro(z0y).

In this paper, dual Leibniz algebras will called Zinbiel algebras (Zinbiel is obtained
from Leibniz written in inverse order). Some interesting properties of Zinbiel algebras were
obtained in [I], [2], and [3]. In particular, the nilpotency of an arbitrary finite-dimensional
complex Zinbiel algebra was proved in [3], and zero-filiform and filiform Zinbiel algebras
were classified in [I]. The classification of complex Zinbiel algebras up to dimension 4 is
obtained in works [3] and [8]. The present paper is devoted to the investigation of the
next stage — description of quasi-filiform complex Zinbiel algebras.

Examples of Zinbiel algebras can be found in [1, [3] and [5].

We consider below only complex algebras and, for convenience, we will omit zero
products the algebra’s multiplication table.

!This work is partially supported by DFG project 436 USB 113/10/0-1 project (Germany).
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2 Preliminaries

Definition 2.1. An algebra A over a field F' is called a Zinbiel algebra if for any x,y,z € A
the identity
(xoy)oz==xzo0(yoz)+xzo(z0y) (1)

holds.

For an arbitrary Zinbiel algebras define the lower central series
At = A, At =AocAF k> 1.

Definition 2.2. A Zinbiel algebra A is called nilpotent if there exists an s € N such that
A% = 0. The minimal number s satisfying this property (i.e. A*~Y # 0 and A®> = 0) is
called nilindex of the algebra A.

It is not difficult to see that nilindex of an arbitrary n-dimensional nilpotent algebra
does not exceed the number n + 1.

Definition 2.3. An n-dimensional Zinbiel algebra A is called zero-filiform if dimA* =
(n+1)—4,1<i<n+1.

Clearly, the definition of a zero-filiform algebra A amounts to requiring that A has
a maximal nilindex.

Theorem 2.1. [I] An arbitrary n-dimensional zero-filiform Zinbiel algebra is isomorphic
to the algebra '
eioe; =Cl ;i 16y, for 2<i+j<n (2)

(3

s!

where symbol C* is a binomial coefficient defined as C*t = T

basis of the algebra.

and {e1,ea,...,e,} s a

We denote the algebra from Theorem 2.1l as NF,,.
It is easy to see that an n-dimensional Zinbiel algebra is one-generated if and only
if it is isomorphic to N F,,.

Definition 2.4. An n-dimensional Zinbiel algebra A is called filiform if dimA* = n — i,
2<¢<n.

The following theorem gives classification of filiform Zinbiel algebras.

Theorem 2.2. Any n-dimensional (n > 5) filiform Zinbiel algebra is isomorphic to one
of the following three pairwise non isomorphic algebras:
Fl:e oej :C'Z-J:Jrj_leiﬂ, 2<i4+j<n—1;
F?:.e;0ej= C'Z_Jrj_leiﬂ, 2<i+j<n-—1, e,o0e; =e,_1;
Fpiejoe;=Cl ey, 2<i+j<n—1, e,0e,=¢e, 1.

Since the direct sum of nilpotent Zinbiel algebras is nilpotent one, we shall consider
only non split algebras.

Summarizing the results of [I], [3], and [§], we give the classification of complex
Zinbiel algebras up to dimension < 4.



Theorem 2.3. An arbitrary non split Zinbiel algebra is isomorphic to the following pair-
wise non isomorphic algebras:

DimA =1 : Abelian

DimA=2:¢e,0e; =ey

DimA =3:

Zi:ejoe; =€, €106y =363, €306 =e3;

Z3: e oey=e3, €06 = —e3;

Z3:ejoe;=e3 €06 =ce3 e0ey=ae3, acC;

Zgll €10€1 =€3, €1 0€9 =¢€3, €20€] = €3.

DimA =4:

Zi:eloelzeg, €106y = €3, €30€] = 2€3, €063 = €4, €30€y =364, €30€] = 3€y;
Zzi €1 0€1 = €3, €1 0€x = €4, €10€3 = €4, 63061:264;

Z}:e1oe; =e3, e 0e3=ey, €0€ =€, €306 =2e4

Zi:eloey=e3 €0e3=es €0€ = —es;

ZZZ)i €106 =€3, €10€3 =264, €30€] = —€3, €20€E2 = €4,

Zf D e10e =€y, €0€=¢€3 €06 = —€3, €306e = —2e3+ ey

Z7. _ o _ o .

4+ €10€2 =63, €20€1 = €4, €30€ = —€3]

Z8(a) s ejoe; =e3, €106y =e;, €30€] = —qe3, €30ey=—e4, «a€C

4 3 ) 3 )

Z(a): ejoe; =e€y, €10€y = ey, €30€] = —Qey, €30€y =¢€y, €30e3=¢ey, «a€C
4 I I I I I
ZlO. _ _ o _ o _ o _ .

4 €106 =€4, €10€3=2E€64, €206 = —€4, €20€3 = €4, €30€1 = €y,
le. _ _ _ _ .

4 + €106 =¢€4, €106y =26€4, €20€1 = —€4, €30€3 = €4,

Zfi €1 0€2 = €3, €20€1 = €4;
Zl3 . o _ o _ o _ .

4 + €10€3 =E€3, €206 = —€3, €320€3 = €y,
Zi4i €2 0€1 = €4, €20€2 = €3

15 . _ _ _ 4o .
Zy (o) epoey=e4, e30e3=e3, e€0e = oey, a€C\{l};
Zl6 . o _ o _ o _ .

4 + €106 =E€4, €206 = —€4, €30€3 = €4,

Let us introduce some definitions and notations.

The set R(A) ={a € A| boa =0 for any b € A} is called the right annihilator of
the Zinbiel algebra A.

The set L(A) ={a € A| aob=0 for any b € A} is called the left annihilator of the
Zinbiel algebra A.

Z(a,b,c) denotes the following polynomial:

Z(a,b,c) =(aob)oc—ao(boc)—ao(cob).
It is obvious that Zinbiel algebras are determined by the identity Z(a,b,c) = 0.
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3 Classification of naturally graded quasi-filiform
Zinbiel algebras

Definition 3.1. A Zinbiel algebra A is called quasi-filiform if A"=2 # 0 and A" ! = 0,
where dimA = n.

Let A be a quasi-filiform Zinbiel algebra. Putting A; = A*/A™ 1 <i<n—2, we
obtain the graded Zinbiel algebra

GrA = Al D Ag D... @An_g, where Az ©) Aj g Ai+j-

An algebra A is called naturally graded if A = GrA. It is not difficult to see that
Ay o A; = Aj4y in the naturally graded algebra A. Let A be an n-dimensional graded
quasi-filiform algebra. Then there exists a basis {ej, es,...,e,} of the algebra A such
that e¢; € A;, 1 <17 < n — 2. It is evident that dimA; > 1. In fact, if dimA; = 1, then
the algebra A is one-degenerated and therefore it is the zero-filiform algebra, but it is
not quasi-filiform. Without loss of generality, one can assume e, | € A;. If for a Zinbiel
algebra A, the condition e, € A, holds, the algebra is said to be of type A,.

3.1 The caser =1

Theorem 3.1. Any n-dimensional (n > 6) naturally graded quasi-filiform Zinbiel algebra
of the type Ay is isomorphic to the algebra:

KF,:e;0e;=Cl; jeir; for 2<i+j<n-—2. (3)

Proof. Let an algebra A satisfy the conditions of the theorem. Then there exists a basis
{e1,€9,...,€e,} such that

Al = <€17 €n—1, €n>7 A2 = <62>7 A3 = <63>7 ceey An—2 = <en—2>-
Using arguments similar to the ones from [9], we obtain
e1oe =eq for 2<i<n-—3.

Now introduce the notations

€10€1 = (0,169, €10 €p—1 = (V1 2€9, €10 €, = (1,369,
€n—10€1 = g1€2, €p_10€Ep_1 = O22€2, €,_10 €y = Q23E7,
€n O €1 = (3,169, €n O €Ep—1 = (¥32€2, €n O €p = (3 3€2.

We consider the following cases:
Case 1. Let (a1, 22, a33) # (0,0,0). Then without loss of generality, one can take

a1 # 0. Moreover, making the change e}, = aj 1€, €5 = aq1€3, ..., €,_y = a11€,_2,
we can assume o3 = 1.

Obviously, the linear span lin{e;,es, ..., e, o) forms zero-filiform Zinbiel algebra.
Hence

eioej:C’-jJrj_leiH at 2<i+7<n-2
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and omitted products of the basic elements {ey, es,..., €, o} are equal to zero.
Taking into account equalities

Z(eh €n—1, 61) = Z(eh 617611—1) = Z(617€n—17€n—1> = Z(en—h €1, 61) =0
we obtain

2 _
Q19 = Qg1, €20€x_1 = 2041,26’3, Q9 = (22, €np—10 €2 = Q12€3.

!
n—1

Substituting e = —a10e1 +e,_1, €, = ¢; for i #n — 1, one can suppose
Q1o = Qo1 = Qg9 = 0.
Analogously, we have
e10€e,=€,0€] =€,0€, =cey0e, =¢€,0e,=0 and e,oe,_1 =¢€,-10¢, =0.
Hence, using induction and the following chain of equalities

en10€ =€p10(e10€;_1)=(ep_10€1)0e; 1 —e,10(e;_10€e1)=—(i—1)e,_106€;

we prove validity of the equality e, 1 0e; =0 for 1 <i < n.
In the same way, equalities

€it10€n_1 = (e10€)0e,_1 =€10(e;0€p_1)+e10(ep106€)=0

lead to €47 0€6,-1 = 0, 1 < i < n. But it means that the algebra A is split, i.e. A =
Fl @& C, where F}_, = NF,_»® C. Hence, A = KF.
Case 2. Let (a1, 092, a33) = (0,0,0). Then

(a1,2>Oé2,1>041,3>Oé3,1>042,3>043,2) 7é (0>0,0>0,0>0)~
Put €] = ae; + be,—1 + ce,. Then
6,1 e} 6/1 = [ab(al,g + 04271) + CLC(Oél,g + 04371) + bC(OéQ,g + 04372)]62.

From this it follows a1 2 + 21 =0, a3+ s =0, and as 3 + oz = 0. In fact, otherwise
revert to the conditions of the case 1.

Without loss of generality, we can assume ;5 = 1. The equality Z(e,e,—1,€1) = 0
implies e; 0 e; = 0. In addition,

0= (e1oey)oey=e€10(e10ey)+e10(eg0e1) =ep0e3 =ey.
Thus we obtain a contradiction with existence of an algebra in case 2. O

Proposition 3.1. Let A be a five-dimensional naturally graded quasi-filiform Zinbiel alge-
bra of type Aqy. Then it is isomorphic to one of the following three pairwise non isomorphic
algebras:

KF}:ejoe; =ey, e1oey=ce3, ey0e =e;3;
KF521€10€4:€2, €1 0€y = €3, €40€1 = —€3;

KF3:ej0e;=¢y, €106y =e€3, €406 = —€3, €40€] = e5.
5 ) 3 3 3



Proof. Let an algebra A satisfy the conditions of the proposition. If the conditions of the
case 1 of Theorem B.1] hold, then A is isomorphic to the algebra KF}. if the conditions
of the case 2 of Theorem [B.1] are valid for A, we obtain the following multiplication in A :

€1 0€4 = €9, €1 0 €5 = (1 369, €1 0 €y = €3,
€40 €] = —€y, €40 €5 = Qp3€3, €40 €y = [fe3,
€50€1 = —(Q13€2, €50€4 = —Qg36€2, €50€y = Baes.

Changing basic elements by the rules
/I /o I I I
ep =€y, €y=¢e e3=e3, e =—[Fie;+es, €5=ag3e; — 364+ €5,

we can assume a3 = a3 = (3 = 0. If B3 = 0, then we obtain the algebra KF?. But if
B2 # 0, then putting ef = *e5, we have 3, = 1 and obtain isomorphism to algebra K F2.

2
By virtue of dimL(KF2) :ﬁ 3, dimL(KF?) = 2, and taking into account that generating
elements of algebras K F? and K F3 satisfy the identity z o z = 0, but this identity does
not hold for generating elements of the algebra K F2 (in particular, e;oe; = e3), we obtain
pairwise non isomorphic of obtained algebras. O

3.2 The case r =2

Classification of naturally graded quasi-filiform Zinbiel algebras of type A is given in
the following theorem.

Theorem 3.2. Any n-dimensional (n > 8) naturally graded quasi-filiform Zinbiel algebra
of type A(g) is isomorphic to one of the following pairwise non isomorphic algebras:

_ ) ; ; _
KE!L - € ©€j = Cz‘+j—16i+J’ 2<i+j<n-2
n - - o X
€10€xn—1 = €Ep, €Ep—10€1 = A€y,

_ ) ; ; _
KF2 - € ©€j = Ci+j—16i+J’ 2<i+j<n-2
n - - o o i
€10€pn—1 =E€n, €p—19€1 =E€p, €n—19€x_1 = €Ep;

j . .
eioe;, =Cl . e, 2<i+j<n-—2
3 . 7 7 i+j—1%1+7> = = )
KFE;: B T
€10€xn—1 =E€Ep, €p—19€x_1 = E€Ep;

KF eioej—ci+j_1ei+j7 2<i+j5<n-—2,
" €n—10€1 = €n.

Proof. Let an algebra A satisfy the conditions of theorem and let {eq, es, ..., e,} be a basis
of A such that Ay = (e1,e,-1), As = (eg,€,), A; = (¢;) for 3 < i < n — 2. Analogously as
in the proof of Theorem [B.1, we obtain

€1 0e1 = (1€ + ey, €10 €, 1= 36y + ye,,

€n—10 €1 = (5€2 + (g€p, €p—10 Ep_1 = Q72 + Qgey.

e1oe; =ejq for 3<i<n-—3.



Without loss of generality one can suppose e;oe; = es. In fact, if there exists x € A;
such that x o x # 0, we can set e; = z and e; = x o x. But if for any = € A;, we have

rox =0, then e;oe; =¢,_10e,.1 =0, e;o0e, 1 = —e,_10¢e; and in this case dimAy = 1,
what contradicts to conditions of the theorem.
Thus,
€1 0e; = e, €10 €, 1= 36y + ye,,

€n_10€] = 56y + Qgep, €p_10E€E, 1 = 7€y + Qge,.
Case 1. Let ay # 0. Then we can assume e; o e, _1 = e,. Let us introduce denotations

e10ey = ez, en_10ey = Poeg, €106, = [3e3, €,_10¢€, = [es.

Case 1.1. Let ) # 0. Then we can assume e; o es = e3. Putting €/, ; = —fae1 + €1,
we have (5, = 0, i.e. e,_1 0 ey = 0. Using the equality e; oe; = ¢;,1 for 1 <7 <mn—3 and
induction, we can get the following equality

eioe; =CJ ey for 2<i4j<n—2

(2

The equalities

Z(ehen—lvel) == Z(617€17€n—1) - Z(en,€1,€1> == Z(6176n761> -
Z(eb 617€n> == Z(eh €n—1, 62) == Z(en—h €2, 61) == Z(en—h 617€2> -
Z(eb €n—1, en—l) = Z(en—h €n—1, 62) = Z(eh €n, en—l) = Z(eh €n—1, en) = 07
deduce
€106, =€,0€] =€20€, =€,0€ =€0€,_1==¢6,_10¢e3 =70

€nO€p1 =€ 10, =¢e,0e, =0 and a5 =ay=[5= 3 =0.

Thus, we obtain the following multiplications

ejoe; = C{;j_leiﬂ, for 2<i4+j5<n-2,

€10€p_1 =€y, e 0e, =70, €n—19€1 = Q€p, €p—10€Ep_1 = QgEyp,
€n-10€p = 07 €n—10€2 = 07 €n © €1 = 07 €n C€p_1 = 07
epoe, =0, en 0 ey =0, ey 0e,_1 =0, ey 0e, = 0.

Applying the induction and the following chains of equalities

enoepir =eno(ejoer) =(e,o0e1)oe, —e,o(eoer) = —ke,oepy,
err10€, = (e10ex)oe, =ejo(epo0e,)+ e o(e,oe),
€n10€pi1 =€, 10(e106ep) = (ep_10€1)0€r —e,_10(ep0e1) = ge, o€, — ke, 1 0epy,

err10€n_1=(e10e,)oe, 1 =e10(egoe,1)+e;0(e,_10e€),

one can prove e; oe,_1 =€,_10¢; =¢;0e, =e,o0e; =0 for 2 <i<n-—2.
Thus we obtain the following multiplication in the algebra A :

e;oej = C’fﬂ_leiﬂ, for 2<i+j<n-—2,

€10€p_1=€n, €,-10€1 = Q€y, €,_10€, 1= [3€,.
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For the study the given family of algebras on isomorphity we consider the following
change of generating basic elements

/
el = aey + be,_q,

e =ce;+de,

where ad — be # 0.
Making the change of basis €}, = a’ey+(ab+aba+b?3)e,, ¢; = a'e;, for 3 <i <n—2,
consider the multiplication
ehoel | =2a’ces.
On the other hand, e, oe,_; =0, hence ¢ = 0.
Comparing in a similar way the coefficients in decomposition of the following mul-
tiplications

€lo€, 1, €, 10€, €, 106, 4
in bases {e,es,...,e,} and {e}, €}, ..., €.}, we obtain
dla+b8) #0, aa +b3=d'(a+0b), ' = d g
) ) a/—i—bﬂ *

It should be noted validity of the equality

If 3 =0, then 8’ = 0 and we obtain the one-parametric family of algebras K F!. If 3 # 0,

then putting d = “Jrﬁbﬁ, we obtain 3 = 1. In the case a = 1 we have o = 1, i.e. the

algebra A is isomorphic to the algebra K F2. But if o # 1, putting b = —

and the algebra KF?3.
Case 1.2. Let §; = 0. Put €] = ae; + be,,—1. Then

acx

5, we get a =0
el = ¢} oe| = (a* + abas + b?az)es + (ab(1 + ag) + b*ag)e,.
Consider the multiplication
ehoeh=[(B2+ (14 ae)B3)a’b + (asP + asfs + (1 + ag)Ba)ab”® + (azBe + asfs)b’]es.

If at least one of the expressions [y + (14 )O3, asf2 + agfs+ (14 ag) B, and azfBs + agfy
is different from zero, we have case 1.1. That is why we suppose

62 -+ (1 + 046)53 = 0,
s + agfs + (1 +ag)Bs = 0,
ar By + agfBy = 0.

Case 1.2.1. Let (33 # 0. Then by scale of basis we obtain 3 = 1. The equalities
Z(er,e1,e1) = Z(ey, e1,en1) = Z(e1,en_1,€1) = Z(ez,€1,61) =0

deduce
epoe; =ey0ey =0, ea0e, 1 =e,0e; = (14 ag)es.
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Since [ + (1 + ag) = 0, we have e,,_1 0 e; = —(1 + ag)es. Hence

(en_10e€1)0e; = —2(1 4+ ag)es.
On the other hand, (e, 1 0e1) oe; = ag(1 + ag)es, therefore

(1+ a6)(24 ag) =0, (4)
One can easily obtain
eioer=((1—1)+ag)eir1, e,0ea=0, 3<i<n-—3.
On the other hand,
1 1
€306y = 5(2 + ag)(3+ agles, eg0ey = 5(3 + o) (4 + ag)es.

Thus, we obtain

24+ a)(3+ag) =0, B3+ ag)(d+as) =0 (5)

It should be noted that for n > 8 the () and () lead to a contradiction with existence
of an algebra in this case.
Case 1.2.2. Let #3 = 0. Then

ag =2 =0, ag=—1, B #0.

Note that taking as €] the expression ae; + be,_1, we get into case 1.2.1. In fact, at
e} = aey + be,_1 we have
e =¢€joe | =ae, + bazes,

what follows €] oe!, = abf,es. If ab # 0, then we can assume €} oe!, = €}, where e} = abf4e;
and we are in conditions of case 1.2.1.
Case 2. Let ay = 0 and ag # 0. Then we can assume e,_1 0 e; = ¢e,. Hence

€1 0€1 = €2, €1 0 €p—1 = (Q3€2,
€n-10€1 = €p, €n_10€n_1 = Q7€ + Qgey.

Consider the following change of generating elements of the basis {ej, es,...,e,} in the

form:
ey = ae; + be,_1,

e, =ce;+de,

where ad — bc # 0. Then in the new basis we have from multiplication €] o €] = €}, that
eh = (a* + abas + b*az)eq + (ab + b*ag)e,,.
Moreover, we have
el oel | = (ac+ adas + bdaz)es + (be + bdag)ey,.
Note that we can choose the numbers a, b, ¢, d such that they satisfy the conditions:

a® + abas + b?ay # 0, be + bdag # 0. (6)
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If a?+abaz+biar ab+b2ag

act+adas+bdar be+bdag ? then denotlng

el = (ac + adag + bdag)ey + (be + bdag)e,

t a?+abas+b2a; _ ab+bag

we get into case 1. Let J=-=78-570T = £moo0e for any values of a, b, ¢, d satisfying (@) at

fixed as, ar, and ag. Then
(a® + abaz + b*ar)(be + bdag) — (ac + adas + bdar)(ab + b*ag) = 0.

= a(ad — be)(az — ag) + b(bc — ad)a; = 0 = ag = ag and a; = 0. Taking into account
that ag = a3 and ay = 0, we obtain €}, = (a® + abag)es + (ab + b*az)e, = a # —bas.

Express in the basis {€], €, ..., e} the following multiplications:
e =0 day e
e
e, o€} = (ac+ beas)ey + (ad + bdas)e, = €,
, , c+das ,
en 1 © 6n—l = 6n‘
a+ bOég

Choosing ¢ = —dag (d #0) = €| oel,_; =e€l _,0e,_, =0, we obtain

€10€1 = €2, €p_10€1 = €p,
e10ey = ez, e,_10ey = Poeg, €106, = €3, €,_10¢e, = (3.

Case 2.1. Let 3; # 0. Then by scale of basis we obtain e; oe; = ¢;.1 for 1 <i <n — 3,
what allows easily to obtain validity of the equality

eioe;j=Cl,

j—lei-‘rj’ for 2 S 1 +] S n— 2.
The equalities

Z(€1,€1,61) == Z(el>6n—1761) == Z(6176176n—1) == Z(en—l>61761) ==
=Z(e1,en,61) = Z(en_1,€n_1,€1) = Z(ep_1,€1,€,) =0,

yield
Bo=pP3=01=0, eg0e; =2e3, e20€,_1 =¢€,0€, =e,0¢e; =0.

Sum up multiplications being in the presence:

eioej =0l 16y, for 2<i+j<n—2, e, 10e =ep,

€10€p_1 =€10€, =€0€, 1 =€0€, =€,_10¢ey =0,
€n—10€pn_1 =€, 10€, =€,0€] =€,0€ =€,0€,_1=2¢,0¢, =0,
In a similar way as in case 1.1 one can prove

€;0€p_1=¢€,_10€ =e€;0¢e,=e,0¢6, =0 at 2<i:<n-—2.

In the conclusion of this case we have that A is isomorphic to K F;.
Case 2.2. Let ) = 0. Then e; oey = 0. Set €] = ae; + be,,—1. Then the condition
¢} o€y = €, yield ¢y = a’ey + abe,,. Consider the multiplication

ey o ey = ab(a(fz + f3) + bf)es.
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If either By 4+ (B3 or (B4 doesn’t equal zero, we get into case 2.1. Consider the case of
B2+ B3 = 0 and [y = 0. Then we have 5 # 0 (since otherwise, i.e. at §; =0,1 <i <4
we have dimAs = 0). Putting e, = [ae3, one can assume fy = 1. Z(ey,€,-1,€1) =0 =
ez = 0, what contradicts to the existence condition of an algebra in this case.

Case 3. Let ay = ag = 0. Then ag # 0 and putting €| = ae; + be,_1, where a and b are
such that

a® + abas + abas b2
ab# 0 and det < s b # 0,
we reduce this case to the case 1.

It should be noted that we consider a fortiori non isomorphic cases. O

Theorem 3.3. Any five-dimensional naturally graded quasi-filiform Zinbiel algebra of
type Ay is isomorphic to one of the following pairwise non isomorphic algebras:

KFL- €10€1 =€, €10€4 =265 €106 =E3 €4065 = €z,
5-
ey 01 = 2e3, e50eq = 2es;
KE2 - €10€ = €2, €106 =¢€3, €064 =0C5, €065 = ¢C3,
5-
€a0e] = 2€3, €40€ = —€3, €40€; = —€3, €40€5= —€3;
epoe; =ey, € 0ey=¢e3, € 0e=e;5 e0e¢c5=/[es,
3 . _ _ _ _
KF2(pB) : ep0e; =2e3, es0ey;=(F—1)es, egoe; = —ey, e40e4 = —es,
eg0ey = —e3, eg0e; = —fes, esoe; = (B —1)es, esoey=—20e3, BeC]
KF4' €1 0€1 = €9, €1 0€9 =€3, €1 0€4 = €5, 62061:263,
5-
€4 0 €4 = —€5,
KF5' €10€4 = €9, €1 0€9 =¢€3, €1 0€5 = —€3, €40€1 = €5,
5-
€4 0 €9 = €3, €4 0€5 = —€3,
6 . _ _ _ — .
KF5.€1064—62, €1 0€y = €3, €1 0€5 = —€3, €40€1 = €5,
KF7' €10€1 = €9, €10€9 =¢€3, €10€4 = €5, €10€5 = €3,
5-
€30 €] = 2€3, €30€4 =¢€3, €50€ = €3]

KF58261061:62, €106y =e€3, €10€4 =e€5, €30e = 2€3;

KE? - €106 =€y, € 0€y=¢e3 €0e = —€5 €30€ =2e3,
5-
€40€1 = €5, €40¢€5 = €3;
KF5,101€1061=€2, €10€4 = —€5, €40€1 = €5, €40€5 = €3;
K €10€1 =€2, €06y =¢€3, €10€4 = —€5, €10€5 = €3,
5 .
€30 e = 2e3, €40e€e; = es5;
KFL2 . €10€; =¢€3, €10€y=¢€3, €0e4= —e€5 €30€ = 2€3,
5 .
€4 0 €1 = €5,
13 . _ _ _ — .
KF5 . €10€ =€9, €10€4 = —€5, €10€5 =€3, €40€ = €5,
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€10€] =€y, €10€y =¢€3, €0e4=Qc; €30e = 2e3,

KF*(a):
> (@) { esoe; =es, o€ C\{—1};

2a —

T1a€3, €20¢4 = 2aes,
eqoe; =e5, €,0e =e3, esoe; =23, o€ C\{-1,—-1}
4 1 55 4 2 35 5 1 3 y 9

€10€1 = €2, €064 = Q€5, €]0€5 =

KR

€1 0€1 = €9, €10€e9 = €3, 61064:—565, 61065:—263,
KF5162 62061:263, €2 0€4 = —€3, €40€1 = €5, €40€9 = €3,
€; 0 e = 263;

€10€1 =€2, €064 = —565, e10e5 = —2e3, e€x0e4 = —e€3,

KF517 : {

€40€1 = €5, €40€9 = €3, 65061:263.

Proof. Let A be an algebra satisfying the conditions of the theorem and let {eq, es, €3, €4, €5}
be a basis of the algebra satisfying the natural gradating,

Ay = (e1,eq), Ay = (ez,e5), Az = (e3).
Write the multiplication of the basic elements in the form

€1 061 = 1€y + (glys, €1 0 €64 = (39 + (€5,
€4 0 €1 = (i5€3 + Qig€s, €4 0 €4 = Qi7€y + Qig€s,
e10ey = ez, ejoes = [heg, €406y = fP3e3, e40e5 = [Bye3,

where (517 627 637 64) 7£ (07 07 Ov 0)

It is easy to see that the linear span (e3) is an ideal of A. Consider now the quotient
algebra A/I = {€;,€,,€,,€5}. It is a four-dimensional Zinbiel algebra for which conditions
dim(A/I)? = 2 and dim(A/I)?® = 0 hold. Using classification of four-dimensional Zinbiel
algebras according to Theorem 2.3, we conclude that A/I is isomorphic to the following
pairwise non isomorphic algebras:

My : ejoe; =e3, e40e4=es;

My : ejoey =€y, ejoeg=e5 €40€ = —€5, €40€4=cy— 25
Ms: eqoe; =ey, e10€e4=¢€5, €40€ = —eo;
M4(Oé)1€1061:€2, €10€4 = €5, €40€1 = €y, €40€4 = —€5, OéEC;

Ms : ejoey =e3, eg0e = es;
Mg : eqoe; =ey, €10e4 =é5;
M7(a) : egoe; =ey, ejoey =aes, eqoe; =es a€ C.

Hence we can get the values for structural constants «; of the algebra A, namely by
equating the values of a; to the corresponding ones in the algebra from the above list.
Applying standard classification methods in each of the seven cases complete the proof of
the theorem. O
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Theorem 3.4. Any siz-dimensional naturally graded quasi-filiform Zinbiel algebra of type
A(g) is isomorphic to one of the following pairwise non isomorphic algebras:

ejoej = C-];rj_lei+j, 2<i+j <4,

KF{: !
€1 065 = €6, €50€1 = €g;
g ‘ . .
KF2 - eioej =0 1€y, 2<i+)<4,
6-
€1 0€5 =€, €50€1 = €, €50€5 = Eg;
KF3 - e;oe; =Cip i q€ivj, 2<i+7j <4,
6-
€1 0 €5 = €g, €50 €5 = €4,
KFL- e;oej =Ci i q€ivj, 2<i+7j <4,
6.
€5 O €1 = €g;
€10€1 = €9, €10€3 =¢€4, €10€5 =€, €10€g = €3,
5. _ _ _ _
KFy - ep 065 = —€3, €50e] = —3ey — 2€5, €50€y =e3, €50 e5 = 2€ey + ¢,
€506 = —2€3, €50€] = —€3, €50 €5 = €3;
KFS - €10€1 =€, €0€3=¢€4, €065 =66 €10€= C3,
6-
€a0e5 = —e€3, e€50€] = —2€5, €50€y=€3, €50€ = —€3;
KET - €10€1 =€, €0€3=¢€4, €065 =66 €10€= C3,
6-
€3 0€1 = €4, €50€; = —€¢.

Proof. Similar to the cases 1.1 and 2.1 of Theorem we can get the existence (pairwise
non isomorphic) of the following algebras

KF{, KF?, KF; KF.
Analogously to the case 1.2 we have for the algebra A with the basis {eq, s, €3, €4, €5, €6}

e1o0ep =e€g, €065 =¢5 €10e=0, eg0es=-e3, € 0e3=¢y,
€50 €1 = Q569 + Qgeg, €50 €5 = (irey + g, €50 €3 = —(1 + ag)es,
€50 es = (a€3, €50€3 = yey

where for parameters as, ag, ar, as, B4, 7y, the relations

—5(1 + OKG) + Qg + (1 + 046)54 = 0,
—7(1+ ag) + asfs =0

hold. Consideration of the identity (Il) for the basic elements reduces to the following

13



restrictions:
Oé8(2 + Oéﬁ) = 0,

ag(fy + 2ag) = 0,

(1+ ) (24 ag) =0,

(1+ ) (B4 + 2a5) =0,

—az(1+ ag) + agfs = 0,

Ba(2 + a) = (2 + ae)7, (7)
as(1 4 ag) + 2asas = —as,

Ba(Ba + 2a8) = (Ba + 208)7,

—a5(1+ ag) + as + (1 + ag) 81 = 0,

as(2 4 ag) + ag(Bs + 2a5) = (2 + )7,

| a7(2+ ag) + as(Ba + 205) = (B + 205)7.

Case 1. Let ag = —2. Then ([@) becomes to the form

By = —2as,
Q5 = —BOég,
ar = 20(%

Multiplication in the algebra in this case has the form

€1 061 = €3, €1 0 €5 = €, €1 0 € = €3, €1 0 €3 = €4,
e5 061 = —3aey — 2eg, €50 e5 = 20%ey + e, €50 €9 = €3, e5 0 eg = —2ae€3,
€5 O €3 = 7Y€y, €2 0 €5 = —€g3, €6 © €1 = —€3, €0 €5 = €3,

If v 4+ a # 0, then substituting

el =(y+a)e, ¢e=(y+a)e, €= (y+a)es,

eh = (y+a)es, ef=—ver+es €= (7+a)(—yes+ eq),
we can assume 7 = 0 and o = 1, i.e. we obtain the algebra KFy. But if v 4+ a = 0, then
substituting

/ / / / / /
€, =€1, € =€y, €3 ==¢€3, € =e€4, € = —Ye1+e5 €= —7Ye+ €,

we obtain v = 0 and « = 0, hence we have the algebra K Fp.
Case 2. Let ag = —1. Then (7) become the form

ag = Oa
as = 27,
Q7 = 72a
Bs="7.

Assume obtained table of multiplication:

€10€1 = €3, €10€5 = Cq, epoey =0, €10 € = €3,
_ _ _ a2 _
€1 © €3 = €4, es0e = 203e; — €5, €50€5 = (3°e2, e€50e5= [es,

e5 0 ez = [Beq, €50 eg = [ey, €30 €1 = €4, e3 0 e5 = [ey.
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Making the change of the basis:
! /I ! /I ! !
e, =e1, €y =-ey, €3=e3, €5 =¢ey4, €;5=—LFe+e5 ez=—ey+ e,

we obtain the algebra K Fy .

Since consideration of cases 1.1, 1.2, and 2.1 was chosen such that algebras satisfy-
ing these various cases were non isomorphic, the sets of algebras {KF}, KFZ, KF3},
{KFE}Y, {KF?, KF$, KF[} are pairwise not disjoint (up to isomorphism). Pairwise
non isomorphity of algebras KF), KFg, KF? follows from Theorem By virtue of
dimR(KFY) = dimR(KF§) = 1, and dimR(KF{) = 2, the algebra KF{ is not isomor-
phic to algebras K F¢ (i = 5,6). Non isomorphity of algebras K Fy and KF{ can be easily
checked by consideration of general change of the basis. Thus, we obtain pairwise non
isomorphic algebras KFy, 1 <i <T. d

The following theorem can be proved in the same manner.

Theorem 3.5. Any seven-dimensional naturally graded quasi-filiform Zinbiel algebra of
type Ay 1s isomorphic to one of the following pairwise non isomorphic algebras:

A . .
eoe; =C . e, 2<i4+7<5H
KFL- v J i+j—1%1+7> — -
7o o . .
€1 0€g = €7, €g0€] = Qeg,

eioej =Cl; qeiy, 2<i+j <5,

KF?:
€1 0€g = €7, €g0€1 = €7, €gO€g = ECr;

€1 0€g = €7, €60 €g = €7,

eoe;=C; teij, 2<i+j<5,

eg 0 e = er;

. =Y o I
K3 - { e;oej=Ci i y€ivj, 2<i+7j <5,
7-

KF;‘:{
€10€1 = €2, €10€3=~E€4, €10€4=E€5 €]0€E; = €7,

5 . _ _ _ _
KF?: €067 =€3, €30€5 = —€3, €30€] = —€y, €50e€ = —2e7,

€ O €y = €3, €70€1 = —€3;

€10€] = €2, €10€3 =~E€4, €10€4 =2E€5, €10€E5=E7,

KFP: { ejoer=e3, e0e5=—e3, €306 = —e€s, €0€ = —2e7,

| €60€2=¢€3, €0C€4=C5 €706 = —€3.

3.3 The case r > 2
The proving the remaining cases, we need the following lemmas.

Lemma 3.1. Let A be a naturally graded quasi-filiform Zinbiel algebra of type Ay (r > 2).
Then xox =0 for any x € A;.
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Proof. Assume to the contrary, that is there exists x € A; such that x o x # 0. Then
we choose a basis {ej1,es,...,e,} of A such that ey =, eo =z oz, and A; = (e1,e,-1),
A2 = <62>, ey Ar = <6r, 6n>, Ar—i—l = <6r+1>, ey An_g = <6n_2>.
Thus, we can assume

eroe =¢e;q for 2<i<r—1,

€n—190€r_1 = €p.
On the other hand, similar to the case of a filiform Zinbiel algebra in [I], we obtain

en_10e; =0 for 2 <i <r—1, which contradicts the existence of an element x such that
rxox #0. O

Lemma 3.2. Let A be a naturally graded quasi-filiform Zinbiel algebra of type Ay. Then
r<3.

Proof. Assume to the contrary, i.e. 7 > 3. By Lemma 3.1l x o x = 0 for any = € A;.
Choose a basis {eq, es,...,e,} of the algebra A such that

e1oe =¢e;q for 2<i<r—1

eroep=¢e,10€,1=0, e;oe, 1 =—e,_10€e; = e
We get a contradiction from the equalities

€20€1 = (6’1 o €n—1) 0€p =60 (€n—1 o 61) +e0 (6’1 o €n—1) = €10 (—6’2 + 62) =0,

0= (6106’1)0622610(61062)+610(62061) = €1 063 = €4,
thus completing the proof of the lemma. O

Lemma 3.3. Let A be a naturally graded quasi-filiform Zinbiel algebra of type A(z). Then
dimA < 7.

Proof. Suppose that dimA > 7 and let {ej, €9, ..., e,} be a basis satisfying the conditions
Al - <617€n—1>7 A2 = <62>7 A3 = <€37 en)v A4 == <€4>7 R An—2 == <€n—2>7

€10€; =ep_10€e,_1 =0,

€10€p_1 = —€x_10€1 = €y,

€10€2 = €3, €p—10€2 = Cn.
The equalities

Z(e1,en—1,61) = Z(e1,en-1,6n-1) = Z(e1,€1,63) = Z(€n_1,€n-1,€2) =
Z(e1,en—1,62) = Z(en—1,6€1,62) = Z(€1,€2,6n-1) = Z(€n_1,€2,€1) =
Z(eb €2, 61) = Z(en—b €2, 6n—l) = 07
lead to
€20€] =€30€,1 =€10€e3==¢€,_10€, =0
€30€e] =€10€3=¢€,0€, 1 ==¢€, 10€¢, =0,
€206 =€10€, =€30€/_1 = —€p_10€3 = —€,0€1 = Yey.
Note that v # 0. Otherwise A4 =0, i.e. dimA < 5.
Without loss of generality we can assume that v = 1 and

e1oe =¢e;q for 4<i<n-—2,

€1 0¢€, = €e4.
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Using the identity (I]) for elements {e1, e,, e;}, we obtain e4 0 e; = 0.
On the other hand, the equalities

(e1oej)oes=ejo(egoey)+e10(egoeq)

imply 0 = e; o e5 = eg, i.e. we arrive at a contradiction, which completes the proof of the
lemma. O

From Lemma B3] one can easily derive the following corollaries.

Corollary 3.1. Any five-dimensional naturally graded quasi-filiform Zinbiel algebra of
type Ay is isomorphic to the algebra

€10€2 =¢€3, €20€ = —€3, €10€3 =2¢€4, €30€3 = C€s5.

Corollary 3.2. Any siz-dimensional naturally graded quasi-filiform Zinbiel algebra of type
Ay is isomorphic to the algebra

€106y =¢€3, €10€3 =2~¢€4, €10€5 =¢€g, €30€1 = —€3, €20€3=EC5,

€20€64 = —€5, €30€3 =€, €40€3 =€, €50€1 = —€.

Corollary 3.3. Any seven-dimensional naturally graded quasi-filiform Zinbiel algebra of
type Ay is isomorphic to the algebra

€1 0 €y = €3, €1 0€3 = €4, €10€5 = €, €1 © €¢ = €7,
€2 0€1 = —€3, €20€3 = ¢€5, €2 0€4 = —€¢, €30€3 = €,
€4 0 ey = €g, e40e3 = 2e7, €506 = —€g.

Thus, we obtain the classification of complex naturally graded quasi-filiform Zinbiel
algebras of an arbitrary dimension. In fact, the results of this paper complete the clas-

sification of n-dimensional nilpotent naturally graded algebras A satisfying the condition
Ar=2 £ 0.
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