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1. Introduction

Models of interacting systems have been intensively studied
in the last years and new methodologies have been developed in
the attempt to understanding their intriguing features. One of the
most promising directions is the combination of statistical me-
chanics tools and methods adopted in dynamical systems. One of
such tools is the renormalization group (RG) which has had a pro-
found impact on modern statistical physics'. The renormalization
method is then applied in statistical mechanics and yielded lots of
interesting results. Since such investigations of phase transitions
of spin models on hierarchical lattices showed that they make
the exact calculation of various physical quantities [5,14]. One of
the most simple hierarchical lattice is a Cayley tree or a Bethe
lattice (see [39]). This lattice is not a realistic lattice, however,
investigations of phase transitions of spin models on trees like the
Cayley tree show that they make the exact calculation of various
physical quantities [42].
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also on the ground breaking foundations laid by Fisher [10].
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On the other hand, there are many investigations that have
been conducted to discuss and debate the question due to the
assumption that p-adic numbers provide a more exact and more
adequate description of microworld phenomena (see, for exam-
ple [18,48,49]). Consequently, various models in physics described
in the language of p-adic analysis (see [2,3,11,49,50]), and numer-
ous applications of such an analysis to mathematical physics have
been studied in [4,18,19,48]. These investigations proposed to study
new probability models (namely p-adic probability), which cannot
be described using ordinary Kolmogorov’s probability theory (see
[6,17,22,25,28]). Therefore, p-adic probability models were investi-
gated in [21,24,25]. Using that, p-adic measure theory in [20,22,28],
the theories of p-adic and non-Archimedean stochastic processes
have been developed. In [13,23,29-38,44] it has been developed
p-adic statistical mechanics within the scheme of the theory of p-
adic probability and p-adic stochastic processes. For complete re-
view of the p-adic mathematical physics we refer to [7].

In [34] we have developed the renormalization group method
to p-adic A-models on Cayley trees (which are generalizations of
the Ising model [16,36]). Note that the renormalization method
is closely related to the investigation of p-adic dynamical system
associated with a given model (see [1,24,26]). In this paper, we
are interested in the following question: how is the existence of
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the phase transition related to chaotic behavior of the associated
p-adic dynamical system (this is one of the important question in
physics [15])? In the present paper, we consider as a toy model
the p-adic g-state Potts model on a Cayley tree [37]. It is known
[35,38,43] that for this model there exists a phase transition if
q is divisible by p. We will show that, in the phase transition
regime, the associated p-adic dynamical system (which is rational
dynamical system, a few investigates are devoted to such kind of
dynamical systems [41,46], but most study is devoted to polyno-
mial dynamical systems [8]) is chaotic, i.e. it is conjugate to the
full shift. Note that some p-adic chaotic dynamical systems have
been studied in [9,52]. As an application of this result, we are able
to show the existence of periodic (with any period) p-adic quasi
Gibbs measures for the model. We point out that similar kind of
result is not known in the case of real numbers. A few attempts
have been done to find out either 2-periodic or weakly periodic
Gibbs measures on the Cayley tree (see [40,45]). The main result of
this paper allows us to know that how large is the class of p-adic
quasi Gibbs measures. If one considers p-adic Gibbs measures, then
it was shown [38] that there is no periodic p-adic Gibbs measures
except for translation-invariant ones for the Potts model. We stress
that the set of p-adic quasi Gibbs measures is larger than the set
of p-adic Gibbs measures. As is well known, p-adic spaces have the
fractal (although very special) structure. Hence, our study opens a
new perspective in rational p-adic dynamical systems on fractals.

2. Preliminaries
2.1. p-adic numbers

In what follows p will be a fixed prime number. The set Q) is
defined as a completion of the rational numbers Q with respect to
the norm |- |, : Q — R given by

pTx#0,

|X|P: {0, x=0, (21)
here, x=p" T with rmeZ, neN, (m, p)=(n p)=1. The abso-
lute value |-|, is non-Archimedean, meaning that it satisfies the
strong triangle inequality |x+y|p < max{|x|p. |y|p}. We recall a
nice property of the norm, i.e. if |x|, > |y|p then |[x+y|p = [x|p.
Note that this is a crucial property which is proper to the non-
Archimedenity of the norm.

Any p-adic number x € Qp, x # 0 can be uniquely represented
in the form

X=p'OXo+x1p+X2p* +--), (2:2)
where y =y (x) € Z and x; are integers, 0 <X; <p—1,% > 0, j =
0,1,2,... In this case [x|, = p7¥®).

For each a € Qp, r > 0 we denote
B(a)=1{xeQp:|x—al|, <1}
and the set of all p-adic integers
Zp=1{xeQp: |x|p <1}

The set Z}, = Zp \ pZp is called a set of p-adic units.
Recall that the p-adic exponential is defined by

o0 xn
exp, () =Y >

n=0

which converges for every x € B, 11, (0).
Put

E=1{xeQp: |x-1|p<p VPD}
It is known [27] the following fact.

Lemma 2.1. The set &, has the following properties:

(a) &p is a group under multiplication;
(b) la—blp <1 forall a,b e &p;
(c) If a,b e &p then it holds

if p=2
, if p#£2.
(d) If a € &p, then there is an element h € Bp_l/(p_n (0) such that a =
exp, (h).
Note that the basics of p-adic analysis, p-adic mathematical
physics are explained in [27,48].
2.2. p-adic sub-shift

Let f:X — Qp be a mapping from a compact open set X of Qp
into Qp. We assume that (i) f~1(X) c X; (ii) X = Ujer Br(a;) can be
written as a finite disjoint union of balls of centers g; and of the
same radius r such that for each j e I there is an integer t;€Z
such that

IfFC) = fWIp=p""Ix=ylp. xyeB(a. (23)

For such a map f, define its Julia set by

Ir=f"X). (2.4)
n=0

It is clear that f~1(J;) =]J; and then f(Jy) CJy.

Following [9] the triple (X, Jy, f) is called a p-adic weak repeller
if all 7; in (2.3) are nonnegative, but at least one is positive. We
call it a p-adic repeller if all 7; in (2.3) are positive. For any i € I,
we let

li:={jel:B(a;)nfBi(a)) #2}={jel:B(aj) C f(B:(a))}
(the second equality holds because of the expansiveness and of the
ultrametric property). Then define a matrix A = (a;j);,. called in-
cidence matrix as follows

L l,lf jEI,‘;

o0 el

If A is irreducible, we say that (X, J; f) is transitive. Here the ir-
reducibility of A means, for any pair (i, j) € I x I there is positive
integer m such that ai(;") > 0, where ai(;”) is the entry of the matrix
Am,

Given I and the irreducible incidence matrix A as above.
Denote

Yy = {(Xk)kzo D Xeel, Axk,xkﬂ =1, k=>0}

which is the corresponding subshift space, and let o be the shift
transformation on ¥,. We equip X4 with a metric d; depending
on the dynamics which is defined as follows. First for i, j € I,i # j
let «(i, j) be the integer such that |a; —aj|p = p~@J). It clear that
k(i, j) < T. By the ultra-metric inequality, we have

|x—ylp=la;— aj|p i#j, VxeB(a;).Vy € B (a;)

For x= (Xg,X1,....Xn,...) € X4 and y= (¥o,Y1.---»Yn,...) € &,

define

—Txg— Ty =~ Txy_y —K (Xn.Yn)

df(X’ y) = {g—K(xod/u)

where n=n(x,y) =min{i > 0: x; # y;}. It is clear that d; defines
the same topology as the classical metric which is defined by
d(x,y) = p~"¥),

,ifn#0
,ifn=0

Theorem 2.2 [9]. Let (X, J;, f) be a transitive p-adic weak repeller
with incidence matrix A. Then the dynamics (Jj, f, | - |p) is isometri-
cally conjugate to the shift dynamics (X4, o, dy).



192 E Mukhamedov, O. Khakimov /Chaos, Solitons and Fractals 87 (2016) 190-196

2.3. p-adic measure

Let (X, B) be a measurable space, where B3 is an algebra of sub-
sets X. A function p : B — Qp is said to be a p-adic measure if for
any Ay, ...,An C B such that A;NA; = ¢ (i # j) the equality holds

u(jU]Aj) =j§u(Aj>v

A p-adic measure is called a probability measure if u(X) =1. A
p-adic probability measure p is called bounded if sup{|u(A)|p: A€
B} < oco. For more detail information about p-adic measures we re-
fer to [17,24].

24. Cayley tree

Let Tk = (V,L) be a semi-infinite Cayley tree of order k > 1
with the root x? (whose each vertex has exactly k+ 1 edges, ex-
cept for the root x%, which has k edges). Here V is the set of ver-
tices and L is the set of edges. The vertices x and y are called near-
est neighbors and they are denoted by [ = (x,y) if there exists an
edge connecting them. A collection of the pairs (x,x1)---(x4_1,¥)
is called a path from the point x to the point y. The distance d(x,
¥), x, ¥y € V, on the Cayley tree, is the length of the shortest path
from x to y.

Wy = {xeV [dxx%) =n},

n
Vp = UWm, Ly={l=<xy>el|x,yeV}

m=0
The set of direct successors of x is defined by
Sx)={y eWp:dx,y)=1},x € Wy.

Observe that any vertex x  x0 has k direct successors and x9 has
k+1.

2.5. p-adic quasi Gibbs measure

In this section we recall the definition of p-adic quasi Gibbs
measure (see [31]).

Let ®={1,2,...,q}, here ¢ > 2, (® is called a state space)
and is assigned to the vertices of the tree ' = (V, A). A config-
uration o on V is then defined as a function x ¢ V — o(x) ¢
®; in a similar manner one defines configurations o, and @ on
Vn and W, respectively. The set of all configurations on V (resp.
Vi, Wy) coincides with Q = ®V (resp. Qy, = &V, Qy, = ®Wr). One
can see that Qy, = Qy, | x Qu,. Using this, for given configura-
tions 0,_1 € Qy_, and w e Qy, we define their concatenations
by

on-1(x),ifx e Vy_1,

(On1 Vo) (X) = {w(x), if xeW,.

It is clear that 0,1 v w € Qy,.
The (formal) Hamiltonian of p-adic Potts model is

Ho) =] Y Soxow): (2.5)

(x,y)el

where ] € B(0, p~V/(P=1)) is a coupling constant, and §;; is the Kro-
neker’s symbol.

A construct of a generalized p-adic quasi Gibbs measure corre-
sponding to the model is given below.

Assume that h:V\ {x®} - Qp is a mapping, ie. hy=
(x> hixe -, hgx), where h;, € Qp (i € ®) and x € V\{x(V}. Given

n e N, we consider a p-adic probability measure /Ll(l"; on Qy, de-
fined by

1
1y (@) = = exp{Ha(0)} [T hoo.x (26)
Zn xeWy

Here, 0 € Qy,, and Z,(lh) is the corresponding normalizing factor

Z,gh) = Z exp{Hy (o)} l_[ hu(x),x- (27)

0 eQy, XeW,

In this paper, we are interested in a construction of an in-
finite volume distribution with given finite-dimensional distribu-
tions. More exactly, we would like to find a p-adic probability mea-
sure i on 2 which is compatible with given ones “1(1”)’ ie.

noeQ:oly,=0,) = /Lfl")(an), forall 0, € Qy,, neN. (2.8)

We say that the p-adic probability distributions (2.6) are com-
patible if for alln > 1 and o € ®Vn-1:

> g On v ) = pt P (00 ). (2.9)

ey,

This condition according to the Kolmogorov extension theorem
(see [12,22]) implies the existence of a unique p-adic measure
defined on 2 with a required condition (2.8). Such a measure p, is
said to be a p-adic quasi Gibbs measure corresponding to the model
[31,32]. If one has hy € & for all x € V\{x(?)}, then the correspond-
ing measure p, is called p-adic Gibbs measure (see [37,38]).

By QG(H) we denote the set of all p-adic quasi Gibbs measures
associated with functions h = {hy, x € V}. If there are at least two
distinct generalized p-adic quasi Gibbs measures such that at least
one of them is unbounded, then we say that a phase transition
occurs.

The following statement describes conditions on hy guarantee-
ing compatibility of " (o).

Theorem 2.3 [31]. The measures /,Ll(ln), n=1,2,...(see (2.6)) associ-
ated with g-state Potts model (2.5) satisfy the compatibility condition
(2.9) if and only if for any n € N the following equation holds:

he= T F(hy.6),

yesSx)

(2.10)

here and below a vector h = (fu,...,flq_]) € Qfﬂ is defined by a

vector h = (hy. hy..... hg) € Q} as follows

Soh

hi=—, i=1,2,...,q-1 (211)
hq

and mapping F:(@E’,’1 x@P—M@g’l is defined by F(x;0)=
(F(x0),..., Fy_1(x; 0)) with

(9 — 1)X1+Z;1;11Xj+1
I X+

x={x}eQ¥" i=12..qg-1

F(x:0) =

(212)

Remark 2.1. In what follows, without loss of generality, we may
assume that hg = 1. Otherwise, in (2.6) we multiply and divide the
expression on the right hand side by [T .y, hqx. and after replac-
ing h; by h;/hg, we get the desired equality.

Let us first observe that the set (1,...,1,h,1,...,1) (m=
m
1,...,q—1) is invariant for the Eq. (2.10). Therefore, in what
follows, we restrict ourselves to one of such lines, let us say
(h,1,...,1).
In [38] to establish the phase transition, we considered
translation-invariant (i.e. h = {hX}XGV\[XO} such that hy = hy for all
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X, y) solutions of (2.10). Then the Eq. (2.10) reduced to the follow-
ing one

h= f,(h), (213)
where

o Ox+g-1\F
fox) = (m) . (2.14)

Hence, to establish the existence of the phase transition we
showed [37] that (5.5) has three nontrivial solutions if g is divisible
by p. Note that full description of all solutions of the last equation
has been carried out in [43,47]. In the section, we will show that
the function (2.14) is chaotic.

3. The fixed points of p-adic dynamical system (2.14)

In this section, we study behavior of the fixed points of the
function (2.14).

In what follows, for the sake of simplicity, we assume that p
>3,k=2,0<160—-1]p <|q|p <1. It is known [37,43] that, in this
case, there exist three translation invariant p-adic Gibbs measures
o, U1, M2 (note that they are not bounded) which correspond to
the fixed points of fy. Namely, the fixed points are xo = 1 and

201D+ (0 -1+ 0 -1)y/-4(q-1)+ (0 1)
2

(3.1)

201D+ (01— (0 -1)y/-4(q-1)+ (0 1)
2

(3.2)

Let x(©) be a fixed point of an analytic function f(x). Let

_i (0)
A= dXf(x ).

The fixed point X is called attractive if 0 < |A|p < 1, indifferent if
[A|p =1, and repelling if |A|p > 1.

Theorem 3.1. For the fixed points xo,x1,x3 of fy the following state-
ments hold:

(i) xq is an attracting fixed point;
(ii) x; and x, are repelling fixed points.
Proof. Let x; be a fixed point of (2.14). Then we have

200 —1)(0 -1+ q)x;
*+60+q-2)0Ox;+q—1)

fo(x) = (3.3)

(i) From (3.3) we get

o= g0

Since |0 — 1|, < |q|p using non-Archimedean norm’s property we
obtain

16 — 1]

| fo (%0)|p = £
lqlp

which means that x is attracting.
(ii) Using (3.1) and (3.2) one can calculate that

0-1)(2+ /441 1246-1)
Xi2+0+q—-2= 5
(0-1)(226 /3-2q+ G- 17-2q+6(6-1))
2

< 1.

Ox12,+q—1=

Due to |6 —1|p < |q|p < 1 and using strong triangle inequality one
gets

|x12]p =1,
[X12+0 +q9—2[, <0 - 1],
|0x12+q—1]p <10 —1],.

Putting these into (3.3) we can easily get

lglp
|fé(x1.2)|p oo, 1.

This yields the assumption. O
Now, we are going to describe basin of attraction
A(xo) = {xe@p: fi(x) - xo}
of the fixed point x5 = 1.
Let us denote
Ky ={xeQp:[x—xolp <Iqlp}
K ={xecQ:|x—xlp>lqlp}
It is easy to check that x; 5 € Qp \ (K; UK;). We show that fy(x) €

K; for any x € Kj UK.
Due to xg = 1 we have

_ @ -D[O+1D(x—x)+2(6 - 1) +q](x—><o)

X) —Xo =
fo(x) —xo ® %1 0_1107
(34)
The non-Archimedean norm’s property implies that
_Jlalp. if xeki,
[0+ D) (x=x0) +2(0 = 1) +4lp = {|X_X0|p, if xek
(3.5)
and
_ |q|p, if XGK],,
|XX0+91+q|p—{|X_x0p’ if xelk (3.6)
Inserting (3.5), (3.6) into (3.4) we find
[(0—1)(x=x0)|p if xek
| fo (%) —Xolp = o ' (3.7)
|6 —1]p, if xek

According to |0 —1[p < |q|p. |x—Xolp <|q|p one gets |fy(x) —
Xolp <|qlp for any x € Kj. It yields that fy(x) € K; for any x €
K UKs.

Moreover, from (3.7) one can see that f, is a contraction on
Ky, which means that Ky C A(xp). Besides, we also infer that K, C
f(f (K1), so Ky c A(xq). Therefore, we conclude that the set

B= (U fgn(Kl))
n=0

also belongs to A(xg).
Thus, we have proven the following result

Theorem 3.2. Let k=2 and p > 3. If 0 < |0 — 1|, < |q|p then

((ufi" D)) = Acxo).

4. Chaotic behavior of (2.14)

In this section, we study the dynamics of the function fy. In the
sequel, we assume that p > 3, k=2, g=mp" and 0 < |0 — 1|, <
p~2"-1 for some m,neN and (m, p) = 1.

Now, we are ready to formulate the main result of this section.
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Theorem 4.1. Let |0 —1[, <p="!, r=|p"(®—-1)|, and X =
B (x1) UBr(x2). If fy : X — Qp be a function defined by (2.14) then
the dynamics (]fg, fo. |- |p) is isometrically conjugate to the shift dy-
namics (Zp, o, dp).

To proof this thereom we need several auxiliary facts.

Lemma 4.2. Let r = |p"(6 — Dlp Then for any x € B(x;) and y €
Bi(x,) there exist p-adic integers ax and By such that

x=T1-—mp"+ (14 mep"+ p" o) (0 — 1)

y=1—mp"— (1 +mep"+p"18,)(6 — 1) (4.1
where 2mg = —m(mod p).
Proof. It is enough to show that

X1 =T1-mp"+ (14+mep")(6 — 1)+ p™' (6 — (42)

Xy =1-—mp"— (1+mep") (0 — 1)+ p"1(6 - 1)B

where «, B € Zp. Since |0 — 1|, < p~2"~! there exists p-adic integer
y such that

~4(q-1)+ (6 - 12 =4(1 —mp"+ p"y).
It follows that
V=41 + O - 12 =2(1+mo-p"+ p™1y),

where y’ € Zp. Put the last one into (3.1) one gets

x1=1-mp"+ (1 +mep")(0 — 1)+ p"1(0 — D, « €Zp.
Similarly, we have
Xp=1-—mp"— (1+mep") (@ —1)+p"' O -1, B e

Thus, we have shown that (4.2) holds. Using non-Archimedean
norm'’s property from (4.2) one finds (4.1). O

Corollary 4.3. Let r = |p"(6 — 1)|p. Then one has Br(x1) NBr(x3) =
.

Proof. It is enough to show that x; ¢ Br(x,). From (4.2), using non-
Archimedean norm’s property we have

[x1 —x2]p =10 — l|p >T,

which yields x; ¢ Br(x3). O

Lemma 44. Let r=[p"(0 —1)|, and X =B(x1) UBy(xz). Then
1) cx.

Proof. We know that fy has two inverse branches on X, which are
O +q-2)Vx+q-1

fro) = - 0+ VX ,
fro = CHIZDIALL

Let us show that f; 4(x) € Br(x,) for any x € X. We have
fro@) +mp" —1+mp" (6 —1)
(@ =D[mop"(Vx+ 1) +mp" + (1 +mop™) (0 — 1]

0+ Vx
(0 = 1)[mop" (VX — 1) + 2mg + m)p" + (1 + mp™) (6 — 1)]
N 0+ Jx
(4.3)
Since 0, \/x € £, by Lemma 2.1 we get
1

10+ Vxlp =1, |«/?c—l|p§E (4.4)

From 2mg = —m(p) we have

1

[2mg 4+ m|p < > (4.5)

Inserting (4.4), (4.5) and |6 — 1|, < % into (4.3) and using strong

— pn+2
triangle inequality, we obtain
|fio(0) +mp* =1+ (14+mop") (6 — 1|, < |p* (6 — 1)
which is equivalent to

fro@) =1—mp" — (1 +mop") (0 — 1) +p"' (0 ~ B,
for some B € Z.

p

According to Lemma 4.2 one has f; 4(x) € Br(x3).
Now, we show that f, 4(x) € Br(x;), for any x € X. Let x € X.
Then we have

frox)+mp" =1 —(14+mep")(@ - 1)
(0 —D[vx—=1+mp"— (0 — VX)(1 +mop")]

6 — VX
O - D[WE- 1)@+ mop) + mp" — (@~ 1)(1+ mop")]
_ -

(4.6)
Let us establish

|(\/;(_ 1)(2 +mep") +mP"|p = W

Indeed, using x =1—-mp" + (6 — 1), |ot|p =1 we have
(Vx+ D[ (VX = 1)(2 + mop") + mp"]
= (x—1)2+mep") + mp"(Vx+ 1)
=mp"(vVx—1—-mop") + (0 — 1)(2 + mep")x
Since ‘\/)?— 1 +m0p”‘p <p™and |vx+ 1|, =1, the strong trian-
gle inequality with (4.7) implies

|(Vx=1)(2+mop") + mp"| | < 2t

Plugging the last one into (4.6) one gets
[f0(%) + mp" —1—(1+mop")(0 — D[, < [p" (O — 1),

By Lemma 4.2 we find f, g(x) € B:(x1).
Since x is an arbitrary, we conclude that f;l (X) c X. This com-
pletes the proof. O

Lemma 4.5. Let r = [p"(0 — 1)|,. Then one has

X_
1000 = o)l = “22. for any x.y € 5,0x0)

and

Ifo () = foW|p =

Proof. Let x # y. Then we have
fo@) = foy) _ (0 =1)( +mp" — DR(X.y)

Ix—
r

y|,,’ for any x,y € B:(x2)

x—y GEITOEI) @7
where
R(x.y) = 20xy + [0% + 0 (mp" — 2) + mp" — 1] (x +¥)
+2(mp" —1)(0 +mp" - 2) (4.8)
QX)) =x+0+mp" -2
It is easy to check that
Q)lp = {l pl?@’_”{’)’ ; He g:ﬁg (4.9)

Let x, y € By(x1). Then by Lemma 4.2 we have

x=1-—mp"+ (1+mep")(0 —1) + p"(0 — e,
y=1-—mp"+ (1+mep") (0 — 1) + p"1 (6 — 1.
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(©)

Fig. 1. The first levels of I'2.

Plugging last ones into (4.8) one gets

Rx,y) = (0 — 1)2[4(9 — 1)+ p™[3(6 — 1) + p"(2mob — m) + 4]
(ot + aty) +2p"[(0 = 1) (2mg + 1) + 0 p"Payary
+mop" (Mg — m) —2m] + 8]

Similarly, for x, y € B(x,) we obtain

R(x,y) = p"(6 — l)z[Zmop" [Mo(6 — 1) + mg + m] + 20 p"2ayary

=" [P0 — 1) — 2mof + m](ctx + ty) +2(6 — 1)m0]
(4.11)

Keeping into account the following relations

|6 — 1|p = ﬁ,

136 — 1) + p"(2mof —m) +4[, =1,

|(6 = 1)(2mg + 1) + O p™ 2ty + mop™ (mof) — m) — 2m’p =1,

|2mop™[mo(6 — 1) +mo + m|p =1,

|p(6 — 1) —2mob +ml, <1,
and using the non-Archimedean norm'’s property, from (4.10) and
(4.11), we find

IC —1)2|p , ifx,y € Br(x1) 412)

[Rx,¥)|p = {|p2n(9_1)2|p . ifx,y € Br(x2)

Hence, by means of (4.9), (4.12), from (4.7) one gets
1 .
1o @) = fo 0y _ {pleu Lifxy € Br(x)

X —ylp Wf”” , if x,y € By (x2)

P

This completes the proof. O

Corollary 4.6. Let r = |p"(6 — Dlp Then Br(x;) Cfy(Br(X;)).0, j € {1,

2}.

Proof. By Lemma 4.4 we have B:(x;) C fy(Br(x;)), j=1,2.

Since |x; —xp|p = pr < szTl by Lemma 4.4 one gets x; €

Bi(x3), X3 €B 1 (xq). This yields that By(xq)cCfg(Br(x2)) and
2n

Bi(x2) CfBr(x,)). O

Proof of Thorem 4.1. According to Lemma 4.4 we have f; 1X) c
X. By Lemma 4.5 the triple X.Jg, fp) is a p-adic repeller. Finally,
by Corollary 4.6 an incidence matrix A has the following form:

(4.10)

;/ level 3

(2,2) level2

level 1

level 0

So, the triple (X,_]fe,fg) be a transitive. According to Theorem
2.2 we conclude that the dynamics (]fg,f(,, | -]p) is isometrically
conjugate to the shift dynamics (X4, 0, dp). O

5. Periodic p-adic quasi Gibbs measures

In this section, we will given a consequence of Theorem 4.1, i.e.
it allows us to show that how the set of the periodic p-adic quasi
Gibbs measures is huge.

First, we recall a coordinate structure in F’i: every vertex x (ex-
cept for x°) of I‘ﬂ‘r has coordinates (iy, ..., in), here ip € {1,...,k},
1 < m < n and for the vertex x° we put (0). Namely, the symbol
(0) constitutes level 0, and the sites (ij,...,ip) form level n (i.e.
d(x°, x) = n) of the lattice.

Let us define on I'¥ a binary operation o : TX x 't — Tk as fol-

lows: for any two elements x = (i, ..., in) and y = (ji, ..., jm) put
xoy=(ir.....in) o (1, .-, Jm) = (i1, .-+, Iy 1, -+ Jm) (5.1)
and

xox0=xox=(i1,...,in) 0 (0) = (i1, ..., in). (5.2)

By means of the defined operation F’j becomes a noncommu-
tative semigroup with a unit. Using this semigroup structure one
defines translations 7 : 't — 'k, ge Tk by
Tg(X) = gox.

It is clear that 7(g) = id.

Let Hc Tk be a sub-semigroup of I'* and h: Tk — Y be a
Y-valued function defined on I', We say that h is H-periodic if
h(zg(x)) = h(x) for all g € H and x € T'X. Any I'k-periodic function
is called translation invariant. A p-adic quasi Gibbs measure p,, is

called H-periodic, if h is H-periodic function (see Fig. 1).
Now for each m > 2 we put

Hn={xeT*: d(x,x°) =0(mod m)}.

One can check that Hy, is a sub-semigroup.

(5.3)

(5.4)

Remark 5.1. We stress that in [32] we have established the exis-
tence of the phase transition for the considered model. To do so,
we found only translation-invariant solutions of (2.10). In [38] it
was shown that Hy-periodic solutions of (2.10) belonging to &, co-
incides with translation-invariant ones. Therefore, it is natural to
find periodic solutions of (2.10) in a general setting, which allows
to find periodic quasi Gibbs measures.

Let us consider a Hp-periodic function h = {hX}er\{XO} on the
invariant line (h, 1,..., 1) of the Eq. (2.10). From the Hp,-periodicity
we infer that there is a m-collection of vectors {hg, ..., h,_1}, such
that hy = h;, if d(x, X°) = i(modm), i =0, ..., m — 1. On the invari-
ant line, we have h; = (h;,1,...,1) (i=0,....m—1).
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Then the Eq. (2.10), for the Hp-periodic functions, reduces to
the following system

hi = fo(hiz1), hm=fo(ho), i=1,...

where fy is defined as (2.14).

It is clear that the Eq. (5.5) is equivalent to finding m-periodic
points of the function fy. Hence, the existence of periodic orbits
of the function implies the existence of Hp-periodic p-adic quasi
Gibbs measures. It is well-known that the shift operator has in-
finitely many periodic points, therefore, Theorem 4.1 implies that
the function f, also has infinitely many periodic points. Hence,
there are many Hp,-periodic p-adic quasi Gibbs measures.

,m—1. (5.5)
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