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ABSTRACT

In this paper, we define the limit set A of an unconventional set of
contractive functions {f,} on the unit ball of non-Archimedean alge-
bra. Then, we prove that Af is compact, perfect and uniformly dis-
connected. It is shown that there is a new collection of contractive
mappings {I-:k} defined on A¢. Moreover, we establish that the set
Af coincides with the limit set generated by the semi-group of {ﬁk}.
This result allows us to further investigate the structure of A¢ by
means of this limiting set. As an application, we demonstrate the exis-
tence of invariant measures on A%. We should stress that the non-
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1. Introduction

In this paper, we deal with metric properties of unconventional sets of discrete contractive
dynamical systems defined over non-Archimedean algebras. The field of non-Archimedean
dynamical systems is one of the most popular areas of the modern mathematics. There
are many works devoted to p-adic and non-Archimedean dynamics.[1-11] We stress that
applications of p-adic numbers in p-adic mathematical physics,[12-14] quantum mechan-
ics and many others [15-18] stimulated an increasing interest in the study of p-adic and
non-Archimedean dynamical systems.

On the other hand, the metric properties of limit sets in the Euclidean spaces have been
studied in investigations of random dynamical systems (see, for example [19-22]). These
investigations have found their applications in the fractal geometry.[23,24] This naturally
motivates to consider the metric properties of limit sets in a non-Archimedean setting. In
this direction, very recently, in [25] it has been considered a semi-group G generated by
a finite set { f;}¥, of contractive functions on O (here O = {x € K : |x| < 1} is the closed
unit ball of the non-Archimedean algebra K). Namely, G = | J,., Gx, where Gy = {f;, o
f,o-0 ii» 1 <i; <N,1 < j < k}. Furthermore, it was studied metric properties of the
limit set A of G which is a complement of the set of all points x € O for which there exist
open neighbourhoods Uy, of x such that g(U,) N U, = @ for all but finitely many g € G.
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Note that the limit set A of G is a very important object in the study of random dynamical
systems (see, for example [5,11,26]).

One can easily see that the composition of two contractive mappings is again a con-
traction. But, in general, the product or the sum of such kind of contractions is not a con-
traction, but in a non-Archimedean situation, they are also contractions. Using that fact
in [27,28], the uniqueness limiting sets of unconventional iterates of contractive mappings
have been studied. Note that these results play an important role in the theory of p-adic
Gibbs measures.[9,29-32]

In this paper, we define the limit set A* of an unconventional set (see, for the definition
Section 3) of contractive functions {f;} on O, and a family of mappings &. Note that this set
can be considered as a non-Archimedean fractal. In Section 4, we prove that A* is compact,
perfect and uniformly disconnected. Moreover, we show that the set is self-similar with
respect to some functions {E.}. Note that the results of this section can be considered as an
extension of some results of [25] to more general setting. Based on results of Section 4, in
Section 5 it is introduced a new metric for which the functions {F.} become contractions
of A%. Moreover, we establish that the set A¢ coincides with the limit set generated by {F}.
This result allows us to further investigate the structure of A* by means of this limiting set.
As an application, we demonstrate the existence of invariant measures on A*. We should
stress that the non-Archimedeanity of the algebra is essentially used in the paper. Therefore,
the methods applied in this paper are not longer valid in the Archimedean setting (i.e. in
case of real or complex numbers).

2. Definitions and preliminary results

Let K be a field with a non-Archimedean norm | - |, i.e. for all x, y € K one has

(1) |x| = 0 and |x| = 0 implies x = 0;

(2) |yl = [x[ - [yl; and

(3) |x+ y| < max{|x], [y}

Standard examples of such fields are fields of p-adic numbers Q,. Let p be a prime, the
set Q, is defined as a completion of the rational numbers Q with respect to the norm | - |, :
Q — R given by

ez
x|, = :01,) xxi 0 2.1)

here, x = p"™ with r,m € Z, n € N, (m, p) = (n, p) = 1. The absolute value | - |, is non-
Archimedean. There are also many other examples of non-Archimedean fields (see, for
example [33]).

Now let (A, || - ||) be a non-Archimedean Banach algebra over K. This means that the
norm || - || of the algebra satisfies the non-Archimedean property, i.e. |lx + y|| < max {||x],
lyll} for any x, y € A. We recall a nice property of the norm, i.e. if ||x|| > ||y|l then |x +
y|l = |Ix]|. Note that this is a crucial property which is proper to the non-Archimedenity of
the norm. There are many examples of such kind of spaces (see [34,35]).

Let us consider some basic examples of non-Archimedean Banach algebras.
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(1) Let K be a non-Archimedean field and put
K'={x=(,....,x,): xx €K, k=1,...,n}.

Then (K", || - ||) with a norm ||x|| = max |x,| and usual pointwise summation and
multiplication operations, is a non-Archimedean Banach algebra over K.
(2) Let K be as above and put

co=1{x=(x,): x, €K, x, > 0}.

The defined set is endowed with usual pointwise summation and multiplication
operations. Put ||x|| = max |xk|, then (co, || - ||) is a non-Archimedean Banach algebra
over K.

In what follows, by A we denote a non-Archimedean Banach algebra.

Put

B (a,r)={xeA:||x—al <r}, Bla,r)={xecA:|x—al <r},
S(a,r)y={xe A:|x—al| =r},

wherea € A, r> 0.
In what follows, we will use the following lemma.

Lemma 2.1 ([36]): Let {a;},, (b}, C Asuchthat ||a;|| < 1, |bi]| < 1,i=1,..., n, then

n n
JER0
i=1 i=1

< max{|la; — bill}.
i<i<n

We should stress that a similar inequality does not exist in the Archimedean setting. We
refer the reader, for the basics of non-Archimedean analysis, to [33,35].

Recall that a metric space X is said to be doubling if there is a constant k such that every
disk B in X can be covered with at most k disks of half the radius of B. A number of metric
spaces have this property, e.g. the Euclidean space, a compact Riemann surface, etc. How-
ever, a non-Archimedean space is not necessarily a doubling space, e.g. C, (complex p-adic
field). Hence, it is very important to know whether a subspace of a non-Archimedean space
is a doubling space. Note that QQ, is doubling. Let (X, d) be a complete metric space. Let B
be the collection of all bounded subsets of X. For a set E € I3, we denote the diameter of E
by diam(E) = sup, , . d(z, w). By definition, a set E € B is called a uniformly perfect set if
E contains at least two points and there exists a constant ¢ > 0 such that for any point x, €
Eand 0 < r < diam(E), the annulus {x € X: cr < d(x, xy) < r} meets E. We say that a metric
space (X, d) is uniformly disconnected if there is a constant C > 1 so that for each x € X and
r > 0 we can find a closed subset A of X such that B,;c(x) CACB,(x), and dist(A, X\A) >
C'r.
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3. The unconventional limit set

Let A be anon-Archimedean Banach algebra over the field K,and O = {x € A : ||x| < 1}.
A mapping f : O — O is called contractive, if there is a constant A; € (0, 1) such that

£ ) — fOI < Agllx =yl (3.1)

forallx,y € O.

Now assume that we are given a collection { f;}¥ | of contractive mappings defined on O.
In what follows, we denote A = max{A}. It is clear that 1 € (0, 1).

For convenience, instead of {1, 2, ..., N} we will write [1, N]. In what follows, we fre-
quently use the denotation ¥ = [1, N]". The shift mapping o: £ — ¥ is defined by usual
way, i.e. o0 (a)k = a1, k € N.Here o = (ay, ..., ¥y ...

Let M, L be fixed positive integers and consider a family & = {£;: [1, N] — [1,N]: (i, j) €
[1, M] x [1, L]} of mappings.

For each @ € X, n € N we denote

. M L .
n = E | | Fa,m (32)
i=1 j=1

where

E
] fg,](al)o of&'ij(vtn)’ o = (Ol], ...,Ol,,,...). (33)

Put

U./Tgn, .an:{an: OtEZ}.

n>1

The set F is called an unconventional set of the semi-group G generated by a finite set
il
Remark 3.1: In the sequel, we always assume that the family & satisfies the following
condition:

N M L
UUUtE ) =N, (3.4)

k=1 i=1 j=1

Otherwise, the set F; will be generated by a subset of { f;} .

Example 3.1: Let us construct an example of a family of mappings & = {&;:
[1, N] — [1, N]} which satisfies (3.4). For any integer number ¢ € [1, N], we define an
action on [ N] by

(¢ +k)(modN) if N J(£ + k)

(Z*k):{N if NJ(¢+ k). <N
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Then for any number &;; € [1, N], we define & (k) := (§;;°k), k € [1, N]. It is clear that &;;:
[1, N] — [1, N] and (3.4) holds.

In what follows, we need the following auxiliary fact.
Lemma 3.1: Every element F € F; is a contractive mapping of O.

Proof: Let F € F;. By construction of the set %, there exist « € ¥ and an integer number
n = 1 such that

F=Y T (3.5)

It is clear that F,f'i, be a mapping from O into O for any (i, j) € [1, M] x [1, L]. Consequently,
for any x € O using the strong triangle inequality from (3.5) one can find

L
IF@I = max | [TES @] < max [Eh @] <1
1<i<M
j:l 1<J<
This means that F is a mapping from O into O.
Let x, y € O. Then by means of Lemma 2.1, we find
[Fe) = F)| = max |Elico - EL0)]| (36)

1<j=<L

By (3.3), one gets
ij &
| B () — B ()| < Allx — yll forany G, j) € [1, M] x [1, L.

Now substituting the last one into (3.6) we obtain the required assertion. O

The main aim of this paper is to study the limiting set of F¢. First, one defines the dis-
continuity set Q5 C O of F; as follows: x € QF if and only if there is a disk B,(x) such that
there are only finitely many F € F; satisfying F(B,(x))NB,(x) = @. The limit set of F; is
denoted by A%, which is the compliment of the discontinuity set ¢, i.e. A> = O\ QF.

4. Some properties of the unconventional limit set

In this section, we study several metric properties of the set A*. Namely, the followings are
the main results of the paper.

It is well-known from Hutchinson [21] that the limit set of a semi-group generated by
a finite set of contractive functions on a metric space is always a compact set. It turns out
that we also have a similar kind of result.

Theorem 4.1: One has A* = A%, where A¥ is defined by (4.9). Moreover, A* is compact.

The perfectness is a very important property for a metric space, since it has a number of
applications.
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Theorem 4.2: If A* contains at least two points then it is perfect.

The doubling property of a metric space is also very important. Many metric spaces have
the doubling property, e.g. the Euclidean space, a compact Riemann surface,etc. However,
not all non-Archimedean spaces have the doubling property, e.g. the limit set can be viewed
as a metric subspace of .A. Hence, it is natural to ask whether a limit set has the doubling

property.

Theorem 4.3: Let K have a doubling property. Assume that A = K", then A® is doubling and
uniformly disconnected.

To prove our main results, we need some auxiliary and preparatory results.
Let us denote

Z (:’])a : éz)a = Ef’;(xé")a) forsomeo € Yandn e N} . (4.1)
i=1 j=1

Proposition 4.1: The limit set A% of F: coincides with the closure of Aj.

Proof: Let us first show that A® is closed. It is enough to establish that Q° is open. Take any
x € QF. Then, there exist r > 0 and {F}", C F; such that F.(B,(x)) N B,(x) =0, k=
1, m. Since for any y € B; (x), one has B,(y) = B,(x), hence we have Fi(B,(y))NB,(y) =
This implies that B (x) C QF, so Q¢ is open.

Let x € Aj. Then, there exist @ € ¥ and an integer number 7 > 1 such that

M L
=> [T~ (4.2)

i=1 j=1

where xé’” ., is a fixed point of Ef 7 (which due to Lemma 3.1 exists).

Con51der a sequence {F,}>°_, defined by

M L
- Z l_[ El] Z n(fsl](“l) 0r--0 féij(an))m' (4-3)

i=1 j=1

It is clear that for any m > 1, we have E, € F; ,, hence F, € F;. Take any r > 0 and
y € B,(x). Then, from (4.2) and (4.3) one finds

.ME
:IN

Il
—
~.
Il
—

E.(y) —x =

ZH g,

i=1 j=1

‘511 Zf[ 5!] g;)

.
:N

Il
—
~.
Il
—
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M L M L

3| CAREED o)) (RSN

=1 j=I1 i=1 j=I1

M

33 [ 00 — (B ) | TT )" o0 T () ()

=1 j=1 k>j I<j

The last equality with the strong triangle inequality implies that

§ij

[Fy) =] < max ax | (E5)" 0) = ()" (47.) (44)

The contractivity Fa | with (4.4) yields

I = = 27 max |y = | < A7

Then, there exists a positive integer m, such that F,,(y) € B,(x) for all m > m,. This means
that F,,(B,(x)) N B,(x) # #. Consequently, x € A. Since A® is closed, we have Xi C AS.

Now suppose that xy & Ki. Then, there exists r > 0 such that B, (x;) N Ki = ). Choose
a positive integer 1, such that A" < r. Consider a function F € F; defined by

M L
F = ZHF“ n, forsomeca € X.
j=1

i=1
It is easy to see that
|F(x) —F| < A'llx—yll <A" foranyx,yec O. (4.5)
Denote
(ﬂo)
| B
i=1 j=

here as before xg;(’; is a fixed point of Ef’fqo Then x5 € Aj. According to Lemma 3.1, the

function F has a unique fixed point zz on 0. Now from the strong triangle inequality and
(4.5) we obtain

I1F(zp) — xll

S TTE e -3 TTFA G )

i=1 j=1 i=1 j=1

llzr — x£ll
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M L
Sl EY
= >0 [ ey — B () | T s, oS, (3802

i=1 j=I1 k>j

I<j
E
Fho(ze) = Fa (x “‘“) ESt (zp)Fé

(ng)
a,ng o,ng (x&b“)

‘ <A < (4.6)

ij

For any y € B (x,) due to contractivity of F, one gets
IF() —zell = IF(y) — F(zp)ll < Ily — 2l
Again the strong triangle inequality implies
IF() =yl = IF(y) —zr +zr =yl = lly — z¢ll.

Since y € B, (xo) and B; (x) N Ki =0, xp € Ag, one concludes that ||y — xg|| > r. There-
fore, from (4.6) it follows that

ly —zell = lly — xp + x5 — z6ll = Iy — xell > 1.
Hence,
IF) =yl =y —xell > r.
Consequently, with ||xo — y|| < r one finds
IF(y) —xoll = |F(y) —y+y—x0ll = |F(y) =yl > r.

This means that F(y) does not belong to the disk B,(x,). Hence, F(B,(x,)) N B,(xo) = ¥ which
implies x, € Q. It follows that A* C Ki. Hence A* = Ki. This completes the proof. [

Lemma 4.1: Let « € X. Then a sequence defined by

M L
P Z l_[ xg?a (4.7)

i=1 j=1

. . §ij
converges as n — 0. Here as before x(”) is a fixed point of ).

Proof: Due to the closedness of O it is enough to show that the sequence (4.7) is Cauchy.
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Take an arbitrary ¢ > 0 and choose 1y € N such that A" < ¢. Then for any n, m >
ny (n > m) from Lemma 2.1, we have

e =] = s, 50

max || E (xéz)a> EU ( o ) “
= max [ 0 B o (40) = Ein (50 ) |

A" max H F 1) — xm H <A™ <e.
&ij.o

o™(a),n—m \ "&ij.a

IA

This means that {x"} is a Cauchy sequence. O

For a given « € ¥ due to Lemma 4.1, we denote

X, = lim xé"). (4.8)
n—0o0
Put
Af = {xy:x € X}, (4.9)

From the above given proof we infer the following

Corollary 4.1: Let o« € X. Then a sequence {xég),a} converges as n — 0.

Taking into account the last corollary, we denote

Xg;0 = lim xé")a. (4.10)

n—oo °l>

Hence, (4.8) can be rewritten as follows:

M L
=> T]x0- (4.11)

i=1 j=1

Lemma 4.2: Let F, , € F;. Foranyx =Y 1, ]_[] . xg)ﬁ € A} let us define a mapping by

M
Fonls =211 ACY (4.12)

Then, one has E,n[Ag] C AS.

Proof: Let us establish 1’:";,” [x] € A*. Takeanyr>Oandy € B,(I:";,n [x]). Consider the fol-
lowing sequence:

= ST ()

i=1 j=1
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It is clear that F,, € F; for all m > 1. Then by Lemma 2.1, one gets
|En(y) — B ulx]| = Z]‘[ E ( 5”) 0 = Y TTE )
i=1 j=1 i=1 j=1
max £} o (E)" 00— (<))

Armax | (E)" 0) = <)

IA

IA

< A\ max ” E” ) ) — ( ,,fuz) (xg,)ﬁ)H

)

<A rrl.{e;x Iy =6l < 2™

This means that there exists m, € N such that
E, (B, (Eyu[x])) N B,(x) # @ forallm > m,

which yields I:";,n[x] € A*. This completes the proof. O

Remark 4.1: Since A C A% a natural question arises: how can we extend the function (4.12)
to A5?

Given o, § € X and n € N we define an element of ¥ by

"V B =(ar, ... 0 B, Bas ).

Lemma 4.3: For each E, , € F: , and B € X the sequence

ZH EU xém)ﬂ

1 1
=l j= meN

is Cauchy. Here, as before, x("’) is a fixed point of Fy'), i

Proof: The proof immediately follows from

Sz Sz 5, &ij
S TR - DT =m0 2
(m) (f)

<A max”’%u - s,Jﬂ”

< An+m1n{m,(} 0

For any F, , € F;, we define

B lxs] = 122021_[ () (4.13)

i=1 j=1
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Proposition 4.2: For any E, , € F¢, one has

~

Fa,n[xﬂ] = xa["]\/ﬁ-

Moreover, E, ,[Af] C AS.

Proof: By definition, we have

M L
. F (m)
Yalrvp = r&l—rgo Z 1_[ xéijs“[”]vﬁ’ (4.14)

where x!"™

y.alnlv is a fixed point of

fEij(al) 00 f%‘ij(an) © féij(ﬂl) Or--0 .fgij(ﬁnfm) :

&ij
Fyn

§ij
Fﬁ,mfn

On the other hand, one has
alxg] = lim Zl_[ S’J (m) (4.15)
i=1 ] 1

Thus, one gets

§ij ((m) (m)
Fun (%) = % oot

A

ZH 511 (m) ZH g}ﬂ’)y _n,llajx‘

Zma,X‘
J

& S i
Ein(x™y) = Ealh o Fﬂjin_n(xéf’f)t)[["]v 5) H

fu e Sii ()
A" max HF X ﬁ) Fﬁ,m Y Eja["]vﬂ

Consequently, from (4.14) and (4.15) we find the desired equality. This completes the
proof. O

Let k € [1, N] and 8 € X. For any ¢ € ¥ with a; = k, we denote Fg” = Fé”1 and

kvp = alllva.

IA

< A" max‘
j

§ij (m)y \ _ . (m)
Enng), n(xs,j ﬁ) Xeijalnlvp

< A",

Corollary 4.2: Let ., = Y M, ]_[?z1 Fff{ . Then, one has

N
UE(,I(AE) = A%, (4.16)
k=1

Now we are ready to turn to the proofs of main results.
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Proof of Theorem 4.1: Let us first show that A% is compact. To do so, we define a mapping
7 : X — Af as follows:

(o) = X,.

It is known that ¥ is compact, and to establish compactness of Af itis enough to show that
7 is continuous. Suppose that o = (&1, ..., ¢, ...) € X and ¢ > 0. Choose 1y € N such
that A" < e. Then, for any 8 € ¥ with B = oy, k < ny, we find

S
A

L
ST )~ ST TR = mos 6 (20) — K e)

i=1 j=1 i=1 j=1

_ Ei (o)) _ i g &
= max | 5, (41%) = Bl © Bt ) (<E00)
(10) &i (n)
< A max Hxé 0/3 E ”10(0() n— "0( &ijoo )
e (4.17)

(ng)

From (4.17) asn — o0 one gets ||x;" — x, |l < &.1t follows that 7 is continuous. Therefore,

A% is compact. Itis clear that A € Af C A%. Asaresult, due to closedness of A and Ay, =
A* (see Proposition 4.1) we immediately find A* = A*. Consequently, A® is compact. The
proof is complete. U

From the last proof, we immediately find the following.

Corollary 4.3: One has A® = A%. Moreover, the mapping m: & — A% given by m(at) = x4
is well-defined (see (4.8)).

Proof of Theorem 4.2: Let A¢ contain at least two points. Since Af = A¢ and A = Afit
is enough to show that each x € A} is not isolated point of A,
Let x € Aj. Then, there exist @ € ¥ and a positive integer n such that

M L
= Z l_[ xg;),a’

i=1 j=1

where xg ', is a fixed point of Fa 7 Tt is clear that

ML
*= ZH(F?Z) (xf?")a) forall m > 1.

Take any r > 0 and y; € A%\ B,(x). Choose a positive integer m such that A" < 7. Take
y € Zsuchthatyj,;;=a;foralli=1,nand j=0,m— 1.
Note that

Sl Sl
Eln = (feijen © 0 fejiam) 0+ © (fejan ©+++ © feyjian) = (Fam) -
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So,

ymn ZH )/Eumne]:é-

i=1 j=1

Due to Proposition 4.2, we have

E:] (k)
ymn )’,3] _kli)nolozn ymn

i=1 j=I1

which belongs to A%. Now choose k > 1 such that

&ij r
— Z]_[Fy (6 6)| < > (4.18)

One can see that

L

M
Bl == B = S [T 08) + L1508

i=1 j=1 i=1 j=1
M

- TR
= Folp) = 3T 150 ()
DD [Ff:‘zm (y;f.;.%ﬁ) = B (387 | TT B () Bt ()

i I>j
u<j

(4.19)

Noting

Ex) (k) Elj (n)
[0 5) = B (347,)

’
<A <A< =
2

and using (4 18) and the strong triangle inequality from (4.19) we obtain ||Fy - [yﬁ] x|| <
r. Hence, F, ,u[ys] € AEN B, (x). This means that x is not isolated point of A£. Conse-

quently, Af is perfect. O
Proof of Theorem 4.3: Let K be doubling. Now, we show that .4 (here A = K") has the
same property. Take any ball B, (a) in A (where a = (ay, ..., a,)). Then, one can see that

B,(a) = B.(a;) X --- X B,(a,). Due to the doubling of K, there is k such that

k
B.(a;) C U Br/z(ﬂi,j,-)~

ji=1
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Hence, one finds

k

B.@) C | Balany) x - Bia(an;,)

= U BV/Z(ajl ..... ]n) a_]l ..... in = (al,jla R an,jn)-

This means that A is doubling. Now since A* C O C A, the limiting set also has dou-
bling property. For every a € A% and r > 0, let A = B,(a). Then B,,(a) C A C B,(a). For
any y € A®\B,(a) and x € B,(a), by the strong triangle equality, we have ||x — y|| = ||

y — a|| = r > /2, namely dist(B,(a), A*\B,(a)) > /2, which shows that A% is uniformly

disconnected. O

5. Invariant measures

In this section, we will show that there is a measure on A* which is invariant with respect to
the mappings {F}. This is an analogue of the famous Hutchinson’s result about the existence
of the invariant measure for { f;}I',.

Consider the set A%. Due to Corollary 4.3, one has A = AL, Therefore, in what follows,
we deal with A¢. From (4.10), we infer that

M L
Af = {xa = an&j,a a€ E}. (5.1)
i=1 j=1

Now we define a mapping d : A* x Af — R, by

d(xou xﬁ) = IT}?X ||inj,ot - x&‘j,ﬂ”' (52)

It is clear that d is a metric on A£.

Lemma 5.1: The set A* is close with respect to the metric d.
Proof: Itis enough to establish that the mapping 7 : ¥ — Af is continuous w.r.t. the metric
d. Take any o = («y, ..., 0k, ...) € ¥ and € > 0. Due to (4.10), there is ny; € N such that

| — xgz,a | <e (5.3)

foralln > ng ;.
Now we choose ny € N with ng > ng ; such that A" < ¢. Then, for any g € X with g =
o, k < ng, we have

E, éz
s — <l = s (x65) — Bl (<) |
< )\’”O ||x(”0) - FSL’JO (B),n—nq (xéz)ﬂ) H

< A" <¢, foralln > n,.
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From this due to (4.10), we have

” (nO) _xéij’ﬂH < €. (54)

Noting xé""; = xé"(’;, from (5.3),(5.4) using the strong triangle inequality one gets

”xffjﬂ - xéijﬁ” <E&.
Consequently, by definition of d we get
d(xq, xp) < €.

The last one yields the continuity of 7. This completes the proof. O

Proposition 5.1: Let o € . Then for any n = 1 the mapping E,. defined as (4.13) is a
contraction on (A, d).

Proof: Take any x4, x, € A%. Then from Proposition 4.2, one finds

~

th,n[xﬂ] = xa[n]\/ﬁv sz,n[xy] = xa[ﬂ]\/y~

Therefore, we have
d(FOt,n[xﬂ]v Fa,n[xy]) = Irllﬁx ”xfij,a[”]\/ﬂ - xé,‘j,a["]\/y ”

Due to (4.10) and by non-Archimedean norm’s property one can find m, = n such that for
all m = m, one has

d(Fa n[xﬁ] o, n[xy]) - max | gn)a[ﬂ]vﬂ x;:;l,)a["]vy ” . (55)

Hence, we obtain

-’31 &ij & £
| é;n)a[n]\/ﬁ xé:) nlvy H - || ] Fﬂ,jmfn( g”)a[n]vﬁ) - Fa,z o Fy,]m—n (xé:,)a[”]\/y) ||
&ij &ij
< M| ET L (x ;m)a[nlvﬂ) Fy.Jm—n(xé:L[nlw)H' (5.6)

On the other hand, one has

&ij &ij 51
1B ) = X6 | = 1B () = Fom () |
— ET
=" n”x;:,)a[n Ivg —E. np), n(xgjn)ﬂ) I

< A" " — 0 as m — oo.
Similarly, we get

B3 1p) = 5 22777 = 0 5 m > oo,
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Accordingly, the last inequalities with (5.6) imply that

| (m) (m)

g,] v 511 altlvy || =A ” (m) e H

- xé:] Y

It then follows from (5.5) that

(. 5p). Fone,)) = 2 max |5 = <0, |
= k”d(x,g, Xy).
This completes the proof. O

Corollary 5.1: For any k € [1, NJ, the mapping Ee1 is a contraction on (A%, d).

The last corollary yields that we can consider a collection {E 1}, of contractions on
(A%, d) for which one can ask the following question: Does the set A* coincide with the
limiting set A generated by the collection of contractions {F ;}Y ie1?

To get an affirmative answer to this question we recall some notions. Following to
Hutchinson,[21] the limit set A of the collection {Fk,l}f:l is the closure (see [25])

Ay = {xe AS :xisaﬁxedpointofﬁ;m O"‘Oﬁ;n@ forsomea;, ..., a, € [I,N]}.

For a given collection {«;, ..., @, } C[1, N] by (@, ..., a,) we denote an element of ¥
defined by

(01, .oy @) = (O, o Oy Oy ey Oy vn )

Namely, (¢, ..., (xn) is an-periodic point of the shift 0. Then, due to Proposition 4.2 a fixed
pointof F, ;0---0 Fa 1 is the element x(y, . a,)-
Consequently, one finds

Ao={xe€ Afix=x,, ais n-periodic point of o for some n € N} .

—d ~ ~
We want to show that A, = A®. Indeed, take any x, € A® and ¢ > 0. Choose 1y € N
such that "0 < e. Then, using the argument asin Lemma 5.1 forany 8 = (8, ..., By,) We

obtain d(x,, x3) < €. This means that Kd = Af. Thus, we have proven the following result

Theorem 5.1: Let A be a limit set of the collection of contractions {Fk 1}k ,on (AE d). Then
one has A = A%,

This theorem allows us to further investigate the structure of Af by means of the limiting
set of semi-group generated by {Ec,1}iv=1 on A%, Furthermore, one can study the Hausdorff
dimension of the set A%. Now we are going to demonstrate the existence of invariant mea-
sures on Af.

Let B; be the Borel o -algebra of subsets of AL By M (A%) we denote the set of all
probability measures defined on the measurable space (A%, Bs).
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Assume that p = {p;}}¥, is a collection of positive numbers such that p; € (0, 1) and

S pi = 1. Now we define a mapping S, : M'(A%) — M'(A%) by
(Spp)(A) = Zpl (@A), AeB:. (5.7)

A measure v € M! (Xf) is called invariant w.rt. S, if one has S,v = v.

Following a general scenario, we consider the Hutchinson metric [21] on M! (1~\‘§ ) which
is defined as follows:

dH<u,v)=sup{/wdu—/<pdv L@ e CU AL R) 1 p(x) — ()] < d(x.y) Vx,yer}-

Due to Proposition 5.1 and following [21] one can prove the following.

Theorem 5.2: The map S, is a contractive mapping w.r.t. the dy metric. Moreover, there is a
unique invariant measure vy € M'(A%).

Now we want to exactly construct the invariant measure ve. First, recall that 7 denotes
a o-algebra F generated by cylindrical subsets of X. Let 1, be the product measure on
(2, F) induced by the measure p(i) = p; on each factor {1, ..., N}. In what follows, by o;
we denote i'shift operator 0;: ¥ — ¥ defined by o;(a) = iVa, ie. oi(ay, ..., &y, ...) =
(l, Ay e Oy enn).

From Proposition 4.2 and 4.8, one has

T o0} = 1:";1 om (5.8)

for every i € [1, NJ.
Now on the measurable space (A, B;), we define a measure v; as follows:

Be(A) =, (171 (A)), A € B (5.9)

Theorem 5.3: The measure vy is invariant with respect to S,,.

Proof: First, we note that the measure 1, is invariant with respect to {0y, ..., on} and p,
i.e. one has

w,(B) =Y pip,(0;(B)), BeF.
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Therefore, the last equality with (5.8),(5.9) yields

Vg (A) = /’Lp(nil(A))

= Zplup m~(A)))
= Z Pilly (JT_I (1?,_11 (A)))

—Zp,vg 1(A), AeB.

This completes the proof. O

From Theorems 5.2 and 5.3, we infer that the measure Vs is the unique invariant measure
for §,. Our result shows that even in a general setting rather than [21] one can find unique
invariant measure on the set A%
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